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. ABSTRACT
C h a p t e r  I  c o r t a i n s  a  p r e s e n t a t i o n  o f  Non-Commuta t ive  
I n t e g r a t i o n  t h e o r y .  The r e l a t i o n  Between S e g a l ' s  (jG?] and  
K e l s o n ' s  (46 ]  d e f i n i t i o n  o f  m e a s u r a b i l i t y  i s  i n v e s t i g a t e d ,  
and  a  new p r o o f  o f  d u a l i t y  f o r : n o n - c o m m u t a t i v e  p r o b a b i l i t y  
Lp spa ce s -  i s  g i v e n .
I n  c h a p t e r  I I ,  knov/n l e s u i t s  on i s o m e t r i e s  b e tw ee n  Banach 
s p a c e s  o f  f u n c t i o n s  a n d  o p e r a t o r s  a r e  p r e s e n t e d ,  and  a  new 
p r o o f  o f  t h e  : f a c t  t h a t  u n i t - p r e s e r v i n g  i s o m e t r i e s  o f  a b e l i a n  
G a l g e b r a s  a r e  i s o m o r p h i s m s  i s  g i v e n .  I t  i s  shown t h a t  
u n i t - p r e s e r v i n g  ^ - i s o m e t r i e s  b e tw ee n  n o n - c o m m u ta t iv e  p r o b a ­
b i l i t y  Lp s p a c e s  come f rom  d o r d a n  4 -ho m om orp h ism s  and s e v e r a l  
c o n c l u s i o n s  a r e  d raw n.
C h a p t e r  I I I  i s  a  p r e s e n t a t i o n  o f  Tomita.-Talces.aki  t h e o r y .  
P o s s i b l e  g e n e r a l i z a t i o n s  a r e  p o i n t e d  o u t ,  and t h e  Radon-Kikodym 
th e o r e m  i s  d i s c u s s e d .
In  c h a p t e r  IV t h e  c h a r a c t e r i z a t i o n  o f  e q u i l i b r i u m  i n  
Quantum S t a t i s t i c a l  M e c h a n ic s  by  t h e  KM3 c o n d i t i o n  i s  i n v e s t i ­
g a t e d .
In  c h a p t e r  V, a  c l a s s  o f  G ibbs  s t a t e s  W£ i s  d e f i n e d  on t h e  
a l g e b r a  OX o f  t h e  c a n o n i c a l  c o m m u ta t ion  r e l a t i o n s  i n  i n f i n i t e ­
l y  many d e g r e e s  o f  f r e e d o m .  T h i s  i s  dene by  sh o w in g  t h a t  f o r  
a n y  B > 0  t h e  s e c o n d  q u a n t i z a t i o n  R  o f  a  h a m i l t o n i a n  w i t h  , 
p o s i t i v e  p o l y n o m i a l l y  b o u nd ed  d i s c r e t e  s p e c t r u m  d e f i n e s  a  
n u c l e a r  o p e r a t o r  exp(-BH) f ro m  Rock s p a c e  i n t o  , a
g e n e r a l i z a t i o n  o f  S c h w a r tz  s p a c e  f o r  i n f i n i t e l y  many v a r i a b l e s .
T h i s  a l l o w s  t h e  c o n s t r u c t i o n  o f  sr» " a l m o s t  m o d u la r "  H i h l e r t  
s u h a l g e h r a  OX o f  - 6% on w h ich  t h e  m o d u la r  au to m o rp h ism s  may'' 
he d e f i n e d ,  and  s a t i s f y  t h e  KM3 c o n d i t i o n .
The f i n a l  c h a p t e r  c o n t a i n s  a, p r o o f  o f  a, commutait i o n  th e o r e m ,  
n a m e ly  t h a t  t h e  commutant  o f  ÛX i n  t h e  GN3 r e p r e s e n t a t i o n  
i n d u c e d  "by yiq i s  i n v a r i a n t  u n d e r  t h e  m o d u la r  a u to m o r p h i s m s ,  and 
i s  i s o m o r p h i c  t o  i t s  own commutant  v i a  an a n t i u n i t a r y  i n v o l u t i o n  
o f  t h e  GNS H i l b e r t  space .  T h i s  i s  dene b y  sho w in g  t h a t  /T^  i s  
u n i t a r i l y  e q u i v a l e n t  t o  l e f t  m u l t i p l i c a t i o n ' o n  H i l b e r t - S c h m i d t  
o p e r a t o r s  on Pock  s p a c e t  a c t i n g  on a  s u i t a b l e  t e n s o r  p r o d u c t  
o f  w i t h  Po ck  s p a c e .
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( R e p r i n t e d  f r o m  t h e  C a n a d ia n  J o u r n a l  o f  
M a t h e m a t i c s ,  V o l . 28 N o .6 ( 1 9 7 6 ) )
ILTRADUCTION
I n  Quantum F i e l d  T heory  and  S t a t i s t i c a l  M echan ics  one i s  
o f t e n  c o n f r o n t e d  v / i th  aoom plex  i n v o l u t i v e  a l g e b r a  and  a  
p o s i t i v e  l i n e a r  f u n c t i o n a l  on i t ,  r e p r e s e n t i n g  ( t h e  a l g e b r a  
g e n e r a t e d  by) t h e  o b s e r v a b l e s  o f  a  g i v e n  p h y s i c a l  sys tem  
t o g e t h e r  w i t h  t h e i r  e x p e c t a t i o n  v a l u e s .
I t  i s  t h e r e f o r e  i m p o r t a n t  to  have  a  m a t h e m a t i c a l  t h e o r y  
d e a l i n g  w i t h  su c h  sy s te m s  i n  t h e  a b s t r a c t .
Vdien t h e  a l g e b r a  i n  q u e s t i o n ,  i s  c o m m u ta t iv e ,  a s  i n
It
c l a s s i c a l  sy s te m s  , t h e n  i t  i s  ( i s o m o r p h ic  t o )  a n  a l g e b r a  
o f  m e a s u r a b l e  f u n c t i o n s  on a  m easu re  s p a c e ,  w i t h  t h e  i n t e -  
g r a l  a s  t h e  l i n e a r  f u n c t i o n a l  . T h is  o b s e r v a t i o n  i s  
xTobably t h e  o r i g i n  o f  t h e  t e r n  " A l g e b r a i c  I n t e g r a t i o n  
T h e o r y " .  [70] .
#  And t h e  a l g e b r a  i s  s u f f i c i e n t l y  " w e l l  b e h a v e d " ,  i . e .  
e s s e n t i a l l y  may be r e a l i z e d  a s  a n  a l g e b r a  o f  o p e r a t o r s  
a c t i n g  on a  H i l b e r t  s p a c e , w h i c h  a r e  e i t h e r  bounded o r  
g e n e r a t e d  by a  s e l f - a d j o i n t  o p e r a t o r .
(Hr T h is  i s  e s s e n t i a l l y  a  c o m b i n a t i o n  o f  t h e  CHS c o n ­
s t r u c t i o n  and ' t h e  G e l f a n d  t h e o r y .  See SEGAL [70] where  
a  v e r y  i n t e r e s t i n g  r e v i e w  o f  t h e  whole  s u b j e c t  by one o f  
i t s  m ain  a u t h o r s  i s  g i v e n ,  a s  i r  was i n  1165 ,  i . e .  b e f o r e  
T o m i t a - T a k e s a k i  t h e o r y  showed t h a t  one can  " i n t e g r a t e "  
w i t h  r e s p e c t  t o  a  n o n - c e n t r a l  l i n e a r  f u n c t i o n a l .
1"fiien the. a l g e b r a  i s  n o n - c o m m u ta t iv e ,  a s  i n  quantum s y s t e m s ,  
t h e  s i t u a t i o n  i s  l e s s  t r a n s p a r e n t .  Here  one would l i k e  to
have  a, "Hon-Conmiutative" I n t e g r a t i o n  T h e o ry ,  o r ,  i n  t h e  c a s e
li'
o f  a  bona  f i d e  l i n e a r  f u n c t i o n a l  a  "Hon-Commiitat ive" P r o ­
b a b i l i t y  Theory  (Commutative  P r o b a b i l i t y  T heory  b e i n g  by no?/ 
r e c o g n i s e d  to  be t h e  s t u d y  o f  a, com m uta t ive  ( r e a l )  a b s t r a c t  
a l g e b r a ,  whose e l e m e n t s  a r e  i n t e r p r e t e d  a s  t h e  "random 
v a r i a b l e s " , w i t h  a  l i n e a r  f u n c t i o n a l  on i t ,  whose v a l u e  a t  
a n  e l e m e n t  o f  t h e  a l g e b r a  i s  i n t e r p r e t e d  a s  t h e  e x p e c t a t i o n  
o f  t h e  random v a r i a b l e ) • One would f u r t h e r m o r e  l i k e  to  do 
t h i s  w i t h  a l g e b r a s  t h a t  do n o t  have  c o n t i n u i t y  p r o p e r t i e s ,  
s i n c e  one knows t h a t  o b s e r v a b l e s  i n  quantum t h e o r y  a r e  o f t e n  
u nbou n ded .  However, su ch  a  t h e o r y  does  n o t  e x i s t  a t  p r e s e n t .  
A t t e m p t s  have  b e en  made . i n  t h i s  d i r e c t i o n  by GUPDER and 
HUDSON [223 b u t  h a v e  o n l y  y i e l d e d  p a r t i a l  r e s u l t s .  I  a t t e m p t  
i n  t h e  se c o n d  p a r t  o f  t h i s  t h e s i s  t o  d e v e l o p  s u c h  a  "Non- 
Commutative P r o b a b i l i t y  Theory" r e l e v a n t  t o  a  c l a s s  o f  
exam ples  o f  p a r t i c u l a r  i n t e r e s t  i n  S t a t i s t i c a l  M e c h a n ic s ,  
where  t h i n g s  a r e  n o t  e n t i r e l y  p a t h o l o g i c a l .
•//•• As opposed  t o  a  f u n c t i o n  from t h e  p o s i t i v e  p a r t  o f  t h e  
a l g e b r a  to  [ O / o o ] ,  a  s i t u a t i o n  r e l e v a n t  f o r  example  i n  t h e  
i n t e g r a t i o n  o f  c o n t i n u o u s  f u n c t i o n s  o v e r  a  n on -co m p a c t  s p a c e .
8'.7hen t h e  g i v e n  a l g e b r a  ( c a n  be i d e n t i f i e d  w i t h )  a  Von 
Neumann a l g e b r a ,  t h e n  t h e  t h e o r y  i s  much b e t t e r  d e v e l o p e d ,  
l o o k i n g  f o r  t h e  a n a l o g u e  o f  t h e  i n t e g r a l  a s  a  l i n e a r  
f u n c t i o n a l  on L** o f  a  m ea su re  s p a c e ,  SEGAL [ 67]  ob ­
s e r v e d  t h a t  t h e  " d i m e n s i o n  f u n c t i o n "  f o r  a  f a c t o r ,  c o n ­
s t r u c t e d  by kUPiPAY a n d  VON NEUMANN [44]  ? h a d  t h e  c o u n t a b l e  
a d d i t i v i t y  p r o p e r t y  o f  a  m e a s u r e ,  and  i n  a d d i t i o n  h a d  t h e  
p r o p e r t y  o f  b e i n g  u n i t a r i l y  i n v a r i a n t ,  a  f e a t u r e  w h ic h ,  i n  
SEGAL’S [ 70% w o rd s ,  " c o m p e n s a te s  f o r  t h e  c i r c u m s t a n c e  t h a t  
t h e  l a t t i c e  o f  a l l  p r o j e c t i o n s  i s  n o t  B o o lean "  -  a  c o n ­
s e q u e n c e  o f  n o n - c o m m u t a t i v i t y .  I n d e e d  t h e  ( g e n e r a l i z e d )  
H o l d e r  i n e q u a l i t y ,  and  t h e  c o n s e q u e n t  c o n s t r u c t i o n  o f  "Non- 
Gommutative L p - s p a c e s "  ( s e e  c h a p t e r  I )  i s  i n v a l i d  ( f o r  p^2) 
w i t h o u t  t h i s  a d d i t i o n a l  f e a t u r e ,  a s  o b s e r v e d  by  DIXMIER[14] , 
I n  any  c a s e ,  s t a r t i n g  from a  Von Neumann a l g e b r a  w i t h
a  u n i t a r i l y  i n v a r i a n t  p o s i t i v e  homogenous a d d i t i v e  f u n c t i o n
//
from  t h e  p o s i t i v e  e l e m e n t s  o f  t h e  a l g e b r a  i n t o  fO, + «<0 -
t h e  " i n t e g r a l "  -  one d e v e l o p s  a whole  "Non-Oommut a t i v e  
I n t e g r a t i o n  T h e o ry " ,  p a r a l l e l  t o  t h e  c o n v e n t i o n a l  o n e ,  w i t h  
i t s  Radon-Nikodym t h e o r e m s ,  d u a l i t y  t h e o r e m ,  R i e s z - F i s c h e r ,  
L ebesgue  d o m in a ted  c o n v e r g e n c e ,  F u b i n i  theorems-,  e t c . ,  a l l
#  T h i s  f u n c t i o n a l  i s  d e f i n e d  e i t h e r  e s s e n t i a l l y  by e x ­
t e n s i o n  from t h e  MURRAY-VON NEUi.LA.NN d im e n s io n  f u n c t i o n  
(SEGAL (67] ) ,  o r  d i r e c t l y  a x i o m a t i c a l l y  (DliChlER [ I 4] , 
whose t r e a t m e n t  we s h a l l  f o l l o w  i n  p a r t ; .
more o r  l e s s  d i r e c t ;  a n a l o g u e s  of. t h e  c l a s s i c a l  th e o re m s  
w i t h  t h e  same names.  I n  t h i s  d i s s e r t a t i o n .  I  s h a l l  d e ­
s c r i b e  t h e  e s s e n t i a l  f e a t u r e s  o f  t h i s  t h e o r y ,  and  make a  
s m a l l  c o n t r i b u t i o n  to  i t ,  by  p r o v i n g  some r e s u l t s  I n  n o n -  
com m uta t ive  p r o b a b i l i t y  t h e o r y ,  which  a r e  e x t e n s i o n s  o f  
r e c e n t  r e s u l t s  i n  t h e  c o n v e n t i o n a l  t h e o r y ,  and  w h ich ,  
s u i t a b l y  e x t e n d e d ,  may th ro w  some l i g i i t  on  t h e  s t r u c t u r e  
o f  t h e  n o n -c o m m u ta t iv e  l ^ - s p a c e s  and  e v e n t u a l l y  Von Neumann 
a l g e b r a s  t h e m s e l v e s  (82] .
R e t u r n i n g  to  t h e  g e n e r a l  t h e o r y ,  i t  was d i s c o v e r e d  t h a t  
I t  c o u ld  be u s e d  t o  p ro v e  s e v e r a l  t h e o r e m s  I n  t h e  t h e o r y  o f  
o p e r a t o r  a l g e b r a s ,  such  a,s t h e  comm uta t ion  th eo re m  f o r  t e n ­
s o r  p r o d u c t s  ( s e e  C h a p te r  I I I ,  §1 ) ,  However,  t h e  c o n d i t i o n  
t h a t  t h e  " i n t e g r a l "  be u n i t a r i l y  i n v a r i a n t  im poses  r e s t r i c ­
t i o n s  on  t h e  a l g e b r a  ; t h e  a l g e b r a s  f o r  which  su c h  non­
t r i v i a l  \±n a. s e n s e  t o  be made p r e c i s e  l a t e r /  " i n t e g r a l s ^  
e x i s t e d  were s e e n  t o  c o i n c i d e  w i t h  " s e m l f i n i t e "  Von Neumann 
a l g e b r a s ;  t h a t  is^  t h o s e  t h a t  d i d  n o t  h av e  a  t y p e  .ppp com- . 
p o n e n t ,  i n  t h e  t e r m i n o l o g y  o f  MURRAY and VON NEUMANN (r-AI * 
However, i t  was so o n  shown t h a t  t h e s e  by no means e x h a u s t e d  
8,11 Von Neumann a l g e b r a s ;  n o t  even  t h o s e  o f  d i r e c t  p h y s i c a l  
r e l e v a n c e .  I n  f a c t  i t  became a p p a r e n t  [3o] t h a t  t y p e  . T i l  
f a c t o r s  were  t h e  g e n e r a l  r u l e  i n  t n e  d e s c r i p t i o n  o f  i n f i n i t e  
s y s te m s  i n  e q u i l i b r i u m  a t  a  U n i t e  n o n - z e r o  t e m p e r a t u r e  I n  
s t a t i s t i c a l  m e c h a n ic s .
On t n e  P u re  M a t h e m a t i c a l  s l u e ,  one o f  t h e  d i f f i c u l t i e s  
w i t h  su ch  Von Neumann a l g e b r a s  was t h a t  tii.ey were n o t  s e e n
10
t o  h av e  a  " s t a n d a r d "  fo rm ,  which  was i n d e e d  t h e  c a s e  (mod­
u l o  i so m o rp h is m s )  f o r  s e m i f i n i t e  a l g e b r a s  ( s e e  C h a p te r  I l l § l ) ‘ 
As a  r e s u l t ,  f o r  i n s t a n c e ,  t h e  com m uta t io n  th eo re m  f o r  t e n ­
s o r  p r o d u c t s  r e m a in e d  a n  open q u e s t i o n  f o r  su ch  a l g e b r a s  f o r  
a  l o n g  t i m e .  I t  was h e r e  t h a t  TOMITA's [84]  , [80] t h e o r y  
came i n  t o  show t h a t  any  Von Neumann a l g e b r a  w i t h  a  f a i t h -  
f i l l  no rm al  s t a t e  ( w h e th e r  u n i t a r i l y  i n v a r i a n t  o r  n o t )  c o u ld  
be . p u t  i n  a  " s t a n d a r d  f o r m " .  T h is  o pened  t h e  way f o r  a  
s e r i e s  o f  s p e c t a c u l a r  d e v e lo p m e n ts  i n  t h e  s t r u c t u r e  t h e o r y  
o f  Von Neumann a l g e b r a s .  From t h e  p o i n t  o f  v iew  o f  P h y s i c s ,  
t h e  r e a l i s a t i o n  o f  t h e  c o n n e c t i o n  o f  TOmlTA’8 t h e o r y  w i t h  
t h e  10.13 c o n d i t i o n  i n  s t a t i s t i c a l  m e c h a n ic s  (80] , a l s o  opened  
t h e  way f o r  new d e v e lo p m e n t s  i n  b o t h  f i e l d s  ( s e e  C h a p te r  I V ) .
Thus one now h a s  a  new k i n d  o f  " Non-Commutative I n t e ­
g r a t i o n "  T heo ry ,  i n  which  t h e  o b j e c t s ' t o  be i n t e g r a t e d  a r e  
a g a i n  o p e r a t o r s ,  a s  i n  t h e  SEGAL-PIXHISR t h e o r y ,  b u t  t h e  
" i n t e g r a l "  i s  no l o n g e r  r e q u i r e d  t o  be u n i t a r i l y  i n v a r i a n t .
I n  t h i s  d i s s e r t a t i o n  I  a t t e m p t  a n  e x t e n s i o n  o f ■t h i s  
t h e o r y  to  a  c a s e  where  t h e  o p e r a t o r s  t o  be i n t e g r a t e d  a r e  
no l o n g e r  bo unded ,  b u t  s t i l l  b ehave  s u f f i c i e n t l y  w e l l  f o r  
t h e  t h e o r y  to  go t h r o u g h .  I  c o n s t r u c t  t h e  a n a l o g u e  o f  
T o m i t a ’ s " G e n e r a l i z e d "  an d  "Modular"  H i l b e r t  A l g e b r a s ,  and  
p rov e  t h e  c o r r e s p o n d i n g  com m uta t ion  th eo rem  u s i n g  t h e  l a t t e r  
o b j e c t ,  a s  i n  TAKESAKI’s [80] work .  '
7/- The s t u d y  o f  a  g e n e r a l  Von Neumann a l g e b r a  can  be r e ­
du ced  to  t h e  s t u d y  o f  one w i t h  a  f a i t h f u l  no rm al  s t a t e .
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A word a b o u t  a p p l i c a t i o n s  to  P h y s i c s .  The c o n n e c t i o n  o f  
T o m i t a - T a k e s a k i  t h e o r y  w i t h  S t a t i s t i c a l  M echan ics  h a s  b een  
made c l e a r  a b o v e .  The s p e c i f i c  example  v/liich we c o n s i d e r  i n  
c h a p t e r s  V and  VI h a s  o b v io u s  p h y s i c a l  m o t i v a t i o n .  The 
SHC-AL-DIXI.:IER Non-Oommutative I n t e g r a t i o n  t h e o r y ,  how ever ,  
h a s  a  q u i t e  d i s t i n c t ,  maybe u n e x p e c t e d ,  r a n g e  o f  a p p l i c a -  • 
t i e n s  i n  E u c l i d e a n  Eerm ion  Quantum F i e l d  T h e o ry .
T h i s  may be m o t i v a t e d  by b r i e f l y  l o o k i n g  i n t o  E u c l i d e a n  
Bose Quantum F i e l d  T h eo ry .  Here  t h e  f i e l d s  a r e  r e p r e s e n t e d  
by commuting s e l f - a d j o i n t  o p e r a t o r s  on a  H i l b e r t  sp a c e  ( s e e  
e . g .  JAFFE [32]  ) .  Thus t h e  a l g e b r a  g e n e r a t e d  by  them ,  t o ­
g e t h e r  w i t h  t h e  ( E u c l i d e a n )  vacuum s t a t e ,  becomes a  commu­
t a t i v e  p r o b a b i l i t y  a l g e b r a .  I t  can  t h e r e f o r e  be r e a l i z e d  on 
a  p r o b a b i l i t y  s p a c e ,  w i t h  t h e  f i e l d s  r e p r e s e n t e d  a s  random 
v a r i a b l e s  and  t h e  s t a t e  a s  t h e  p r o b a b i l i t y  m e a s u r e .  The 
f i e l d s  t h e n  a c t  a s  m u l t i p l i c a t i o n  o p e r a t o r s  on o v e r  t h i s  
p r o b a b i l i t y  s p a c e :  t h i s  i s  r e f e r r e d  t o  a s  t h e  "wave p i c t u r e "
a s  th e  f i e l d s  a r e  d i a g o n a l i s e d  i n  t h i s  r e p r e s e n t a t i o n .  T h is
*
i s  c o n t r a s t e d  w i t h  t h e  Fock s p a c e  s i t u a t i o n ,  i n  which  t h e  
number o p e r a t o r  i s  d i a g o n a l i z e d :  t h e  " p a r t i c l e  p i c t u r e " .
The f a c t  t h a t  t h e s e  two r e p r e s e n t a t i o n s  a r e  u n i t a r i l y  e q u i ­
v a l e n t  i s  r e f e r r e d  t o  a s  " w a v e - p a r t i c l e  d u a l i t y " .  (SEGAL [63])
By a n a lo g y  w i t h  t h e  Boson c a s e ,  one t h i n k s  o f  E u c l i d e a n  
Ferm i  f i e l d s  a s  e l e m e n t s  o f  a  n o n -c o m m u ta t iv e  p r o b a b i l i t y  
a l g e b r a .  I n  f a c t ,  i f  one l o o k s  a t  r e p r e s e n t a t i o n s  o f  t h e  
C a n o n ic a l  A n t i c o m m u ta t io n  R e l a t i o n s , indexed  by a  complex H i l ­
b e r t  sp a c e  "Set w i t h  c o n j u g a t i o n  J ,  t h e  r e l e v a n t  a l g e b r a  i s
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t h e  " C l i f f o r d .  A lg e b ra "  f  (3d[) o v e r  3c( , a c t i n g  on a n t i ­
sym m etr ic  Fock s p a c e  A ( 3 ( )  o v e r  . The vacuum s t a t e  t h e n  
t u r n s  o u t  to  be u n i t a r i l y  i n v a r i a n t  on C ( K ) ?  and  t h e  "L^" 
sp a c e  o v e r  C (%[) w i t h  t h i s  s t a t e  a s  t h e  " i n t e g r a l "  t u r n s  
o u t  t o  be i s o m o r p h ic  t o  Fock sp a c e  i t s e l f ,  a  f a c t  e x p r e s ­
s i n g  a g a i n  t h e  w a v e - p a r t i c l e ' - d u a l i t y  ( s e e  SEGAL [6 9 ] ,
GROSS [21 ] ,  RILDE [67] e t c . )  .
T h is  t h e s i s  i s  d iv id ed ^  i n t o  two p a r t s  ; t h e  f i r s t  p a r t  
d e a l s  w i t h  t h e  d e ve lop m en t  o f  t h e  m a t h e m a t i c a l  t e c h n i q u e s ,  
w h i l e  t h e  seco n d  p a r t  c o n t a i n s  t h e  a p p l i c a t i o n s  t o  Quantum 
S t a t i s t i c a l  M e c h a n ic s .  C h a p te r  I  i s  d e v o te d  to  a  d e s c r i p ­
t i o n  o f  t h e  e s s e n t i a l  f e a t u r e s  o f  t h e  t h e o r y  o f  Von Neumann 
a l g e b r a s  and  t h e  DIXMÏER-SEGAL Non-Commutat ive  I n t e g r a t i o n  
T heo ry .  C h a p te r  116 c o n t a i n s  a  s t u d y  o f  t h e  i s o m e t r i e s  o f  
o p e r a t o r  a l g e b r a s  and  Non-Commutat ive  I p - s p a c e s ,  c u l m i n a t i n g  
i n  a  theo rem  r e l a t i n g  c e r t a i n  i s o m e t r i e s  o f  n o n -co m m u ta t iv e  
L p - s p a c e s  t o  t h e  r e l a t i o n  b e tw ee n  t h e  a l g e b r a i c  s t r u c t u r e s  
o f  t h e  u n d e r l y i n g  Von Neumann a l g e b r a s .  The f i r s t  p a r t  o f  
t h e  t h e s i s  t h e n  c o n c l u d e s  w i t h  C h a p t e r  I I I ,  i n  which  t h e  
b a s i c  r e s u l t s  o f  T o m i ta - T a k e s a k i  t h e o r y  a r e  d e s c r i b e d  and  
p o s s i b l e  g e n e r a l i z a t i o n s  o f  t h e  t h e o r y  i n v e s t i g a t e d .  The 
s e co n d  p a r t  b e g i n s  w i t h  C h a p te r  IV, i n  which  e q u i l i b r i u m  
s t a t e s  and  t i m e - t r a n s l a t i o n s  i n  Quantum S t a t i s t i c a l  Llecha- , 
n i c s  a r e  i n v e s t i g a t e d ,  and  s p e c i a l  e m p h a s i s  i s  l a i d  on t h e  
KMS c o n d i t i o n  and  i t s  r e l a t i o n  t o  T o m i t a - T a k e s a k i  t h e o r y .
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The p u r p o s e  o f  t h i s  c h a p t e r  i s  t w o f o l d  ; on t h e  one h a n d ,  
to  j u s t i f y  t h e  u s e  o f  t h e  IOlS c o n d i t i o n  a s  t h e  d e f i n i n g  p r o ­
p e r t y  o f  e q u i l i b r i u m  s t a t e s  o f  i n f i n i t e  s y s t e m s ,  and  on t h e  
o t h e r  to  p h y s i c a l l y  m o t i v a t e  t h e  s t u d y  o f  Gibbs s t a t e s  o f  
t h e  c a n o n i c a l  com m uta t ion  r e l a t i o n s  u n d e r t a k e n  i n  C h a p te r s  
V and  V I .  I n  C h a p te r  V, t h e s e  s t a t e s  a r e  d e f i n e d ,  an d  t h e  
s t r u c t u r e  o f  t h e  r e s u l t i n g  p r o b a b i l i t y  a l g e b r a  i s  s t u d i e d ;  
t h e  s p e c i a l  p r o p e r t i e s  o f  an  e s p e c i a l l y  w e l l  behav ed  s u b ­
a l g e b r a  a r e  a l s o  d e s c r i b e d ,  and  t h e  KMS c o n d i t i o n  i s  shown 
to  h o l d .  F i n a l l y ,  i n  C h a p te r  VI t h e  m ain  th eo rem  o f  t h e  
s e c o n d  p a r t  o f  t h i s  t h e s i s  i s  p r o v e d ,  which  c o n s t i t u t e s  a
g e n e r a l i z a t i o n  o f  T o m i ta - T a k e s a k i  t h e o r y  to  t h e  a l g e b r a  o f
t h e  COR.
The m ain  r e s u l t s  o f  C h a p te r  I I ,  §3 have  a l r e a d y  a p p e a r e d  
i n  [36] ,  w h ich  i s  a t t a c h e d  t o  t h i s  t h e s i s .  Some o f  t h e  r e ­
s u l t s  i n  C h a p te r s  V and  VI a r e  j o i n t  work w i t h  I n g e b o r g
KOCE. (See [ 3 7 ] ) .
P A R T  A
14
C h a p t e r  I  
NOT'T-COMMUT AT IVE INTEGRAT ION
In  t h i s  C h a p t e r ,  I  w i l l  d e s c r i b e  t h e  t h e o r y  o f  "Non- 
Com m uta t ive  I n t e g r a t i o n "  o r i g i n a t i n g  i n  t h e  p a p e r s  o f  
SEGAL (67] and  DIXIvTIER Jl4] . T h i s  t h e o r y  g e n e r a l i z e s  o r d i n a r y  
i n t e g r a t i o n  t h e o r y  i n  t h e  s e n s e  d e s c r i b e d  i n  t h e  i n t r o d u c t i o n .  
As p o i n t e d  o u t  t h e r e , t h e  o b j e c t s  t o  be i n t e g r a t e d  a r e  no 
l o n g e r  f u n c t i o n s  on a  mea.sure s p a c e , b u t  r a t h e r  o p e r a t o r s  i n  
a  Von Neumann a l g e b r a , a n d  t h e  " i n t e g r a l "  i s  a  f u n c t i o n  f rom 
p o s i t i v e  o p e r a t o r s  t o  ( e x t e n d e d )  p o s i t i v e  r e a l  n u m b e r s , I n  
Non-Com m uta t ive  P r o b a b i l i t y  t h e o r y , w i t h  w h ich  we a r e  p r i n c i ­
p a l l y  c o n c e r n e d , t h e  t o t a l  "mea,sure" o f  t h e  s p a c e  ( i . e .  t h e  
" i n t e g r a l "  o f  t h e  i d e n t i t y )  i s  f i n i t e , a n d  t h u s  t h e  " i n t e g r a l "  
d e f i n e s  a  p o s i t i v e  l i n e a r  f u n c t i o n a l  on t h e  a l g e b r a .
Thus we m us t  f i r s t  d i s c u s s  t h e  b a s i c  f a c t s  a b o u t  Von 
Neumann a l g e b r a s  and  t h e i r  l i n e a r  f o r m s . T h e s e  f a c t s  a r e  a l l  
t a k e n , u n l e s s  o t h e r w i s e  s p e c i f i e d , f r o m  DIXMISR[l6] .
§ 1 .1  C~^  a l g e b r a s
A C^ a l g e b r a  i s  bj) i n v o l u t i v e  a l g e b r a  w i t h  a  norm m aking  
i t  a, Banach s p a c e , w i t h  t h e  p r o p e r t i e s
| | x y | l  ^  11 x l l l l y l l  . •
( [ x ^ x l l  =  11x11^
Any C * a l g e b r a  i s  i s o m e t r i c a l l y  ^ - i s o m o r p h i c  t o  a  
c o n c r e t e  C ^ a l g e b r a  , t h a t  i s  , a  u n i f o r m l y  c l o s e d  - s u b ­
a l g e b r a  o f  t h e  G * a l g e b r a  o f  aJ.1 bounded  o p e r a t o r s  on a  
H i l b e r t  s p a c e  (SAKAI [62] 1 , 1 6 . 6 ) .
15
Any a b e l i a n  un i t  a l  C"'* a l g e b r a  i s  i s o m e t r i c a l l y  * - i s o ­
m o rp h ic  t o  t h e  ( f  a l g e b r a  C(X) o f  a l l  c o n t i n u o u s  f u n c t i o n s  
on a  com pac t  H a u s d o r f f  s p a c e  X , e q u i p p e d  w i t h  t h e  supremum 
n o r m , I n  f a c t ,  we h a v e ;
Theorem(GSLFAND-NAIMARIC ; seQ [6'2 ] l .  2 , l )
L e t  (%be an a .b e l i a n  u n i t a l  0* a l g e b r a ,  X t h e  s e t  o f  a l l  n on ­
z e r o  homomorphisms ( c h a r a c t e r s ) C l  > C .E q u ip p e d  w i t h
t h e  o (X ,  (X) t o p o l o g y  * ^ , i , e .  t h e  w - t o p o l o g y  on X i n d u c e d  by  
t h e  d u a l  o f  OX , X. i s  a  com pac t  H a u s d o r f f  s p a c e ,  c a l l e d  t h e  
s p e c t r u m  o f  ÛI . M o r e o v e r , t h e  m app ing  x i — > ô ( t h e  G e l f a n d  
T r a n s f o r m ) g i v e n  by
x(<p) z= <p (x )  X eC ïf  (p e X
i s  an i s o m e t r i c  * - i s o m o r p h i s m  o f  o n to  C(X)'.
§ 1 . 2 . Yon Neumann a l g e b r a s
C o n s i d e r  f i r s t  t h e  a l g e b r a  B(]c/) o f  a l l  bounded o p e r a t o r s  
on a  H i l b e r t  s p a c e  %( . E q u ip p e d  w i t h  i t s  norm o r  u n i f o r m  t o p o ­
l o g y ,  BCW) i s  a  C* a l g e b r a . H o w e v e r  t h e r e  a r e  o t h e r  u s e f u l  
t o p o l o g i e s  on B( "W):
t h e  s t r o n g  t o p o l o g y  ( s )  d e f i n e d  by  t h e  sem inorm s
( 1 . 1 )  XI î>llX^ ll ^
t h e  weak t o p o l o g y  ( w) g i v e n  by  t h e  sem inorm s
( 1 . 2 )  XI ^\U,ytr))\  E
^  t h a t  i s , t h e  w e a k e s t  t o p o l o g y  o n 'X  m ak ing  a l l  t h e  maps 
(j) I— &ÿ(x) ( :x  € ( X )  c o n t i n u o u s .
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t h e  u l t r a v v e a k  t o p o l o g y  (uw) g i v e n  hy  t h e  seminorms 
( 1 . 3 )  XI )| %L,YL WViW < ooU J ‘ ■ Id
The weak t o p o l o g y  i s  w eaker  t h a n  t h e  s t r o n g  and  t h e  n i t r a t e  
v/eak,v/hich a r e  b o t h  weaker  t h a n  t h e  u n i f o r m ;  b u t  w and uw 
c o i n c i d e  on norm -bounded  s e t s  o f • s C i f ) .
A Von Neumann (VN) a l g e b r a v / t  i s , b y  d e f i n i t i o n ,  a * - sub­
a l g e b r a  o f  B ( %/) which  i s  w eak ly  c l o s e d .
By Von Neumann’ s d e n s i t y  t h e o r e m , t h i s  i s  e q u i v a l e n t  t o  
• / t  b e i n g  s t r o n g l y  o r  u l t r a w e a k l y  c l o s e d . F u r t h e r m o r e , a  VN 
a l g e b r a  a lv /ays  c o n t a i n s  a n  i d e n t i t y , i . e .  a l a r g e s t  p r o j e c t ­
i o n  p su ch  t h a t  px  =. xp = X f o r  a l l  x  g F i n a l l y ,  Von 
Neumann’s b ic o m m u ta n t  theorem  s t a t e s  t h a t  a *- s u b a l g e b r a  Ot  
o f  B(]cf) c o n t a i n i n g  t h e  i d e n t i t y  on i s  a VN a l g e b r a  i f f
A n o th e r  d e n s i t y  theorem  w h ic h  we s h a l l  n e e d  i s  K aplans lcy’ s 
d e n s i t y  th eo re m ;  I f  (%c C  £ B ( } / )  a r e  * - a l g e b r a s , a n d  i f  CZ 
i s  s t r o n g l y  d e n s e  i n  C> , t h e n  t h e  u n i t  b a l l  o f  ÛZ i s  s t r o n g l y  
d e n se  i n  t h e  u n i t  b a l l  o f  C  . ( t h e  c o n v e r s e  i s  t r i v i a l l y
I
s a t i s f i e d ) .
Given  any C* a l g e b r a  C?T, SHERMAN’ s Theorem ( [62]  1 . 1 7 , 2 )  
a l l o w s  u s  t o  i d e n t i f y  i t s  d o u b le  d u a l  a s  a  VN a l g e b r a ,
i n  w hich  CX may b e  embedded a s  a n  uw d e n se  * - s u b a l g e b r a .
For  any s e t  S c B ( ' y ) , i t s  commutant S*'= [ x  e B ( ] / ) ;  [x ,S]=0} 
where  [ x , y ]  = x y - y x
I T
§ 1.3 L i n e a r  Forms
For  ^,77 G Ï / , d e n o t e  by  co^  t h e  l i n e a r  form on B ( 3 / )  g i v e n
by
(1 .U )  (x)  = (<i>X7j) X e B ( T / )
and  we a b b r e v i a t e ,  t o  i s  c l e a r l y  w -c o n t in u o u s '  .
Deno te  by  t h e  s e t  o f  a l l  w - c o n t i n u o u s  l i n e a r  forms, on a
VN a l g e b r a  u/f .T h en  B.(3/)  c o i n c i d e s  w i t h  t h e  l i n e a r  sp a n  o f  
[wy : G i , a n d  &/(_ c o n s i s t s  o f  a l l  r e s t r i c t i o n s  t o  t /Z  
o f  e l e m e n t s  o f  B(]</‘)^ .
L e t  d e n o te  th e  norm c l o s u r e  o f  i n  . Then
c o n s i s t s  o f  a l l  uw-co n t in u o u s  l i n e a r  fo rm s  on sM. , w h ich  a r e
/
t h e  same a s  a l l  r e s t r i c t i o n s  t o  cA o f  u v / - c o n t in u o u s  l i n e a r  
fo rm s  on B ( ' J / ) . E a c h  cu g B(7</)^^ may b e  w r i t t e n ;
( 1. 5)  W e Ï / , ^ 1 1 4 II 11% II <  «
F i n a l l y , e a c h  x  g d e f i n e s  a l i n e a r  fo rm  on b y :
( 1 . 6 )  . ÿ%(w) = cti(x) (cu G )
and  t h e  map ' '
( 1. 7 )  0 \ A - - - - - - -
XI ---------------------- -
i s  a n  i so m orph ism  o f  o n to  t h e  (norm) d u a l  o f  , a n d  i s
i s o m e t r i c . T h u s  i s  known a s  t h e  p r e d u a l  o f  A t  . I n  f a c t ,  
t h e  p r o p e r t y  o f  b e i n g  t h e  d u a l  o f  a  Banach  sp a ce  (w h ich  t u r n s  
o u t  t o  b e  u n i q u e )  c h a r a c t e r i z e s , u p  t o  i so m o rp h ism ,  VN a l g e ­
b r a s  among a l l  C» a l g e b r a s  ( [ 6 2 ] , 1 . 1  6 . 7 ) .
I n  t h e  c a s e  o f  B ( j ^ ) , t h e  p r e d u a l  c a n  b e  e a s i l y  i d e n t i f i e d ;
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i t  i s  ( i s o m o r p h i c  t o )  t h e  sp a c e  o f  a l l  t r a c e  c l a s s  o p e r a t o r s  
p on 7of , v i a  t h e  mapping w h ich  a s s o c i a t e s  t o  e a c h  p t h e  l i ­
n e a r  fo rm
( 1 . 8 )  oj(x) = t r ( p x )  X  € B(]cf)
w h ich  i s  a Banach sp a c e  i so m o rp h ism ,  when t h e  sp a ce  o f  a l l  
t r a c e  c l a s s  o p e r a t o r s  i s  e q u ip p e d  w i t h  t h e  t r a c e  norm :
llplli = t r ( l p | )  *
T h i s  i s  t h e  f i r s t  exam ple  o f  a  "Radon-Nikodym " th e o re m ;  
t h e  " i n t e g r a l "  i s  t h e  t r a c e ,  t h e  o b j e c t s  t o  b e  i n t e g r a t e d  a r e  
e l e m e n t s  o f  B ( ] / ) , a n d  ( 1 . 8 )  s t a t e s  t h a t  any u w - c o n t i n u o u s  
l i n e a r  form ( " a b s o l u t e l y  c o n t i n u o u s  m e a s u r e " )  c o r r e s p o n d s  t o  
an  " i n t e g r a b l e ” e le m e n t  o f  b ( 1 ( ) .  We s h a l l  s e e  l a t e r  t h a t  t h i s  
s i t u a t i o n  i s  q u i t e  g e n e r a l  ( s e e  T h ra .2 .3 ,a n d  Thm.4 .4  o f  C h . I l l )  
F o r  a n o t h e r  e x a m p l e , l e t  be  t h e  H i l b e r t  sp a ce  o f  a l l  
( e q u i v a l e n c e  c l a s s e s  o f )  s q u a r e - i n t e g r a b l e  f u n c t i o n s  on a 
m ea su re  sp ace  (R ,p )  . L e t  (/i(c B (} /  ) c o n s i s t  o f  a l l  o p e r a t o r s  
. Ti  w i t h  X  e L‘*’(H,/i) d e f i n e d  by
( 1 . 9 )  < T iy ) (w )  = x(w.)y((u) , y e L ^ ( q ,p )
A t r a c e  c l a s s  o p e r a t o r  i s  a n  o p e r a t o r  su c h  t h a t  oo
f o r  a n  o r th o n o r m a l  b a s e  o f  , where  | p |  = (p*p)% . We
t h e n  l e t  t r ( | p | )  = ^ ( ^ l > | p | ^ l ) , w h ich  i s  i n d e p e n d e n t  o f  t h e  
b a s e ,  t r  t h e n  e x t e n d s  t o  a  l i n e a r  fo rm  on a l l  t r a c e  c l a s s  ; 
o p e r a t o r s , a n d  t u r n s  o u t  t o  b e  p o s i t i v e  and  u n i t a r i l y  i n v a r i a n t  
• i . e .  t r ( u p  u )  = t r ( p )  f o r  a l l  t r a c e  c l a s s  p & u n i t a r y  u  i n  B ( 3 / )
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J Z  i s  t h e  m u l t i p l i c a t i o n  a l g e b r a  o f  L’*‘( n ,p  ) .  Then one shows 
t h a t  J t  i s  a  VN a l g e b r a ,  and i t s  p r e d u a l  i s  i s o m o r p h ic  t o  
L ^ ( n , p ) , v i a  t h e  mapping w h ich  s e n d s  x  g I?-(R,/i) t o  t h e  
l i n e a r  fo rm
Ty I  ^ J x ( o ; ) y ( c u ) d p ( a > )  ( y  € 'D-
ja.
w h ic h  i s  a u t o m a t i c a l l y  u w - c o n t i n u o u s .
Note  t h a t  t h i s  example  e x h a u s t s  a l l  a b e l i a n  VN a l g e b r a s ;  
Any a b e l i a n  VN a l g e b r a  i s  ^ - i s o m o r p h i c  t o  some L“ (p.,p)  , and 
t h e  i so m o rph ism  i s  u w - b i - c o n t i n u o u s  ( SAKAI [62]  , 1 . 1 8 . 1 )  .
§ 1 , 4 . P o s i t i v e  l i n e a r  fo rm s  and t h e  GNS c o n s t r u c t i o n
D e f i n i t i o n  A l i n e a r  form, w on a  g e n e r a l  » - a l g e b r a  ^  i s  s a i d  
t o  b e  p o s i t i v e  i f f  cu(x*x)^0 f o r  a l l  xg (X ( f o r  C* a l g e b r a s ,  
t h i s  i s  e q u i v a l e n t  t o  w(x) >0 f o r  a l l  xg ) I t  i s  f a i t h f u l  
i f  o)(x x )= 0  i m p l i e s  x=0 .A p o s i t i v e  l i n e a r  fo rm  on a normed 
* - a l g e b r a  QX i s  c a l l e d  a s t a t e  i f f  i t  h a s  norm 1 ( a s  a n  e l e ­
ment b f  t h e  d u a l  o f  Ot  ) .A  p o s i t i v e  l i n e a r  form, ( h e n c e f o r t h  
p l f ) on a  g e n e r a l '  * - a l g e b r a  w i t h  u n i t  i s  c a l l e d  a s t a t e  i f f  
(u(l )= 1 .T h e s e  two d e f i n i t i o n s  c o i n c i d e  on u n i t a l  C* a l g e b r a s  
( [ 1 5 ] , 2 . 1 . 9 )
We now d e f i n e  r e p r e s e n t a t i o n s  o f  g e n e r a l  « - a l g e b r a s  by  u n ­
bounded  o p e r a t o r s , a s  t h e y  w i l l  b e  u s e f u l  i n  t h e  s e q u e l^ T h e s e  
c o n c e p t s , w h i c h  a r e  g e n e r a l i z a t i o n s  o f  t h e  u s u a l  ones  f o r  
bounded  r e p r e s e n t a t i o n s , a r e  due t o  POY/ERS [ 4 9 ] .
D e f i n i t i o n  L e t  (% b e  a  u n i t a l  « - a l g e b r a , A  « - r e p r e s e n t a t i o n  
Tf o t  0 1  on a H i l b e r t  s p a c e  TkT w i t h  domain D(v) i a  a l i n e a r  
map f rom  01  i n t o  ( p o s s i b l y  unbounded)  o p e r a t o r s  on Jc/ w i t h
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common d e n s e  domain D{tt.} s u c h  t h a t
( 1 . 1 0 )  7r(x)D(7r) cD (7t) f o r  a l l  xe 0 Ï
( 1 . 1 1 )  7r(x)7r(y)^ =?r(xy)^ f o r  a l l  x»ye CT , ^eD(?r)
( 1 . 1 2 )  (%,w(x)%) = (v7-(xk,?7) f o r  a l l  xeÛ ( ,  .^,r}eD{Tr)
( i . e .  7t( x ) c ,Tr(x)  )
The i n d u c e d  to p o lo g y  on D(7t) i s  d e f i n e d  hy  t h e  seminorms
( 1 . 1 3 )  ^ I-------> | |7r(x)^| |  (xE (Z)
A « - r e p r e s e n t a t i o n  tt i s  s a i d  t o  h e  c l o s e d  i f f  D(w) i s  
c o m p le t e  i n  t h e  i n d u c e d  to p o lo g y .A n y  « - r e p r e s e n t a t i o n  w 
h a s  a  ( u n i q u e )  c l o s u r e  w d e f i n e d  on t h e  c o m p l e t i o n  o f  D(w)
w i t h  r e s p e c t  t o  t h e  i n d u c e d  t o p o l o g y ;  w e x t e n d s  /r i n  t h e  '
s e n s e  t h a t  w (x )^  = w(x)% f o r  a l l  ^GD(Tr) and  x e 67.
A v e c t o r  ^€D(v) i s  c a l l e d  c y c l i c  f o r  i f f  ^{OOX, i s  d e n s e  
i n  D(7T ) w i t h  r e s p e c t  t o  t h e  H i l b e r t  s p a c e  t o p o l o g y ;  i t  i s  
c a l l e d  s t r o n g l y  c y c l i c i f f  rr{Q[)^ i s  d e n se  i n  D(v  ) w i t h  
r e s p e c t  t o  t h e  i n d u c e d  t o p o l o g y .
The (bou nd ed )  commutant  w'(CX) o f  a « - r e p r e s e n t a t i o n  v  i s  
d e f i n e d  by  ; xeB .( ] / )  i s  i n  rr*{(X) i f f , f o r  e a c h  ye Cl and 
%,WeD(w),we h ave
( 1 . 1 4 )  (%,x^(y)%) = (•"'(y*)S,xr7)
The commutant i s  a w eak ly  c l o s e d , « - i n v a r i a n t  complex l i n e a r  • 
s u b s p a c e  o f  B ( ) / ) , b u t  n o t  n e c e s s a r i l y  a n  a l g e b r a . F u r t h e r m o r e ,
A « - r e p r e s e n t a t i o n  ir i s  s a i d  t o  b e  i r r e d u c i b l e  i f f  w' ( (%) 
c o n s i s t s  o f  m u l t i p l e s  o f  t h e  i d e n t i t y .
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V/e now p ro c e e d ,  t o  g i v e  a  s k e t c h  o f  t h e  GNS (GELFAND-NAIMARK- 
8EGAL) c o n s t r u c t i o n  f o r  unbounded r e p r e s e n t a t i o n s , w h i c h  i s  
a g a i n  a  g e n e r a l i z a t i o n  o f  t h e  GNS c o n s t r u c t i o n  f o r  C« a l g e -  
b r a s ( [ l 5 ] , 2 , 4 . 4 ) .
G iv en  a p l f  oj on a u n i t a l  « - a l g e b r a ,  l e t  x)=o!
I  i s  a  l e f t  i d e a l  o f ^ . On t h e  q u o t i e n t  v e c t o r  sp ace  D=6X/i  
which  c o n s i s t s  o f  a l l  e q u i v a l e n c e  c l a s s e s
[x ]  -  [ OC ; x - y  c I ] { x c O l  )
we d e f i n e
( 1 . 1 5 ) ( [ x ] , [ y ] )  = w(x*y)
T h i s  t u r n s  o u t  t o  be  a w e l l - d e f i n e d  ( p o s i t i v e  d e f i n i t e )
i n n e r  p r o d u c t  on D. L e t  1 /  d e n o te  t h e  H i l b e r t  sp a ce  c o m p l e t i o nw
o f  D . The l e f t  r e g u l a r  r e p r e s e n t a t i o n  o f  (X on i t s e l f  
f a c t o r s  t o  a w e l l - d e f i n e d  « - r e p r e s e n t a t i o n  '^wof Ot  on .. 
w i t h  dom ain  D g i v e n  by
^ w ( x ) [ y ]  = [xy]
L e t  ^w= [ l ] e D .  Then ^  i s  a  s t r o n g l y  c y c l i c ,  f o r  ( Z a n d
( 1 . 1 6 ) ‘ w(x) = (%w;mL(x)%w) f o r  a l l  xe 0 1
F u r t h e r m o r e ,  t h e  t r i p l e  ( J/,, ,, , kw ) 9 c a l l e d  t h e  GNS t r i p l e  
f o r  ÛL d e t e r m i n e d  by  ,oj , i s  u n i q u e l y  d e t e r m i n e d , u p  t o  u n i t a r y  
e q u i v a l e n c e ,  by  ( I . I 6 ) ; t h a t  i s ,  i f  ( )o r ,w ,k)  i s  a n o t h e r  su c h  
t r i p l e , t h e  mapping U d e f i n e d  by  Uww(x)ku = w(x)% ( x g  CX ) ,  
e x t e n d s  t o  a u n i t a r y  from  %  o n to  OcT^and maps t h e  dom ains  
c o n t i n u o u s l y  o n to  one a n o t h e r  ( w i t h  r e s p e c t  t o  t h e  i n d u c e d  . 
t o p o l o g i e s ) .
I n  t h e  c a s e  v/here C l  i s  a  C« a l g e b r a , e v e n  w i t h o u t  i d e n t i t y .
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7T(j(x) d e f i n e d  above s a t i s f i e s  | |7ru(x)| |^  | |x|| /  and  tt^ i s  a 
« - r e p r e s e n t a t i o n  o f  ()X o n j / u  i r .  t h e  u s u a l  s e n s e . T h e r e  alv /pys 
e x i s t s  a  c y c l i c  v e c t o r  ( t h e  two n o t i o n s  o f  c y c l i c i t y  now 
c o i n c i d e )  k w ^ s u c h  t h a t  ( 1 .1 6 )  i s  s a t i s f i e d  ( [ 1 5 ] , 2 « 4 . 4 ) .
F i n a l l y , w e  n o t e  t h a t  i n  c a s e  w i s  f a i t h f u l , w e  have  1=0, 
and  t h u s  i s  f a i t h f u l , i n  t h e  s e n s e  t h a t  = 0 f o r  a l l
^eD i m p l i e s  x = 0.  I n  t h i s  c a s e  o f  couj?se D = C7T . F u r t h e r m o r e ,  
t h e  c y c l i c  v e c t o r .  ^ i s  a l s o  s e p a r a t i n g  f o r  Tr^^ iCX)
Suppose now t h a t  [ ; teG ] i s  a  g roup  o f  « -a u to m o rp h is m s
o f  C l , f o r  which  k y i s  i n v a r i a n t . T h e n
Ut,[x] ;= [ o t ( x ) ]  teG ,  xe CK. 
i s  w e l l  d e f i n e d , a n d  e x t e n d s  t o  a u n i t a r y  r e p r e s e n t a t i o n  o f  G 
on  7=4 ) such  t h a t
Ut,7ry(x)Ut = 7Tw((%t,(x)) teG, xe CZ
( i n  p a r t i c u l a r ,  U^DcD f o r  a l l  teG).We say  i s  u n i t a r i l y
im p le m e n te d .
F i n a l l y , n o t e  t h a t  t h e  r e p r e s e n t a t i o n  i s  i r r e d u c i b l e  
i f f  CO i s  p u r e  , i . e .  c a n n o t  b e  w r i t t e n  a s  a convex  c o m b i n a t i o n  
o f  two d i s t i n c t  s t a t e s .
C o n s id e r  now t h e  c a s e  o f  a  p l f  co on a  VN a l g e b r a  c A .
Then , a s  a c o n seq u e n ce  o f  p o s i t i v i t y  ( a  p u r e l y  a l g e b r a i c  con­
c e p t ) , c o  e /1  ’ .M o r e o v e r , t h e  u l t r a w e a k  to p o lo g y  c an  a l s o  be  
c h a r a c t e r i s e d  a l g e b r a i c a l l y ;  a  p l f  co i s  i n  A... i f f  i t  i s
« A v e c t o r  K  i s  s a i d  t o  b e  s e p a r a t i n g  f o r  a s e t  S o f  ope­
r a t o r s  i f f  x eS ,  x%=0 i m p l i e s  x = 0 . I f c A  i s  a VN a l g e b r a ,  ^ i s  
s e p a r a t i n g  f o r  i f f  i t  i s  c y c l i c  f o r  A ' .
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n o r m a l , t h a t  i s  i f f  supcu(x^ ) = cuCsupx^) f o r  e a c h  u n i f o r m l y  
hou n d e d  i n c r e a s i n g  f a m i l y  } x, { 6 A , • For  a no rm al  p l f  co,O T*
t h e  GITS r e p r e s e n t a t i o n  I s  c o n t i n u o u s  w i t h  r e s p e c t  t o  th e  
uw t o p o l o g i e s  on </i and  B ( %  ) .  Thus i n  p a r t i c u l a r  i s
a  VN a l g e b r a .
I t  f o l l o w s  t h a t  t h e  s t u d y  o f  a VN a l g e b r a  A  w i t h  a 
f a i t h f u l l  no rm al  s t a t e  co i s  t h e  s t u d y  o f  t h e  VN a l g e b r a  
W w (A ) w i t h  t h e  c y c l i c  and s e p a r a t i n g  v e c t o r  These  a r e  
t h e  b a s i c  i n g r e d i e n t s  o f . T o m i t a - T a k e s a k i  t h e o r y . B e f o r e  we 
d e s c r i b e  t h a t  t h e o r y , h o w e v e r , l e t  u s  f i r s t  c o n s i d e r  t h e  
DIXMI7TR-SEGAL ( [ 1 4 ] , [ 6 7 ] )  Non-Commutât i v e  I n t e g r a t i o n  t h e o r y ,  
s i n c e  i t  i s  b o t h  h i s t o r i c a l l y  and  l o g i c a l l y  p r i o r  t o  T o m i ta -  
T akesa l i i  t h e o r y , o f  which  i t  may b e  c o n s i d e r e d  a s p e c i a l  c a s e .
A ..
§ 2.  Non-Cornmutative I n t e g r a t i o n  Theo ry
k h a t  f o l l o w s  i s  b a s e d  on a c o u r s e  o f  s e m i n a r s  I  gave a t
B e d f o r d  C o l l e g e .  These  s e m in a r s  were  i n  f a c t  c o n c e i v e d  a s  a
p r e p a r a t i o n  f o r  a p r e s e n t a t i o n  o f  T o m i ta - T a k e s a k i  t h e o r y ,
a n d  a t t e m p t e d  t o  u n i f y  t h e  t r e a t m e n t s  o f  SEGnL [ 6 7 ] and
DIXîvIIER [ 14]  o SEGAL c o n s t r u c t e d  h i s  n o n -c o m m u ta t iv e  L s p a c e s
P
a s  s p a c e s  o f  (unbounded)  o p e r a t o r s  " a f f i l i a t e d "  t o  a VN 
a l g e b r a  , w h i l e  BIXMIER c o n s t r u c t e d  them a s  a b s t r a c t  
c o m p l e t i o n s  o f  a s u b s e t  o f  A  w i t h  r e s p e c t  t o  t h e  "L^ no rm s" .  
I  s h a l l  f o l l o w  NITLSON [46]  i n  c o n s t r u c t i n g  a l a r g e r  s e t  o f  
" m e a s u r a b le "  o p e r a t o r s  a f f i l i a t e d  w i t h  A ,  i n t o  w hich  t h e  L^ 
s p a c e s , a b s t r a c t l y  d e f i n e d  a s  i n  [ 1 4 ] ,  a r e  t h e n  embedded.
L e t  u s  f i r s t . c o n s i d e r  t h e  n o n -c o m m u ta t iv e  e x t e n s i o n  o f  t h e  
c o n c e p t  o f  t h e  i n t e g r a l .
24
& 2 . 1 . T r a c e s
D e f i n i t i o n  L e t  JZ b e  a G» a l g e b r a ,  Ot, i t s  p o s i t i v e  p a r t .
A t r a c e on i s  a  f u n c t i o n  r  : (X^---- » oo ] w i t h  t h e
p r o p e r t i e s
’( i )A d d i t i v i t y  : x ,y e  (X, ' r (x+y)=  T ( x ) + r ( y )
+
( i i ) H o m o g e n e i t y : , 4 ^ 0  T(Xx) =X r(x)
( i i i ) U n i t a r y  i n v a r i a n c e :  xe OX^fUeOC u n i t a r y
r ( u ’^ 'xu) = t ( x )
A t r a c e  i s  s a i d  t o  b e  :
f a i t h f u l  i f f  xe , r ( x )  = 0 i m p l i e s  x = 0
s e m i f i n i t e  i f f  f o r  e a c h  xe CX t h e r  e x i s t s  a n o n z e r o  ye CX
su c h  t h a t  y<x and  r ( y ) < + c o
A t r a c e , T  on a VN a l g e b r a  t / (  i s  s a i d  t o  b e  normal  i f f  f o r
e a c h  u n i f o r m l y  bounded  i n c r e a s i n g  f a m i l y  ,
^ +
sup r ( x ^ )  = r ( s u p  x^ )
Theorem 2.1
L e t  c /f  b e  a VN a l g e b r a , r  a t r a c e  on . L e t  J,. = l x e ^ ^ : r ( x * x ) <  oo 1 
( t h e  " 'T - H i lb e r t - S c h m i d t  o p e r a t o r s " ) , a n d  l e t  J  b e  t h e  l i n e a r  
s p a n  o f  [xy :x,yeJ* }. Then J ,  a r e  t w o - s i d e d  » - i d e a l s  o f  . 
and = {x€t/X : r ( x ) <  oo}. T h e r e l i s  a,.uniq.ue l i n e a r  form
T  +
T on J  e x t e n d i n g  r  ( i . e .  r ( x )  = r ( x )  f o r  x e J f l * / ^ ) .  r  i s  
c e n t r a l  o r  t r a c i a l  , t h a t  i s  •T(xy) = r ( y x )  f o r  a l l  x ,y e J . .  
P i n a l l y , i f  r  i s  n o r m a l , t h e n  f o r  a l l  x c J , t h e  mapping
: y  I— > r ( x y )  ( y e ^  ) 
i s  a n  uw c o n t i n u o u s  l i n e a r  fo rm  on » . ( [ 6 2 ] , 2 . 5 , '  )
The r e a s o n s  why t h e  n o t i o n  o f  a  t r a c e  i s  a  p r o p e r  e x t e n s i o n  
o f  t h e  n o t i o n  o f  a n  i n t e g r a l  have  b e e n  e x p l a i n e d  i n  t h e  I n t r o -
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a u c t i o n .  I n  c l o s e r  a n a l o g y  w i t h  m easu re  th eo ry ' ,  SEGAL[67] 
d e f i n e s  h i s  " i n t e g r a l "  ( t h e  gage)  i n i t i a l l y  on p r o j e c t i o n s .
I t  i s  r e q u i r e d ' t o  h e  u n i t a r i l y  i n v a r i a n t  a n d c o m p l e t e l y  
a d d i t i v e  .SSGAL([67]^Thm. 1 O) t h e n  shows t h a t  t h e  gage  may 
h e  u n i q u e l y  e x t e n d e d  t o  a c e n t r a l  p l f  on a n  i d e a l .
D e f i n i t i o n  A VN a l g e b r a  J i .  i s  c a l l e d  f i n i t e  ( r e s p e c t i v e l y
s e m i f i n i t e ) l f f  f o r  e a c h  x e , x^O, t h e r e  e x i s t s  a  norm al  
f i n i t e  ( r e s p .  s e m i f i n i t e )  t r a c e  r  on such  t h a t  r ( x ) >  0.
I t  i s  c a l l e d  p r o p e r l y  i n f i n i t e  ( r e s p .  p u r e l y  i n f i n i t e ) i f f  
t h e r e  e x i s t s  no n o n z e r o  f i n i t e  ( r e s p ,  s e m i f i n i t e )  no rm al  
t r a c e  on i/i, .
Any a b e l i a n  VN a l g e b r a  i s  f i n i t e :  any v e c t o r  s t a t e  (u i s  '
a f i n i t e  no rm al  t r a c e .  B ( j [ / )  i s  s e m i f i n i t e  : t r  i s  a no rm al
f a i t h f u l  s e m i f i n i t e  t r a c e .  A f a c t o r  ( i . e .  a VN a l g e b r a
whose c e n t r e  i s  t r i v i a l )  c a n  b e  o f  a t  most  one t y p e :
e i t h e r  f i n i t e  ( t y p e  I^ , n<oo o r  11^ i n  t h e  MUNRAY-VON
NEUMANI'T c l a s s i f i c a t i o n  [44]  ) o r  p r o p e r l y  i n f i n i t e  s e m i f i n i t e '
( t y p e  Ico or  I lg^  ) o r  p u r e l y  i n f i n i t e  ( t y p e  I I I )  ( s e e  [ 1 6 ] ,
1 .6  Cor .  1 and 2 o f , p r o p , 8 , a n d . 1 . 8 . 4 ) . F o r  a  s e m i f i n i t e  "VI^  i
a l g e b r a  v Y ,  one c a n  show t h a t  t h e r e  e x i s t s  a f a i t h f u l  norm al
s e m i f i n i t e  t r a c e  on i / ^ ( [ l 6 ] , 1 . 6  p r o p . 9 ( i )  ) .
I f  v/f i s  a s e m i f i n i t e  f a c t o r , t h i s  t r a c e  i s  shown t o  b e
u n iq u e  up t o  n o r m a l i z a t i o n  ( [ 1 6 ] , I . 6 ,  c o r ,  o f  T h m .3 ) .T h u s
f o r  a  f a c t o r , o n e  may sp e a k  o f  t r a c e  c l a s s  and I l i l b e r t - S c h m i d t
o p e r a t o r s , i n d e p e n d e n t  o f  t h e  t r a c e . E x a m p l e :  b C J / ) .
» T h a t  i s ,  " ^ t ( p 3 ) = t (  Jfp^ ) f o r  any o r t h o g o n a l  f a m i l y  o f  
p r o j e c t i o n s  [p^ ï  c  . F o r  a n . a i e / l '  , c o m p le te  a d d i t i v i t y  i s  
e q u i v a l e n t  t o  uw c o n t i n u i t y  ( s e e  RINGR0SE[56], T h m .4 .5 ) .
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§ 2 , 2 ,L ^ S p a c e s
Y/e now h a v e  o u r  " m e a s u r e "  x  , w h ich  w i l l  he assumed a  f a i t h ­
f u l , n o r m a l , s e m i f i n i t e  t r a c e  i n  t h e  s e q u e l . A s  o b s e r v e d  i n  t h e  
I n t r o d u c t i o n , t h e  e x i s t e n c e  o f  s u c h  x  i s  a. r e s t r i c t i o n  on t h e  
t y p e  o f  VN a l g e b r a  c o n s i d e r e d , W h a t  f o l l o w s  can o n l y  be done 
i f  s u c h  a  n o n - t r i v i a l  t r a c e  e x i s t s , i . e .  i f  jH, i s  s e m i f i n i t e , I f  
n o t , o n e '  h a s  t o  r e s o r t  t o  T o m i ta -T a k e sa lc i  t h e o r y  ^ ( C h . I I I ) .
We h ave  s e e n  t h a t  o p e r a t o r s  i n  J f c / Z s r e  " i n t e g r a b l e "  w i t h  
r e s p e c t  t o  r . I n  t h e  c a s e  o f , B ( K ) , t h e s e  a r e  a l l :  t r  c a n n o t  
be e x t e n d e d  beyond  t h e  t r a c e  c l a s s  o p e r a t o r s , s i n c e  t h e y  a r e  
a l r e a d y  c o m p l e t e  w i t h  r e s p e c t  t o  t h e  t r a c e - n o r m .  In  t h e  c a s e  
o f  a  ( c o n v e n t i o n a l )  p r o b a b i l i t y  s p a c e ,w e  h ave  t h e  o t h e r  
e x t r e m e ;  a l l  b ounded  m e a s u r a b l e  f u n c t i o n s  ( e l e m e n t s  o f  
(/'ey a r e  i n t e g r a b l e ,  and t h e r e  a r e  more:  we g e t  t h e  r e s t  by  
c o m p l e t i n g  L*” w i t h  r e s p e c t  t o  t h e  n o r m .T h i s  s u g g e s t s  t h e
^ I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  HAAGERU? [27} h a s  r e c e n t l y  
c o n s t r u c t e d  s p a c e s  a s s o c i a t e d  w i t h  an- a r b i t r a r y  VN 
a l g e b r a  ^/i. T h ese  s p a c e s  c o n s i s t  o f  o p e r a t o r s  a f f i l i a t e d  n o t  
w i t h  i t s e l f , b u t  w i t h  a  l a r g e r  VN a l g e b r a . M o r e o v e r , t h e y  n o t  
o n l y  c o n s i s t  e x c l u s i v e l y  o f  unbounded  o p e r a t o r s , b u t  a l s o
= [ o j f o r  p^q ( c o m p a r e p  t h e  s e m i f i n i t e  s i t u a t i o n , w h e r e  
a l l  t h e  X s 'oaces  c o n t a i n  t h e  common d e n s e  s u b s p a c e  J  c o n -p
s i s t i n g  o f  bounded  o p e r a t o r s ) , H o w e v e r , i f  y i  i s  s e m i f i n i t e ,
t h e  X s p a c e s  o f  HAAGERUP t u r n  o u t  t o  be i s o m e t r i c  and o r d e r -  P
i s o m o r p h i c  t o . t h e  o n es  c o n s t r u c t e d  i n  t h i s  t h e s i s . N o t e  t h a t  
t h e s e  r e s u l t s  i n  no way b y p a s s  T o m i t a - T a k e s a k i  t h e o r y , a s  
HAAGERUP’ s c o n s t r u c t i o n  s t r o n g l y  d e p e n d s  on r e c e n t  r e s u l t s  
i n  t h a t  t h e o r y .
2 7
D e f i n i t i o n  L e t  xgJ  , 1 <p< oo . D e f i n e
(2. 1) ilxilp ;= T(|x|P)1/2 ( |x| = (x*x)^ )
,(|x| |^ := 11x1! = th e  o p e r a t o r  norm
D eno te  by  L ^ ( t / ^ , r )  t h e  c o m p l e t i o n  o f  J  w i t h  r e s p e c t  t o  t h e  
Ij.jj.^-normo L‘*’( y ^ , r )  := ( t h e  uw c l o s u r e  o f  j ) .
Observe  t h a t , i n  c a s e  yC  i s  a b e l i a n , t h e  above d e f i n i t i o n  
y i e l d s  t h e  o r d i n a r y  L^ s p a c e s .  For  i f  lX{ü.,jji) , r  d e f i n e s
a m ea su re  v  on il b y  v ( a )  = T(x^)  where  x .  ( t h e  c h a r a c t e r i s t i c  
f u n c t i o n  o f  a m e a s u r a b le  s u b s e t  AcD ) i s  i n  . S in c e  r  i s  
f a i t l i f  111 , V i s  e q u i v a l e n t  t o  ^  , h e n ce  v Y  = L‘*'(jd,. v)
( t h e  l a t t e r  sp a c e  d e p e n d in g  o n ly  on t h e  m easure  c l a s s  of* v ) .
VI .
Now f o r  a s im p le  i n t e g r a b l e  f u n c t i o n  f  = 22  ^ ,/% »
T ( | f | ? )  = L h i - I ®  v(A-, )
w h ich  shows t h a t  l P { ü ,  '^ ) = L^(^y?',r)
The s p a c e s  a r e  a t  t h e  moment d e f i n e d  a s  a b s t r a c t  
c o m p l e t i o n s .  We w i l l  l a t e r  b e  a b l e  t o  i d e n t i f y  t h e i r  e l e m e n t s  
t o  ( p o s s i b l y  unbounded) o p e r a t o r s ' A f f i l i a t e d " ' t o p ^ . B u t  a l r e a d y  
we c a n  d e v e lo p  the '  a n a l o g u e s  o f  some o f  t h e  p r o p e r t i e s  o f  
c l a s s i c a l  L^ s p a c e s . .
T h eo re m 2 . 2
( i )  ( H o ld e r  i n e q u a l i t y )  L e t  1 ^p< co, q=p/p-1  ( 1 / 0  = oo ) , x , y e J
Then
( 2 . 2 ) l r ( x y ) l  < | |xy| |^ < l |x t lo l |y |q
(11 )  L e t  x e J  , 1<p<oQ .T h en
( 2 . 3 )  ilxllp = su p l  | T ( x y ) |  ; y e ^ t ,  | | y | q  = 1 i
( 2 . 4 )  Hxil^ = sup l  l r ( x y ) l  ; ye ^ , l |y ll„  < 1 !
B o th  aups s r e  a t t a i n e d .
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( i i i )  lUll-Q i s  a: norm on J{ (Minkowski i n e q u a l i t y ) .Hence 
i s  a Banach  s p a c e .
Theorem 2 . 3  ( "Radon-Nikodym")
L ^ ( y ^ , r )  i s  ( i s o m e t r i c a l l y  i s o m o r p h ic  t o )  .
V/e h a v e  s e e n  ( T h m . 2 . l )  t h a t  f o r  x e J ,  (y )  = r ( x y )  ( y e / t )  
d e f i n e s  a n  e le m e n t  o f  . But  b y  ( 2 . 4 )  , t h e  mapping
(J ,W Wi) a ,W H)
X  1----------^  COx
i s  i s o m e t r i c .  One shows t h a t  i t  h a s  d e n s e  r a n g e  i n  , a n d  
h e n c e  e x t e n d s  t o  t h e  r e q u i r e d  isom orph ism  o n t o .
The j u s t i f i c a t i o n  o f  t h e  name "Radon-Nikodyra" i s  s e e n  i f  
we i n t e r p r e t  cOx t o  be  t h e  " i n d e f i n i t e  i n t e g r a l "  c o r r e s p o n d i n g  
t o  X ( i . e .  cüx(o) = "J. x d r  " )H .T h u s  t h e  theo rem  s a y s  t h a t  , . 
e v e r y  o) h a s  a "Hadon-Nikodym d e r i v a t i v e "  i n  (VY,T)
w i t h  r e s p e c t  t o  r  . I n  f a c t  SEGAL ( [67] ,Thra .  14) shows 
t h a t  i n  c a s e  r  i s  n o t  assumed f a i t h f u l ,  oj h a s  t o  v a n i s h  on 
t h e  p r o j e c t i o n s  on w h ich  r  v a n i s h e s  ( a b s o l u t e  c o n t i n u i t y ) .
§ 2 . 3  Mea s u r a b l e  o p e r a t o r s
So f a r  t h e  L s p a c e s  have  b e e n  d e f i n e d  a s  a b s t r a c t  P
c o m p l e t i o n s  o f  t h e  i d e a l  J ;  t h u s , f o r  i n s t a n c e , o n e  c a n n o t  d e ­
c i d e  w h e th e r  two e l e m e n t s  o f  d i s t i n c t  L^ s p a c e s  " a c t u a l l y "  
c o i n c i d e . T h e  pur-pose o f  t h i s  s e c t i o n  i s  t o  i d e n t i f y  e l e m e n t s  
o f  a l l  L^ s p a c e s  w i t h  ( p o s s i b l y  unbounded  ) o p e r a t o r s  .
T h i s  w i l l  b r i n g  t h e  t h e o r y  i n t o  c l o s e r  a n a lo g y  w i t h  c l a s s i c a l  
i n t e g r a t i o n  t h e o r y , w h e r e  e a c h  f c L  c a n  be  t h o u g h t  o f  a s  an  
unbounded  m u l t i p l i c a t i o n  o p e r a t o r  on t h e  H i l b e r t  s p a c e  L^ •
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T h i s  i d e n t i f i c a t i o n  w i l l  he  made i n  t h r e e  s t e p s  : F i r s t l y ,  
a new to p o lo g y  w i l l  h e  d e f i n e d  on . , i n  i m i t a t i o n  o f  t h e
t o p o l o g y  o f  c o n v e r g e n c e  i n  m easure  d e f i n e d  f o r  m e a s u r a b l e  
f u n c t i o n s  on a m easu re  s p a c e ,T h e n  t h e  c o m p l e t i o n  o f  Ji.  w i t h  
r e s p e c t  t o  t h i s  t o p o l o g y  w i l l  b e  i d e n t i f i e d  w i t h  unbounded  
o p e r a t o r s  ( t h e  " m e a s u r a b l e "  o p e r a t o r s )  ^ F i n a l l y ,  t h e  s p a c e s  
w i l l  b e  c o n t i n u o u s l y  embedded i n  t h i s  c o m p l e t i o n .
T h i s  t r e a t m e n t  i s  due t o  NELSON [ 4 6 ] .
§ 2 . 3 . 1 .  The . . .measure . . topology
L e t  (lijjti) "be a m ea su re  s p a o s .A  n e t  I f p î  o f  m e a s u r a b l e  f u n -  
c t i o n s  on N i s  s a i d  t o  c o n v e rg e  t o  t h e  m e a s u r a b le  f u n c t i o n  f  
i n  m easu re  i f f ,  g i v e n  e> 0 and  ô> 0 , we h a v e , f o r  l a r g e  
enough r  ,
/u [ COGII ; | f p ( o j )  -  i <  Ô
We may r e f o r m u l a t e  t h i s  a s  f o l l o w s :  d e n o t i n g  .7 t h e  c h a r a c t e r ­
i s t i c  f u n c t i o n  o f  t h e  s e t
[oj GlI : | f p ( w )  -  f ( o ) ) |<  € !
b y  Pr ( a p r o j e c t i o n  i n  L*^(il,^) ) ,w e  s e e  t h a t  fp —> f  i n  m easure  
i f f  g i v e n  'e>0 and ô>0 t h e r e  e x i s t  p r o j e c t i o n s  Pps L'*^(ll,/i) 
s u c h  t h a t  f o r  l a r g e  enough r ,
l | p p ( f p - f ) l l ^ < a  and j  Ppd^ < ô
w here  p;  ^ = 1-py . M o t i v a t e d  by t h i s ,  v/e d e f i n e :
D e f i n i t i o n  L e t  xY S B ( 3 / )  be  a VN a l g e b r a ,  r  a  f a i t h f u l  norm al  
s e m i f i n i t e  t r a c e  on J t  . . O lv ea  e>0  and  ô>0 , c o n s i d e r
( 2 . 5 )  N ( a , ô )  = 1 x e J ( :  3pe p r o j ^  èùch  t h a t  #xp#<^. and  r(p:^).<ô j
( 2 . 6 ) 0 ( e , ô )  = 1 ^ c } / :  3pey4  p r o j .  su c h  t h a t  | ip^| |^e and  r(p-^)<ô j
30
0
The m e a su re  t o p o l o gy on r e s p e c t i v e l y  %f ) i s  t h e  v e c t o r  
s p a c e  t o p o l o g y  w hich  h a s  [ l l ( é , / )  : ( r e s p e c t i v e l y
Î 0 ( e , / )  : oj  ) a s  a b a s e  o f  n e ig h b o u r h o o d s  o f  z e r o .
y t  and  d e n o te  t h e  c o m p l e t i o n s  o f  and  w i t h
r e s p e c t  t o  t h e s e  t o p o l o g i e s .
The i d e a  o f  t h e s e  d e f i n i t i o n s  i s  t o  b r e a k : u p  t h e  s p a c e s  
i n t o  two p a r t s ,  one on w hich  t h i n g s  "behave  w e l l "  and  one 
whose "m easu re"  i s  s m a l l .  Thus one shows [46] t h a t  g i v e n  
XG t/t  and  6>0 , t h e r e  e x i s t s  a p r o j e c t i o n  pG such  t h a t  ■ 
x p e y Y  and  r ( p ^ ) ^  € .
NELSON [46]  now shows t h a t  7cT ( r e s p .  «A ) i s  a w e l l  d e f i n e d
H a u s d o r f f  t o p o l o g i c a l  v e c t o r  sp a c e  ( r e s p ,  * - a l g e b r a )  and 
t h a t  t h e  i d e n t i t y  r e p r e s e n t a t i o n  o f  t / t  e x t e n d s  t o  a. c o n t i n u o u s  
^ - r e p r e s e n t a t i o n  o f  «/t on 7c/ .
§ 2 . 3 » 2 . M easu rab l e  o p e r a t o r s
I  now w is h  t o  i d e n t i f y  e l e m e n t s  o f  i/C w i t h  ( p o s s i b l y  u n ­
b ou n d e d )  o p e r a t o r s  on , wh ich  a r e  a f f i l i a t e d  t o  M. i n  t h e  
f o l l o w i n g  s e n s e :
D e f i n i t i o n  An o p e r a t o r  A on 3 /  ( n o t  n e c e s s a r i l y  bounded  o r
e v e ry w h e re  d e f i n e d )  i s  s a i d  t o  be  a f f i l i a t ed t o  y t  i f f  f o r
e a c h  u n i t a r y  ug/ / ^  , Au = uA ( i n  p a r t i c u l a r ,  uD(a )cD(A))
We say  A77 «// .
C l e a r l y  AgB(3/)  and A r ] / t  i m p l i e s  A c c / / ,
D e f i n i t i o n  I f  XGu/i and  ^gX/ , t h e n  x^G . I f  x^ h a p p e n s  t o  
l i e  i n  t h e  (m easure  d e n s e )  s u b s e t  J / c j [ /  ,we say  4 gD(T^) , 
an d  we d e f i n e  t h e  o p e r a t o r  Tx on 3 /  w i t h  domain D(Tx) by
( 2 . 7 )  T x %  =  x %
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Theorem 2 . 4
F o r  e a c h  x e J t , .  i s  a c l o s e d , d e n s e l y  d e f i n e d  o p e r a t o r  a f f i l i ­
a t e d  w i t h  , and  t h e  m apping  x  f— i s  an  i n j e c t i v e  =’- -homo- 
morphism  o f  i n t o  dense!  , c l o s e d  " o p e r a t o r s  on R e / , e q u ip p e d
w i t h  s t r o n a  a d d i t i o n  an d  m u l t i p l i c a t i o n , ( S L G A L  [ 6 7 ] )  i . e .
( 2 . 8 )  • T* =
( 2 . 9 )  =
( 2 . 1 0 )  • l T ? y  = '^xy
w here  A i s  t h e  c l o s u r e  o f  A,
D e f i n i t i o n  A m e a s u r a b l e  o p e r a t o r  on 3 /  i s  a w i t h  xg «/Y
T h i s  d e f i n i t i o n , d u e  t o  NELSON [ 4 6 ] , i s  n o t  s t a n d a r d . .
SEGAL * 8 [ 6 7 ] o r i g i n a l  d e f i n i t i o n  may b e  p a r a p h r a s e d  a s  f o l l o w s :
D e f i n i t i o n  A c l o s e d  d e n s e l y  d e f i n e d  o p e r a t o r  i s  s a i d
t o  b e  SKGAL-measurable i f f  t h e r e  e x i s t s  a s e q u e n c e  o f  p r o j e c t ­
i o n s  Pn€t/Y such  t h a t  p^X/cD(A)' , p^ "^ i s  f i n i t e  * , and  0
SEGAL*s d e f i n i t i o n  i s  more n a t u r a l , i n  t h e  s e n s e  t h a t , i n  
t h e  a b e l i a n  c a s e ,  i t  c o v e r s  e x a c t l y  t h e  s e t  o f  a l l  ( m u l t i p l i —
* A p r o j e c t i o n  pe cÆ i s  s a i d  t o  b e  f i n i t e  w i t h  r e s p e c t  t o c/ f  
i f f , w h e n e v e r  uevY  i s  s u c h  t h a t  u ' u  = p and  uu* < p , t h e n  
uu = p, . T h a t  i s ,  p i s  f i n i t e  i f f  i t  c a n n o t  d o m in a te  any  
. p r o j e c t i o n  w h ic h  i s  u n i t a r i l y  e q u i v a l e n t  t o  i t  v i a  a n  
e l e m e n t  o f  i / t  .
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c a t i o n s  b y )  a l m o s t  e v e ry w h e re  f i n i t e  m e a s u r a b l e  f u n c t i o n s  
(modulo  n u l l  f u n c t i o n s , o f  c o u r s e ) ( SEGAL [ 6? ]  ,T h m .2 ) .
O n ' t h e  r e l a t i o n  b e t w e e n  t h e  two d e f i n i t i o n s , we h a v e  t h e  
P r o p o s i t i o n  2 . 3
( i )  F o r  a l l  xe J X  9 i s  SEGAL-meas u r a b l e ,
( i i ) S u p p o s e  r  i s  f i n i t e « T h e n  t h e  two d e f i n i t i o n s  o f  m e a s u r a ­
b i l i t y  c o i n c i d e ,  and  y i e l d  a l l  c l o s e d , d e n s e l y  d e f i n e d  T
( i i i ) S u p p o s e , i n  a d d i t i o n , t h a t  / t  i s  a b e l i a n  ( s o  t h a t  t /Z = 
L ^ ( i l , ^ )  w i t h  //(H) = r (1  )< 00 .T h en  y i  c o n s i s t s  o f  a l l  
( e q u i v a l e n c e  c l a s s e s  o f  ) m e a s u r a b l e  a , e .  f i n i t e  f u n c t i o n s
on il .
P r o o f  ( i )  F o r  e a c h  neN we may f i n d  ( s e e § 2 , 3 . 1 )  a p r o j e c t i o n  
( / t  s u c h  t h a t  xp^E yY and T ( P n ) < ( i ) "
CO
L e t t i n g  q^ = / \  p^ ( t h e  p r o j e c t i o n  o n to  t h e  i n t e r s e c t i o n  o f  
t h e  r a n g e  s p a c e s  o f  pj  ^ ,  k>n ) ,w e  h a v e  r ( q ^ ) <  2 1 '^(Pk) —) 0 ,
kan
xq^ =3:Pnq^€ yY , and  q ^ I O f f o r  i f  q ^qjî; f o r  a l l  n , t h e n  T (q )< T (q ^ )  
so t h a t  r ( q )  = 0 and  h e n c e  q = 0,
C l e a r l y  q^ lTsD (Tx)  and  xq^ = T^Pn .
F i n a l l y  e a c h  q^ i s  f i n i t e ,  f o r  i f  u^et /Y i s  such  t h a t  u^Un
a n d  UnUn < , t h e n  r(u,-,Un) = r (  URUn) = r {o J ; )< co , s o v t h a t
r  (Pn -  UnU%) = 0 ,  o r  q^ = u,iu^' ,
The s e q u e n c e ( q ^ t h e r e f o r e  s a t i s f i e s  t h e  r e q u i r e m e n t s  o f  SEGAL*s 
d e f i n i t i o n ,  and  h e n c e  T%is SEGAL-measurable ,
* SEGAL [ 6 7 ] f a i l s  t o  m e n t i o n  t h i s  r e s t r i c t i o n . H o w e v e r  i f  , f o r  
a  m e a s u r a b l e  f u n c t i o n  f  on (H.,/i) , j^ il aiell : | f ( w ) |  =00 ]> 0 ,  
t h e n  t h e  c h a r a c t e r i s t i c  f u n c t i o n  o f  any s u b s e t  o f  t h i s  s e t  
o f  f i n i t e  p o s i t i v e  m easu re  i s  o r t h o g o n a l  t o  D (T ^ ) ;  t h u s  T^ 
c a n n o t  b e  d e n s e l y  d e f i n e d .
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( i i )  I f  T i s  f i n i t e ,  N1CL80N [46 ]  shows t h a t  e v e r y  c l o s e d ,  
d e n s e l y  d e f i n e d  o p e r a t o r  a f f i l i a t e d  t o  J t  i s  a  Tx , w i t h  x o J C  
Thus e v e r y  SEGAL-measurahle  o p e r a t o r  i s  m e a s u r a b l e  i n  o u r  
d e f i n i t i o n .  I n  t h i s  c a s e  t h e  o t h e r  r e q u i r e m e n t s  o f  SEGAL*s 
d e f i n i t i o n  a r e  a u t o m a t i c a l l y  s a t i s f i e d  by  any  i n c r e a s i n g  
s e q u e n c e  o f  p r o j e c t i o n s  p^e s u c h  t h a t  P n l / s  D(Tx ) and  
P n —>1 9 s i n c e  .f(pjîj)<o3 and t h u s  p^ m ust  b e  f i n i t e , a s  
o b s e r v e d  i n  p a r t ,  ( i ;)  f o r  q^b .  '
( i i i )  Xf xgyY, t h e r e  e x i s t s  a  s e q u e n c e  ( % ) & s u c h ' t h a t . x  ^ x
i n  m e a s u r e . B u t  Xg c o r r e s p o n d  t o  m e a s u r a b le  f u n c t i o n s  i n
Loo(H ,m) w h ich  a r e  Cauchy i n  m e a su re  ( i n  t h e  c o n v e n t i o n a l ,  
s e n s e ) . T h e r e f o r e  (HALMOS [ 2 8 ] ,T h m .2 2 ,S )  t h e y  m us t  c o n v e r g e  i n  
m e a s u r e  t o  a m e a s u r a b l e  f u n c t i o n  f  . S i n c e  t h e  two n o t i o n s  o f  
c o n v e r g e n c e  i n  m easu re  c o i n c i d e  f o r  t h e  a b e l i a n  c a s e , a n d  
s i n c e  t h e  m e a su re  t o p o l o g y  i s  H a u s d o r f f , so t h a t  l i m i t s  a r e  
u n i q u e , i t  i s  c l e a r  t h a t  x  m u s t  c o r r e s p o n d  t o  f  , i . e .  X^=T^.
N ote  t h a t  we h av e  n o t  so  f a r  u s e d  t h e  a s s u m p t i o n  t h a t  
r  i s  f i n i t e , s o  t h a t  i n  f a c t  we h ave  shown t h a t  i n  g e n e r a l  
c o n s i s t s  o f  ( n o t  n e c e s s a r i l y  a l l )  m e a s u r a b l e  f u n c t i o n s  on H .
C o n v e r s e l y , l e t  f  b e  a n  a lm o s t  e v e ry w h e re  f i n i t e  
m e a s u r a b l e  f u n c t i o n  on il , a n d  l e t  e >0 b e  g i v e n . P u t t i n g  
An = [cugH : I f  (cu) I ^ n  } ,we s e e  t h a t  I  (1 /^1  ^ =  A =
= Iwcil : | f  (cu) I = + c c o j .  Thus ju(a) = 0 ,  and  h e n c e  llm^/^CA^) =0 
( i t  i s  h e r e  t h a t  t h e  f i n i t e n e s s  o f  j.i comes i n ) . C h o o s e  n^cN 
su c h  t h a t  / i (An)<e  , and  p u t  p„ = Xa • ^ o r  a l l  n;%nQ ,v/e h a v e» Ap
T(.Vn) -  )< ^
II ( f  -  f P n ) p n l i  = I l f Pn Pn l l  = 0  < e
T h i s  shows t h a t  f p „ — > f  i n  m e a s u r e ,  and s i n c e
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llfPnll = 8u p [ | f ( w ) |  : wcAni = n  < oo
i . e .  fp ^ e  y t  , i t  f o l l o w s  t h a t  f g c//  .
QED
O b se rv e  t h a t , c o n t r a r y  t o  S e g a l ’ s d e f i n i t i o n , o u r  d e f i n i ­
t i o n  o f  m e a s u r a b i l i t y  d o e s  n o t  i n c l u d e  " v e r y  unbounded"  
me a SUT'a b l e  f  u n c t i o n s ,  su c h  a s  f  (w) = w on ((R,do;), T h i s  i s  
b e c a u s e  f o r  a l l  neffT , [cügR : | f ( w ) | > n j  h a s  i n f i n i t e  m e a s u r e ,  
so  t h a t  we c a n n o t  a p p r o x i m a t e  t h i s  f u n c t i o n  i n  m ea su re  b y  
b o u n d e d  o n e s :  t h e  s e t  on w h ic h  o u r  a p p r o x i m a t i o n  i s  "bad"  
a lw a y s  h a s  i n f i n i t e  m e a s u r e .
The a d v a n t a g e  o f  NELSON* s d e f i n i t i o n  i s  t h a t  i t  p r o v i ­
d e s  u s  w i t h  a c l a s s  o f  o p e r a t o r s  w i t h  d e s i r a b l e  t o p o l o g i c a l  
p r o p e r t i e s  , w h i l e  a t  t h e  same t im e  b e i n g  a m in im a l  e x t e n s i o n  
o f  y i .  w h ic h  c o n t a i n s  a l l  t h e  " i n t e r e s t i n g "  o p e r a t o r s
( t h e  é l é m e n t s  o f  a l l  L s p a c e s , a s  we s h a l l  s e e  b e lo w .  'P
We c l o s e  t h i s  s u b s e c t i o n  w i t h  a n  o b s e r v a t i o n  a b o u t  
Non-Commuta t ive  P r o b a b i l i t y  s p a c e s , s i n c e  we a r e  m o s t ly  
c o n c e r n e d  w i t h  them i n  t h e  a p p l i c a t i o n s  o f  t h e  t h e o r y  i n  
t h i s  t h e s i s .
P r o p o s i t i o n  2 , 6
I f  r  i s  a  t r a c i a l  s t a t e ,  ( s o t h a t  J  = y ^ ) , t h e  m e a su re  t o p o l o g y  
on y i  i s  g i v e n  by  t h e  m e t r i c
( 2 . 1 1 )  ,p ( x )  :=  T ( | x | ( l  + | x | ) ~ ^ )  ( | x | = ( x ^ x ) 2  ,x c y Y )
P r o o f . STINE8PRINC[74] Theorem 3 . 1 .
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§ 2 . 3 . 3 . p - I n t e g r a b l e , O p e r a t o r s
V/e a r e  now r e a d y  t o  embed t h e  L (yY^'r) s p a c e s  i n t o  y% ,
P
t h u s  s h o w i n g , i n  v ie w  o f  Thm.2 , 4 , t h a t  t h e y  a l l  c o n s i s t  o f
( p o s s i b l y  u n b o u n d e d ) o p e r a t o r s  a f f i l i a t e d  t o  i / t  •
SjiXjAL [ 6 7 ] p r o c e e d s  i n  t h e  o p p o s i t e  d i r e c t i o n : P i r s t  he
d e f i n e s  a  n o t i o n  o f  " p o i n t w i s e  a l m o s t  e v e r y w h e r e  c o n v e r g e n c e "
o f  o p e r a t o r s ; t h e n  h e  c a l l s  a (S;!G-AL)-measurable o p e r a t o r
i n t e g r a b l e i f f  i t  i s  t h e  p o i n t w i s e  a . e .  l i m i t  o f  o p e r a t o r s
i n  J ;  i t s  i n t e g r a l  i s  t h e n  t h e  l i m i t  o f  t h e  t r a c e s  o f  t h e s e
o p e r a t o r s . T h e n  i t  i s  a  n o n - t r i v i a l  p ro b le m  t o  show t h a t  t h i s
i n t e g r a l  i s  u n i q u e , a n d  t h a t  i n t e g r a b l e  o p e r a t o r s  fo rm  a
Banach  s p a c e  (Non-Com m uta t ive  R i e s z - F i s c h e r  T heorem ) ,
T hro u gh  t h e  u s e  o f  t h e  m ea su re  t o p o l o g y  o f  NELSON, we
w i l l  b e  a b l e  t o  b y p a s s  t h e  c o u n t e r - i n t u i t i v e  c o n c e p t  o f
" p o i n t w i s e  a . e .  c o n v e r g e n c e "  ( t h e r e  a r e  no p o i n t s  i n  a n o n -
c o m m u ta t iv e  s i t u a t i o n . * )  by  i d e n t i f y i n g  o u r  L s p a c e s  w i t h  
— , - P '
sub  s p a c e s  o f  c/H. .
Theorem 2 ,7 .
The t o p o l o g y  i n d u c e d  on J  b y  t h e  m easu re  t o p o l o g y  o f  &/Y i s  
w e ak e r  t h a n  t h a t  i n d u c e d  by  t h e  L^ norm (1 ^p< 00 ) .  Thus t h e  
i d e n t i t y  e x t e n d s  t o  a c o n t i n u o u s  l i n e a r  m apping
. (L ^(c /^ > r )  , 11 llg) -------) ( f/Y , m e a su re  t o p . )
T h i s  mapping  i s  i n  f a c t  i n j e c t i v e , s o  t h a t  we may i d e n t i f y  
e a c h  L ^(y Z > r)  w i t h  a s u b s p a c e  o f  c/Z .Thus  e a c h  x e L ^ ( * / / , r )  
u n i q u e l y  d e f i n e s  a c l o s e d  , d e n s e l y  d e f i n e d  o p e r a t o r  T^?? J Ï  • 
P r o o f  NELSON [ 4 6 1 . T h m .5
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C o r o l l a r y  2 .8  (NELSON [ 4 6 ] )
L e t  1 < p< oo . XG c/Z i s  i n  L (yY,T) i f f
P
f t ^ d r ( e i )  < CO , w here  Ti i = f tdet ,
''o I ^  1 ''o
I f  s o , t h e n
l l x l l p  =  (  J t ® d T ( e ^ ) ) ' ' / î ^
H av in g  s e t  up a n o n -c o m m u ta t iv e  i n t e g r a t i o n  t h e o r y , i t  i s  
n a t u r a l  t o  a t t e m p t  t o  e x t e n d  t o  i t  v a r i o u s  r e s u l t s  v a l i d  i n  
o r d i n a r y  I n t e g r a t i o n  th e o r y .M a n y  su c h  r e s u l t s  h a v e  b e e n  
p r o v e d ; s e e , f o r  ex am p le ,  SEGAL [6 ? ]  ,STINESP.RING [74],KUN2S 
[42 ]  and  YLALON [ 9 l ] .W e  c o l l e c t  h e r e  some r e s u l t s  w h ich  w i l l  
b e  u s e f u l  i n  t h e  s e q u e l .
Lemma 2.  9
L e t  xeyY, y e J - ,  1 < p<oo .T h e n
( 2 . 1 2 )  l |xy | |p< l lx lL   ^ i iy^llp^ llyllp l U l U
Thus e a c h  xe rY d e f i n e s  bounded ,  o p e r a t o r s  o f  l e f t  and  r i g h t  
m u l t i p l i c a t i o n  on e a c h  L ^ ( ( / / , r ) .
P r o o f  The c a s e  p = co i s  o b v i o u s .T h e  c a s e  p=1 i s  ( 2 . 2 )
F o r  1< p<oo ,we h av e
llxyllp = E u p 5 lT ( x y z ) j  : z e J ,  ] (<1= p / p -1  ) ( 2 . 3 )
< 11x11 „  s u p [ llyzll^ : z e J  , | |z |q<-t  I ( 2 . 2 )
< l lx l l^ l jy i lp  su p l  l l z jq  : zeJ,  l |z |q^1  j ( 2 . 2 )
lxll«, llyjl P
l|yx|lg = su p l  | T ( y x z ) |  : z e J ,  | lziq<1 j 
= s u p l  | T ( z y x ) |  : z e J ,  |lz|| <1 ]
< su p l  ilzyll., : z e J ,  | |g |q<1 j | |%i|^ | |y|lgllx||
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Lemma 2 .10  
Suppose  r ( l  ) = .1 •
( i )  I f  1 < p<  oo , t h e n
( 2 . 1 3 )  i|x|tp f o r  a l l  xz J i
so  t h a t
( 2 . 1 4 )  J i =  ~ L j . A , r )  Ç L ^ ( o ^ , t )  c  -L^{J{ , t ) q , t ) = A
( i i )  L e t  xen[  L ^ ( / ^ , t ) : 1 < P< <*>j .T h e n
( 2 . 1 3 ) l |x | l^  = sup  | |x| |g = l i m  | |x| |^
i n  t h e  s e n s e  t h a t  sup | |x| |^  < oo i f f  xe t/Y , a n d  i f  so  ( 2 ,1  3) 
h o l d s .
P r o o f  ( i ) l t  i s  enough  t o  assum e p < o o , f o r  o t h e r w i s e ( 2 . 1 3 )  
f o l l o w s  f rom  ( 2 . 1 2 ) w i t h  y = l . P o r  x e v Y  and p<q , l e t  r  =
= g / p  > P,  r* = r / r - 1 . Then:
llx| |p = r ( l x i P )  = t ( | x | P i )  < 11 ( 2 . 2 )
= r ( i x | P q i A = r ( | x g ) P R =  | |x| |P
These inequalities extend to xgL {J t  9 t ) by continuity,and
^ ■ !
h e n c e  ( 2 . 1 4 )  f o l l o w s .
( i i )  S i n c e  | |x||^ = H | x | l | ^ , i t  is* enough  t o  c o n s i d e r  x  s e l f -  
a d j o i n t . T h u s  l e t t i n g  (J{ c  y i  b e  t h e  a b e l i a n  VN a l g e b r a  
g e n e r a t e d  by  x  and  1 , a n d  w r i t i n g  y \ f  = L^(H,/z) w i t h  r ( f ) (  = ' 
= Jf(cti)d/./(o))’ , t h e  p rob lem  i s  r e d u c e d  t o  t h e  c o r r e s p o n d i n g  
c o m m u ta t iv e  one , w h ich  i s  w e l l  k n o w n . I  i n c l u d e  a p r o o f  f o r  
c o m p l e t e n e s s .  ' .
L e t  M = sup  il^llp f 0 . f t  i s  enough t o  assume H < 00 , 
f o r  o t h e r w i s e  ( 2 .1  5) i s  o b v io u s  f rom  ( 2 . 1 3 ) ,  and  so x j j t  .
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Let A = [cuell M+e j ,pe[l,co),We have
ivf ^ Hx||^ E n  x(coi) 1 ^ d/i(o;) ^ f  I x(ai) 1 %/i(oü) > (M+e)^/i(A)
Thus ,u (A)  < (m/M+g)^ for all p,and hence ju( a ) = 0 .
T h er e fo r e  f o r  a lm o st  a l l  CUGIZ , | x ( o))|<M+g , so t h a t  XGLj[il,,u) 
and
sup l|xHp< llxiL < sup l|x||^  + e
for all G> 0 ,which also proves ( 2 . 15).Conversely if xg then
IN 11x11^  < CO by (2.1;^ .), and so (2.13) is again valid.
QED
A useful technique in functional analysis is interpolation 
of linear operators between different L^ spaces. A classic 
result here is the RIESZ-THORIN Theorem (see e.g. ZYGMUrd);.
[93],Thm.1 .1 1 ,page 9 5 )oThis theorem has been extended to the
non-commutative case by KUNZE([4 2 ] ,Corollary 3 .1 ).
Theorem 2 , 1 1
Let 1 < Pi>P2,g-i,G2, <00 .Let tG(0 ,l) and define p,q by 
p = ( i - t ) P i  + tp g
g. -  ( l - t ) q f +  t q .2 (  o " T  0  )
For i=1 ,2 ,let be a VN algebra,' a normal faithful semi- 
finite trace on with ideal of definition J^. Let
T ; Ji — )Jg be a linear mapping such that
llTxlL. <  Mjlxil ( i = 1 , 2 ) for all xgJ^
Uu RL
Then
If p < CO then T extends to an operator L^(t/^^, )-^ Lg^(t//2,7^ )
with the same bound.
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An i n t e r e s t i n g  q u e s t i o n  i s  w h e th e r  t h e r e  i s  any r e l a t i o n  
b e tw e e n  t h e  t o p o l o g y  i n d u c e d  on J  by  t h e  norm and t h e  
v a r i o u s  t o p o l o g i e s  o f  • I n  g e n e r a l  t h e r e  i s  n o t  much one 
c a n  s a y . T h e  f o l l o w i n g  r e s u l t , a  s p e c i a l  c a s e  o f  P r o p . 7 o f  
DEG.ÎIKR [1 4 ]  , i s  c o n c e r n e d  w i t h  what  h a p p e n s  i n  t h e  n o n -  
co m m u ta t iv e  p r o b a b i l i t y  c a s e .
P r o p o s i t i on 2 .12
L e t  p c [ l *  30) , and  su p p o se  r ( l  ) = 1 ( s o  t h a t  J  = ) .  On t h e
u n i t  b a l l  o f  o K  , t h e  t o p o l o g y  in d u c e d  b y  t h e  L^ norm 
c o i n c i d e s  w i t h  t h e  s t r o n g  t o p o l o g y .
P r o o f ( i )  L e t  be  a n e t  su ch  t h a t  1 and
llXgllg—» 0 . 1 c l a i m  t h a t  x ^ x ^ —tO u l t r a w e a k l y ,  To see  t h i s , l e t  
»By Thin.2 . 3 , .  t h e r e  i s  a  u n i q u e  r )  su ch  t h a t
OJ -  ojy . L e t . -y * eJ  b e  su c h  t h a t  ||y -  y*l |^<e . We t h e n  h a v e ;
| w y ( x A s )  I = h C x s X s y ) !  < j T ( x A s y ' ) |  ' +
+ 1 7-(xA s (y -y  ' ))|
< i l x A s l l p l i y ' h  + l l R E s i l J I y ' y ' i l i
< i l H i l J l x s l l p l l y ' i q  +  l l x s l l ® l l y - y ' l ! i
< ' e lly’ llg +■ «
f o r  a l l  l a r g e  enough  s .  T h i s  p r o v e s  t h e  c l a i m .
Thus Xs'Xs 0 ( u w ) ,h e n c e  w eak ly  ( s e e  § 1 . 2 ) .  T h e r e f o r e
Xs — > 0 s t r o n g l y ,  f o r  i f  7</, Hx^^Ü^ = (%,XsXs%)  > 0.
T h i s  shows t h a t  t h e  t o p o lo g y  i n d u c e d  by  t h e  L^ norm i s  
f i n e r  t h a n  t h e  s t r o n g  t o p o l o g y  on t h e  u n i t  b a l l  o f  t/C .
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( i i )  Fo r  t h e  c o n v e r s e , s u p p o s e  t h a t  t h e  n e t  [ x A ç . y i  c o n v e rs
■pg e s  t o  z e r o  s t r o n g l y , w h i l e  lo T h e n  ^ 0 s t r o n g l y
h e n c e  w e a k l y , h e n c e  u l t r a v / e a k l y  ( s i n c e  ) . T h e r e f o r e
= r ( p 3 | p  — ^ 0 (
w h ic h  shows t h a t  t h e  s t r o n g  t o p o l o g y  i s  f i n e r  t h a n  t h e  
t o p o l o g y  on t h e  u n i t  h a l l  o f  A t  <>
QED
A n o t h e r  i n t e r e s t i n g  p ro b lem  i s  t h a t  o f  d u a l i t y .  As i s  
w e l l  known, t h e  d u a l  o f  L ^ ( n , / i )  i s  L ^ ( n , ^ )  , where  4<p< oo 
a n d  q = p /p - 1  ( 1 / 0  = oo ) .V/e a l r e a d y  know t h a t  (L^( y / ,  r )  )"'=
) = J i .  — L e o (y / , r )  (Thra.2 . 3 ) oThe c a s e  p>1 was f i r s t  p r o v e d  
b y  DIXMIER [ l 4 ]  i n  t h e  a b s t r a c t  s e t t i n g .  A more d i r e c t  p r o o f  
was g i v e n  by  YEADON [91 ] i n  SEGAL* s s e t t i n g o B o t h  p r o o f s  a r e  
r a t h e r  more c o m p l i c a t e d  t h a n  t h e  c o r r e s p o n d i n g  o n es  i n  t h e  
a b e l i a n  c a s e .  I n  t h e  c a s e  w here  r  i s  f i n i t e , h o w e v e r , a  
s i m p l e r  p r o o f  may b e  g i v e n , w h i c h  i s  more i n t u i t i v e , i n  t h e  
s e n s e  o f  b e i n g  c l o s e r  t o  one' o f  t h e  s t a n d a r d  p r o o f s  i n  o r d i ­
n a r y  i n t e g r a t i o n  t h e o r y  ( s e e  SEGAL and KUNZE [ 71 ] ,T]im. 6.1  )
I  would  l i k e  t o  c l o s e  t h e  p r e s e n t a t i o n  o f  (SEGAL-DIXMIER) 
N on-Com m uta t ive  I n t e g r a t i o n  T heo ry  w i t h  t h i s  p r o o f .
* f o r  II = r  R ^ d | | e R | | 2 <  f R d | | e R p  = l l |Xs |ç | |® =
=  ( | x s | % ,  | % s | % )  = = l l ^ s S i i ® — > 0
f o r  e a c h  w here  by  t h e  s p e c t r a l  theorem.
l ^ s l  -  /
1
t d e |
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Theorem 2 . 1 3
I f  1 < D <  CO , q = p / p -1 ( 1 /0  = oo ) t h e n  i s
( i s o m e t r i c a l l y  i s o m o r p h i c  t o )  t h e  B anach  s p a c e  d u a l  o f  r),
P r o o f  F o r  t h e  g e n e r a l  c a s e  , s e e  DIXMIER [ 1 4 ] ,  Thm.7 o r
YSADON [ 9 1 ] ,Thm o4.4 .  I  s h a l l  p r o v e  t h e  Theorem f o r  t h e  c a s e  
r ( l ) = 1 ♦ The c a s e  p =1 i s  Thm,2 . 3»T h e r e f o r e  assume t h a t  p > i •
( i )  L e t  xg yC . D e f i n e  , a s  i n  Thm.2.1 t h e  l i n e a r  fo rm  oj^  by
(ü i(y)  = r ( x y )  (yc J i  )
One t h e n  h a s ,  i f  || . | | ^ , d e n o t e s  t h e  d u a l  norm on
= supj |a»j;(y),| : 7^Ji, llyllp= 1 ! .
= s u p l | r ( x y ) j :  y e / f  , jlyll = 1 !
= i lx iq
b y  ( 2 . 3 ) . T h e r e f o r e  t h e  mapping x   ------» e x t e n d s  t o  a
l i n e a r  i s o m e t r y  f rom  L^(v/(,  r )  i n t o  ( L ^ ( y t , r))^.
I t  r e m a i n s  t o  show t h a t  i t  i s  o n t o .
( i i ) L e t  Fg(L  ( / ( , r ) )^ . I  f i r s t  c l a i m  t h a t  F r e s t r i c t e d  t o  A tp
i s  u l t r a w e a k l y  c o n t i n u o u s ,  so  t h a t  F j ^ G i / f ^  .
To s e e  t h i s , f i r s t  o b s e r v e  t h a t  F i s  n o r m - c o n t i n u o u s ,  
f o r  t h e  norm t o p o l o g y  on J i  i s  s t r o n g e r  t h a n  t h e  L^ t o p o l o g y  
b y  Lemma 2 . 10 ( i ) . T h u s , i n  v ie w  o f  [ 3 6 ] ,T h m .4 .3  ( s e e  t h e  f o o t ­
n o t e  i n  § 2 . 1 ) i t  i s  enough t o  show t h a t  F i s  c o m p l e t e l y  
a d d i t i v e , i . e .  t h a t  g i v e n  any f a m i l y  o f  o r t h o g o n a l  p r o j e c t i o n s  
\ P l  : i G l j c  y i  ,we h a v e
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E i ’(PL ) = B 'd P i .  )
iez
w h e re  t h e  ( p o s s i b l y  u n c o u n t a b l e )  sum on t h e  l e f t  h a n d  s i d e
i s  d e f i n e d  t o  b e  t h e  l i m i t  o f  t h e  n e t  o f  a l l  p a r t i a l  ( f i n i t e )
s u m s , d i r e c t e d  by i n c l u s i o n  o f  t h e  i n d e x  s e t s .  PL i s  t h e
l i m i t  o f  t h e  i n c r e a s i n g  n e t  o f  p r o j e c t i o n s  | : J c l  f i n i t e ](J
w h ere  q^ := ^ P j  , i r .  t h e  s t r o n g  t o p o l o g y . B u t  on p r o j e c t i o n s ,  
i t  i s  e a s y  t o  s e e  t h a t  t h e  s t r o n g , w e a k  and u l t r a w e a k  t o p o l o ­
g i e s  c o i n c i d e , a n d  t h e y  a l s o  c o i n c i d e  w i t h  t h e  t o p o l o g y  by 
P r o p . 2 . 1 2 ,  s i n c e  p r o j e c t i o n s  a r e  c o n t a i n e d  i n  t h e  u n i t  b a l l  
o f  J i .  . T h e r e f o r e
I P ( E p i ) -  E p ( p j )J ■= | p ( E P u ) -  F ( q , ) |ifel jfeT UX ^
^  l | F |L , I I E p i  -  i j l L — > 0P lex P
w h ic h  p r o v e s  t h e  c l a i m .
Thus b y  t h e  Radon-Nikodym Tlim, 2 . 3  t h e r e  e x i s t s  a u n iq u e  
x e L x i t J t f T )  su c h  t h a t  P = , t h a t  i s
( 2 . 1 6 )  P ( y )  = r ( x y )  f o r  a l l  ye
\
( i i i ) T o  c o n c l u d e  t h e  p r o o f , w e  m us t  show t h a t  xeL ( t / / , r ) .
^  05» q
S i n c e  xe «/Y , w r i t i n g  T^ = u  j  t d e ^  ( s e e  Thm. 2 . 4 ) ,  i t  i s
CO *
en o ug h  t o  show t h a t  /  t ‘^ d r ( e + ) <  oo ( C o r . 2 . 8 ) .
L e t  Xn = u  I t d e ^  = xe,^ . Then x^e V Y , and  h e n c e  by
p a r t  ( i ) ,  Xn d e f i n e s  a u n iq u e  ( V Y , T ) f . F o r  y e . i / i ,
| î ’n ( y ) |  = l T ( x e „ y ) |  = | F ( e n y ) |  < IlFilp. I le^yü^^ 1|F|1^, i|y|lp
so  t h a t
llXnIlq = t i P j I g '  < ilPllp.
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Now l e t  f ( t )  := t ^  t>Q
a n d  f n ( t )  : = T t^  0< t< n
[o  t> n
\Ye h av e
f f r , ( t ) d r ( e i )  = J t % r ( e t , )  = i|%niiq' 4 |P | l p ,
f o r  a l l  ne(N,where we h av e  u s e d  C o r , 2 . 8 .
S i n c e  0 < f n ( t ) t  f ( t )  f o r  a l l  t^O ,  t h e  monotone c o n v e r ­
g e n ce  th e o r e m  i m p l i e s  t h a t
f f n ( t ) d T ( e i )  t  / f ( t ) d T ( e t )  = f  t ' ^ d r ( e i )
O O o
a n d  t h e r e f o r e
Thus by  C o r . 2 . 8  ,
%El,gC/y,r)
a n d
l l x i q  <  l l P l l p ,
S i n c e , b y  ( 2 . 1 6 ) ,  t h e  l i n e a r  f u n c t i o n a l s  P an d  cu^  . (w h ic h
a r e  now b o t h  i n  (L ( /Y , r ) ) ' ‘ by  p a r t  ( i )  s i n c e  xeL ( t / f , r ) )
fp q
a g r e e  on t h e  d e n s e  s e t  J i  i n  L ( ^ f ,  v ) , t h e y  m us t  a g r e e  
e v e r y w h e r e , a n d  t h e  p r o o f  i s  c o m p le t e .
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C h a p t e r  I I  
ISOMBTRIES
T h i s  C h a p t e r  i s  d e v o t e d  t o  t h e  s t u d y  o f  I s o m e t r i e s  b e tw e e n  
v a r i o u s  B anach  s p a c e s  o f  o p e r a t o r s . The a im i s  t o  d i s c o v e r  
how much o f  t h e  a l g e b r a i c  s t r u c t u r e  i s  t r a n s p o r t e d  b y  t h e s e  
i s o m e t r i e s .
I  s h a l l  d e s c r i b e  v a r i o u s  a s p e c t s  o f  t h i s  p r o b l e m , s t a r t i n g  
w i t h  t h e  a b e l i a n  c a s e , w h e r e  t h e  r e s u l t s  a r e  know n.The  f i n a l  
p a r a g r a p h  i s  d e v o t e d  t o  a  p a r t i a l  e x t e n s i o n  o f  some o f  t h e s e  
r e s u l t s . S p e c i f i c a l l y ,  t h e  a im  i s  t o  f i n d  s u f f i c i e n t  c o n d i t i o n s  
f o r  an i s o m e t r y  b e tw e e n  two Non-Com m uta t ive  s p a c e s  t o  
p r e s e r v e  t h e  a l g e b r a i c  s t r u c t u r e  o f  t h e  u n d e r l y i n g  VN a l g e ­
b r a s  .
The s o l u t i o n  o f  t h i s  p r o b le m  i s  o f  i n t e r e s t  i n  t h e
c l a s s i f i c a t i o n  t h e o r y  o f  Banach  s p a c e s , a s  i t  shows t h a t
c e r t a i n  N on-C om m uta t ive  1^  s p a c e s  can  be  d i s t i n g u i s h e d , a s
B anach  s p a c e s , f ro m  c l a s s i c a l . s p a c e s .  More p r e c i s e l y , . i f
i s  i s o m o r p h i c ,  .as  a  B anach  s p a c e ,  t o - ( iii ,yw.), then^
i t  w i l l  f o l l o w  t h a t  J i  i s  i s o m o r p h i c ,  a s  an a l g e b r a ,  t o
l c © ( j Q , and  t h e r e f o r e  i s  a b e l i a n .
§1 .  A c l a s s i c  r e s u l t  i n  t h e  a b e l i a n  c a s e  i s  t h e  f o l l o w i n g ;
THEOREM 1 . 1  ( BANACH [? ]  , STONE [75] )
L e t  Z , Y be co m p a c t  H a u s d o r f f  s p a c e s ,  Z —>Y a  b i j e c t i v e
hom eom orph ism .Then  t h e  m ap p in g
T : C(X)~-^C(Y)
g i v e n  by
( T f ) ( y )  = f ( ^ ' ^ ( y ) )  ( y  0 Y , f  e C(Z) )
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i s  a  l i n e a r  i s o m e t r y  o f  C(X) o n t o  G(Y) , an'd T ( l )  = 1 ,  
C o n v e r s e l y ,  l e t  T be a  l i n e a r  i s o m e t r y  . .o f  C('X) o n t o  C ( Y ) . 
Then t h e r e  e x i s t s  a  b i j e c t i v e  homeomorphism (p ' o f  X on to .  Y 
a n d  a  u n i t a r y  u  e C(Y) s u c h  t h a t
( T f ) ( y )  = î i y c ÿ ) )  ( y  e Y, f  e C(X))'
I n  p a r t i c u l a r , a l l  u n i t  p r e s e r v i n g  i s o m e t r i e s  a r e  i n d u c e d  by  
h o m eo m o rph ism s .
I  now w i s h  t o  t r a n s l a t e  t h i s  t h e o r e m  i n t o  an i n t e r n a l  
c h a r a c t e r i z a t i o n  o f  i s o m e t r i e s  b e tw e e n  a b e l i a n  C*^  a l g e b r a s .  
F i r s t  o f  a l l , w e  know ( C h a p t e r  I , § 1 . 1 )  t h a t  C(X) i s  t h e  m o s t  
g e n e r a l  a b e l i a n  C^ a l g e b r a . I t  i s  f u r t h e r  k now n(and  n o t  t o o  
d i f f i c u l t  t o  s e e , g i v e n  t h e  G-elfand t h e o r y  an d  t h e  f a c t  t h a t  
t h e  t o p o l o g y  o f  a  co m p a c t  H a u s d o r f f  s p a c e  i s  t h e  weak t o p o l o g y  
d e t e r m i n e d  b y  i t s  c o n t i n u o u s  f u n c t i o n s  ) t h a t  t h e r e  e x i s t s  a  
o n e - t o - o n e  c o r r e s p o n d e n c e  b e tw e e n  homeomorphisms o f  com pac t  
H a u s d o r f f  s p a c e s  and  ^«--isomorphisms o f  t h e i r  f u n c t i o n  a l g e b r a s ,  
( s e e  e . g .  SIMMONS [ 7 3 ] , Thm. 7 4 D ) .T h u s  Thm.1 . 1  g i v e s  t h e
THEOREM 1.1»
L e t  T be  a  b i j e c t i v e  l i n e a r  i s o m e t r y  b e t  v/e en two u n i t a l  
a b e l i a n  C * a l g e b r a s  Ot. a n d  63 . Then t h e r e  e x i s t s  a  
♦ - i s o m o r p h i s m  8 o f  6% o n t o  iS s u c h  t h a t , f o r  a l l  f  e O t  ,
T f  = u  8 f  
w h e re  u  = T ( l )  e ^  i s  u n i t a r y ,
I  i n c l u d e  a  new p r o o f  o f  t h i s  r e s u l t , w h i c h  i s  much 
q u i c k e r  t h a n  t h e  o r i g i n a l  one ( b u t  o f  c o u r s e  u s e s  mode n r  
m a c h i n e r y )
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L e t  T ( l )  = u  , Then u  i s  e x t r e m e  i n  t h e  u n i t  s p h e r e  o f  
( s i n c e  1 i s  e x t r e m e  i n  t h e  u n i t  s p h e r e  o f  CK ) h e n c e  i s  
u n i t a r y  ( KADI30N [33] , T h m . l  ) . L e t
u ^ T f
Then S i s  i s o m e t r i c  and  3 ( 1 )  = 1 .
I  c l a i m  t h a t  S i s  p o s i t i v i t y  p r e s e r v i n g .
S u p p o se  n o t ,  and  l e t  f  o Cl, , 0 ^  f  ^  1 be; s u c h  t h a t  S f  i s
n o t  n o n n e g a t i v e .  W r i t i n g  O i  = C(X) , 63 = C(Y) , t h i s
means t h a t  t h e r e  e x i s t s  y  e Y s u c h  t h a t  ( S f ) ( y ) ; =  a  j. [ 0 , * ^ ]  .
N o te  t h a t  } a |  = | ( S f ) ( y ) |  - | | S f H #  = l l H l c o - I  . T h e r e f o r e  
t h e r e . e x i s t s  b c C w i t h  Reb ^  1 an d  lb [  < | b - a l  ( s e e  d i a g r a m )
But  t h e n
t(b  -  f l L o -  [hi < l b  -  a( =
= 1 b  -  ( S f ) ( y ) 1 =
= I S ( b - f ) ( y ) \  ^
^  i ( S ( b - f ) [ l ^ =  l i b  -  f  11^
a  c o n t r a d i c t i o n .
T h i s  shows t h a t  t h e  d u a l  man
■5> OL'
g i v e n  by
(S j2 5 ) ( f )  = ^ ( S f )  ( f  e (X. , j 6 e l S  )
i s  i s o m e t r i c , p o s i t i v i t y  p r e s e r v i n g , a n d  ( S * ÿ ) ( l )  = ^ ( l ) .  
T h e r e f o r e  S ^ s e n d s  s t a t e s  o n to  s t a t e s , a n d , b e i n g  i s o m e t r i c ,  
e x t r e m e  e l e m e n t s  o f  t h e  u n i t  b a l l  o f  o n to  e x t r e m e  e l e ­
m e n t s  o f  t h e  u n i t  b a l l  o f  ,
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T h e r e f b r e  S ^ maps t h e  p u r e  s t a t e s  o f  © o n to  t h e  p u r e  
s t a t e s  o f  Ql  . But  t h e  p u r e  s t a t e s  o f  C(Z) a r e  p r e c i s e l y  
t h e  e v a l u a t i o n  f u n c t i o n a l s ^  (x  e X) g i v e n  by
( ^ ( f )  = f ( x )  ( f  e G(X) )
Now f o r  f , g  0 (Ti and  y  e Y, we h a v e , l e t t i n g  ,X y
(s(fg))(y)\= <A(s(fg)) = (3*c^ ) (fg) = cT(fg), = f(x)g(x) =
S O ' t h a t
= ( cÇ(3f'))( cÇ(3g)) = ( S f ) ( y ) ( 3 g ) ( y )
5 ( f g ) :  = ( 3 f ) ( S g )
T h i s  shows th a . t  8 i s  m u l t i p l i c a t i v e ,  and  i t  i s  c l e a r l y
a * - m a p , b e i n g  p o s i t i v i t y  p r e s e r v i n g .
> .  ^ QED
^ We can  s e e  t h i s  a s  f o l l o w s ; A  . s t a t e  on G(X) i s  a  r e g u l a r  
p r o b a b i l i t y  measurejL/(Riesz  r e p r e s e n t a t i o n  Thm, ; s e e  e . g .  
HALMOS [28] Thm, 56B ) ,  I f  u  i s  p u r e ,  and  i t s  s u p p o r t  c o n t a i n s  
two d i s t i n c t  p o i n t s , t h e n  i t  m us t  c o n t a i n  two d i s j o i n t  n o n ­
em pty  open  s e t s  U',V .T h u s  0 < 1 ,  But t h e n  d e f i n i n g
q ( A )  = ji/ .(UrtA)/^(U) , V^(A) = _^(U°/1A)/yx(a°)
(w h e re  t J ° .=  X ' . U  )we g e t  two p r o b a b i l i t y  m e a s u r e s  ( s t a t e s )
Tg w h ich  a r e  d i s t i n c t  and s u c h  t h a t
y . ( u ) q  +jx(U=)/-g
T h i s  c o n t r a d i c t s  t h e  a s s u m p t i o n  t h a t  i s  p u r e , T h e r e f o r e  
t h e  s u p p o r t  o f  yvc c o n t a i n s  e x a c t l y  one p o i n t  x , and  so
48
I  now w i s h  t o  d i s c u s s  i s o m e t r i e s  o f  c l a s s i c a l  L. s p a c e s ,
P
I  s h a l l  o n l y  d e s c r i b e  some r e c e n t  r e s u l t s , w h i c h  w i l l  be  
e x t e n d e d  t o  t h e  n o n - c o m m u ta t iv e  s i t u a t i o n  i n  §3 .
l e t  ( be two ( c l a s s i c a l )  p r o b a b i l i t y  s p a c e s .
L e t  7/C ^  Lco( 122 ) be a  s u b a l g e b r a  c o n t a i n i n g  c o n s t a n t s , .  
The f o l l o w i n g  r e s u l t  was p r o v e d  by  FORSLLI ( f l9 ]  , P r o p . 2) :
Theorem  1 , 2
L e t  T : I Z -------^ L a /
b e  a  l i n e a r  m a p p in g  s u c h  t h a t  T ( l )  = 1 ,
I f  t h e r e  e x i s t s  p e [ l ,  , p 2 , s u c h  t h a t  T p r e s e r v e s
t h e  L^ norm , t h e n  T i s  a  homomorphism.
T h i s  Theorem was e x t e n d e d  by  SCHNEIDER ( [65] , Thm.B).
f o r  t h e  c a s e  p>2 a s  f o l l o w s :
Theorem  1 . 3
L e t  T : U  - - - - - - - - - - - - - - - - - - - - - - -  ^ .
be  a  l i n e a r  L - i s o m e t r y  s u c h  t h a t  T ( l )  = 1 ,  p .
Then T i s  a  homomorphism, || T f  ||^= [ j f K ^ a n d  ((Tfjl^ = Ilf fig ».
f o r  a l l  f  © W , ■'
The c r u c i a l  d i f f e r e n c e  i s  t h a t  t h e  f a c t  t h a t  T s e n d s  
bouioded f u n c t i o n s  i n t o  bound ed  f u n c t i o n s  i s  n o t  a s su m e d ,  
b u t  i s  a  c o n c l u s i o n  o f  t h e  t h e o r e m .
The p r o o f  o f  t h i s  r e s u l t  d e p e n d s  on t h e  f o l l o w i n g  
P r o p o s i t i o n  1 . 4
L e t  2 ^ p < oo , f ^  e ^ p (  " ^ i ' j ^ i )  ( i = l > 2 ) .  I f  t h e r e  e x i s t s  r > 0  
s u c h  t h a t ,  w h e n e v e r  z e C and  (z(< r  , we h a v e :
111 + z R i i p  = 111 + z fg t ip
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t h e #
( a )  = 11-^ 2112
( ^ )  ([ ]^_[|/]. = 11^ 2
P r o o f  ( a )  i s  p r o v e d  i n  fOHELLI ( [ 1 9 ] , P r o p . l )  and (b )  i n  
SCHNEIDER ( [65] ,TbJû.A). I  s k e t c h  t h e  p r o o f  o f  ( b ) , s i n c e  i t  
i s  b a s i c  t o  t h e  n o n - c o r a m u ta t i v e  e x t e n s i o n .
F i r s t  n o t e  t h a t  s i n c e  p > 2 ,  |(f <co . I f  || f ^ | | ^  = | | f g | | ^  = 
t h e r e  i s  n o t h i n g  t o  p r o v e .A s s u m e  t h e r e f o r e  t h a t  *
C o n s i d e r
2
( 1 . 1 ) j | l  +  z e ^ ^ P d x  -  I  | z l ^  -  1
O
E x p a n d i n g  ( l  + a s  a, po w er  s e r i e s , c o n v e r g e n t  f o r
|zl< l , w e  f i n d  t h a t  ( l . l )  e q u a l s
( 1 . 2 )  ( P / ^ ) 2 | 3 | 4  + f _ ( P / 2 ) , 2 | ^ | 2 k  -
k = 3
w h e re  i s  t h e  u s u a l  b i n o m i a l  c o e f f i c i e n t . T h i s  shows
%% 2
( 1 . 3 )  F j (  r , c j ) : =  |  l l  +  r f ^ ( u » ) e ^ ^ [ ^ d x  -  ^  | r f ^ . ( u ^ ) l ^ - l ) '
c o n v e r g e s  t o  ( ^ g ^ )  ^ {f  ^ («^)| ^ a s  r  \ 0  f o r  ( a l m o s t )  a l l  iv e C2j .
Now SCHNEIDER [65] shows t h a t  ( l . l )  i s  n o n - n e g a t i v e  f o r  a l l  
z e (D , h e n c e  F a t o u ’ s Lemma (SEGAL & KUITZE [7l] , C o r . 3 , 4 . 2 )  
i s  a p p l i c a b l e  t o  ( 1 . 3 )  an d  g i v e s
(1 .4 )  (^2^)^ I |f2(«^)| ^dj> (^c )^ ^ l i ^ n f  j Fg(r,w)dj^(w)p / 2 ^ 2
U s i n g  ( 1 . 2 ) , one now f i n d s  t h a t .
( 1 . 5 )  P . ( r , w )  ^  A | f . ( » 0 | 4  + B r 9 - 4 | f  (w)| P i f  p ^  43 '  '  ' - 1 O' ' I 1 0
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and
( 1 . 6 )  F . ( r , w )  ^  C i f  2 < p ^ 4
Where A ,B ,0  a r e  c o n s t a n t s . W e  n o t i c e  t h a t , f o r  j = l ,  t h e  r i g h t  
h a n d  s i d e  o f  b o t h  ( I . 5 )’ and ( I . 6 ) a r e  i n t e g r a . b l e , a n d  h e n c e  
t h e  L e b e s g u e  D o m in a te d  C o n v e rg e n c e  t h e o r e m  ( SEGAL ÎCJNZE f7l] 
C o r . 3 . 4 . 5 )  may be  a p p l i e d  t o  ( 1 . 3 )  w i t h  j = l  t o  g i v e
(1 .7 )  i m  L^(r,w)dyAj^(w) = ( P / ^ ) ^ f  |f]^("')| b j ,^ (w )  <c»
l2,
However
(1 .8 ) '  (  P p ( r ,  w)dy/^(w) =
zrc 2
"  ^  11^  + ÜX ^ I tq i t2  -  1) =
= + re^^fgW p ax  -  ^  RfgHg -  D  =
=  I F 2 ( ^ > ‘^ ) ^ / 2 ^ ^ ^
w h ere  v/e h a v e  u s e d  t h e  a s s u m p t i o n  o f  t h e  P r o p o s i t i o n , p a r t  
( a )  , and  P u b i n i ' s  Theorem ( [7Ï1 ,Tlim.3 .4 ')  to- i n t e r c h a n g e
■ I w i t h  f .
o
C o m bin in g  now ( l . 4 ) , ( l . 7 )  & ( 1 ,8 )  , we f i n d :
( ^ 2 ^ ) ^  ■ -  l i m ^ f  I  F g ( r ,w )^ t^ g (w )  =
= l i m i n f  F. ( r,c^) d/>-., (t^) =
= (&2^) | f i ( " ) | 4 a ^ ^ ( » 0
Thus
II ^2 II4 “ ll^liU
so  t h a t  v/e may now r e p e a t  t h e  a rg u m e n t  w i t h  f ^  and  f g  
i n t e r c h a n g e d  t o  g e t  t h e  r e q u i r e d  e q u a l i t y .
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The p r o o f  o f  p a r t  ( a  ) i s  v e r y  s i m i l a r , t h e  b a s i c  d i f f e r e n c e  
b e i n g  t h a t  one  r e p l a c e s  ( l . l )  b y
^  | l  + z e ^ ^ P d x  -  1
QED
A n o t h e r  e x t e n s i o n  o f  t h i s  r e s u l t  i s  due t o  YOUNG [92] :
Theorem 1 . 5
S u p po se  Xi. i s  a  4*- s u b a l g e b r a  o f  l'^ (a^ ,y /(^ ) , and t h a t  
e i t h e r  l - p - q < 2  o r  2<q^p<co . L e t
T : U — ^
b e  a  l i n e a r  m a p p in g  s u c h  t h a t  llTf| |^ = IPlIp f o r  a l l  f  e 
a n d  T (1 )  = 1 .T hen  T i s  a  * -hom omorphism .
H i s  p r o o f  i s  c o m p l e t e l y  d i f f e r e n t  f ro m  t h o s e  o f  FOHELLI 
and  SCHNEIDER, and  r e l i e s  on t h e  f a c t  t h a t  T may be e x t e n d e d  
t o  t h e  weak c l o s u r e  o f  lA. { [92] - , Lemma l ) , w h i c h  a l l o w s  him 
t o  c o n c l u d e  t h a t  t h i s  e x t e n s i o n  maps c h a r a c t e r i s t i c  f u n c t i o n s  
o f  m e a s u r a b l e  d i s j o i n t  s e t s  t o  c h a r a c t e r i s t i c  f u n c t i o n s  o f  i 
m e a s u r a b l e  d i s j o i n t  s e t s , a n d  t h e r e f o r e  i t  ( a n d  h e n c e  a l s o  T ): 
i s  a  homomorphism.
§ 2 . 1 .  The n o n - c o m m u ta t iv e  a n a l o g u e  o f  t h e s e  p r o b l e m s  h a v e  a  
l o n g  h i s t o r y . T h e  f i r s t  v e r s i o n , w h i c h  was d i s c u s s e d  b e f o r e  t h e  
a p p e a r a n c e  o f  N on-C om m uta t ive  I n t e g r a t i o n  t h e o r y , w a s  t h e  
f o l l o w i n g  : I f  two C* a l g e b r a s  a.re i s o m o r p h i c  a s  B anach  s p a c e s ,  
how much o f  t h e  a l g e b r a i c  s t r u c t u r e  i s  t r a n s f e r r e d  b y  t h e  
i s o m e t r y ?  V/e h a v e  s e e n  t h a t  t h i s  p r o b l e m  i s  c o m p l e t e l y
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s o l v e d  i n  t h e  a b e l i a n  c a s e  b y  T h m . 1 , 1 ' . A  n o n - c o m m u ta t iv e  
e x t e n s i o n  o f  t h i s  r e s u l t  i s  due t o  KADISON [33] . F i r s t  we 
n e e d  t h e  d e f i n i t i o n  ;
D e f i n i t i o n  L e t  , (B be a  - a l g e b r a s , A  J o r d a n  f - h o m o m o r p h i s m
T I OZ— >G  i s  a  l i n e a r  m ap p in g  w h ich  p r e s e r v e s  t h e  J o r d a n  
p r o d u c t  and  t h e  i n v o l u t i o n , t h a t  i s
T(x^) = (T(x))^
a n d
T ( x ^ )  = (T(x))  f o r  a l l  x  e C7T .
Theorem 2 , 1
A l i n e a r  b i s e c t i o n  T b e tw e e n  two u n i t a l  0'  ^ a l g e b r a s  i s  
i s o m e t r i c  i f f  i t  i s  a  J o r d a n  •*-homomorphism composed w i t h  
l e f t  m u l t i p l i c a t i o n  b y  a  f i x e d  u n i t a r y  e l e m e n t , n a m e l y  T ( l )  .
P r o o f  The f a c t  t h a t  a, J o r d a n  ^ -hom om orph ism  i s  i s o m e t r i c  was 
p r o v e d  by  KADISON ( [33] ,T hm .5 )  and  STjZ^mER ( [76 ]  , C o r . 3 . 5 ) .  
The c o n v e r s e  a s s e r t i o n  i s  Thm.7 o f  KADISON [33] .
The s t r u c t u r e  o f  J o r d a n  %-homomorphisms b e tw e e n  C a l g e ­
b r a s  h a s  a, p a r t i c u l a r l y  s i m p l e  form.We f i r s t  h a v e  a  Lemma:
I
Lemma 2 . 2
L e t  T be  a  J o r d a n  ü -hom om orph ism  f rom  a  C^ a l g e b r a  O t  i n t o  
a. VN a l g e b r a  A t  .T hen  T h a s  an uw c o n t i n u o u s  e x t e n s i o n
5*1 01------- ) ot
w h ic h  i s  a l s o  ,a J o r d a n  -hom omorphism .
A word o f  e x p l a n a t i o n  i s  n e e d e d  h e r e . F i r s t l y , i f  ^  i s  
g i v e n  t h e  w ^ - t o p o l o g y  ( i . e .  t h e  C( CK j OL ) t o p o l o g y ,  and  A t  
i s  givevT t h e  uw t o p o l o g y ,  t h e n  by  d u a l i t y  we g e t  a  map
5 ' :  V Y .  > 0 1 *
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s i n c e  T i s  c o n t i n u o u s  w i t h  r e s p e c t  t o  t h e s e  t o p o l o g i e s .
The d u a l  o f  t h i s  map i s
■S**: A  »
s i n c e  = A  ( C h a p t e r  I , § 1 . 3) .STi^3iiER[76j (lemraa 3 . 1 )
now shows t h a t  T i s  a  J o r d a n  ^ -hom om orph ism  and. e x t e n d s  T, 
u s i n g  S h e r m a n ' s  t h m . ( C h a p t e r  I , § 1 . 2 ) ,
U s in g  t h i s  Lemma,one now p r o v e s :
Theorem 2 . 3
L e t  T: OZ— he a  J o r d a n  -homomorphism b e tw e e n  two G*  a l g e ­
b r a s . T h e n  T i s  t h e  sum o f  a  ^ -hom om orph ism  an d  a  * - a n t i h o m o -  
m orph ism  i n  t h e  f o l l o w i n g  s e n s e ; T h e r e  e x i s t  o r t h o g o n a l  c e n t r a l  
p r o j e c t i o n s  p , q  e T(C%)"  ( w e , a s s u m e , a s  we may ( C h . I , § 1 . 1 ) ,  
t h a t  B  i s  f a i t h f u l l y  r e p r e s e n t e d  on a  H i l b e r t  s p a c e )  s u c h  
t h a t  p + q = l  and
T^ .:* X t > T ( x ) p
i s  a  ^ - h o m o m o r p h i s m ,w h i l e
T2 % X T ( x ) q
i s  a  -^ -an t ih o m o m o rp h ism ,  and  T .= T^ + T^ as  l i n e a r  maps .  '
P r o o f  STjZimER [?6] , Thm. 3. 3, e x t e n d i n g  KADISON [33j , Thm.10 .
C o r o l l a r y  2 . 4
S u p p o se  i n  a d d i t i o n  t h a t  T ( 6 ^ ) "  i s  a  f a c t o r . T h e n  T i s  e i t h e r ,  
a  -hom om orphism  o r  a  f - a n t i h o m o m o r p h i s m .
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§ 2 . 2 .  In  t h e  p r e v i o u s  s e c t i o n  we a n a l y s e d  c o m p l e t e l y  t h e  s t r u c t u r e
o f  i s o m e t r i e s  o f  C * a l g e b r a s . W e  now c o n t i n u e  o u r  e x t e n s i o n  o f
r e s u l t s  i n  c l a s s i c a l  a n a l y s i s  by  c o n s i d e r i n g  i s o m e t r i e s  o f
N on-O om m uta t ive  L s p a c e s .
P
The o n l y  r e s u l t , t o  my k n o w l e d g e , i n  t h e  s e m i f i n i t e  c a s e  i s  
due t o  BROISE ( flO] , Thm..1 & P r o p ,  1)  ;
Theorem 2 , 5
L e t  ( i = l , 2 )  be s e m i f i n i t e  VN a l g e b r a s  w i t h  f a i t h f u l
n o r m a l  s e m i f i n i t e  t r a c e s  .
( i ) L e t
be an i s o m e t r i c  b i s e c t i o n  ( i . e .  a  u n i t a r y ) ,  w h i c h ' i s  
p o s i t i v i t y  p r e s e r v i n g  ( i . e .  T f  i s  a  p o s i t i v e  o p e r a t o r  
a f f i l i a t e d  t o  w h e n e v e r  f  i s  a  p o s i t i v e  o p e r a t o r  i n
1 ' 2 ( t h e r e  e x i s t s  a  u n i q u e  J o r d a n  ^ - i s o m o r p h i s m
S o f  o n to  8nd a  p o s i t i v e  s e l f - a d j o i n t  o p e r a t o r  
s u c h  t h a t
T ( f )  = z S ( f )  f o r  a l l  f  e
i n  p a r t i c u l a r ,  i f  o r  xM-2 I s  a  f a c t o r ,  t h e n  z i s  a  s c a l a r ,  
m u l t i p l e  o f  t h e  i d e n t i t y  and S i s  e i t h e r  a  ^^hom om orphism  
o r  a  f - a n t i h o m o m o r p h i s m .
( i i ) C o n v e r s e l y , l e t
S :
be a  J o r d a n  ^ - i s o m o r p h i s m  o n t o .T h e n  t h e r e  i s  a  -unique f a i t h f u l  
n o r m a l  s e m i f i n i t e  t r a c e  T  on s u c h  t h a t
T ( g )  = r ^ ( S " ^ g )  ( g
TT(3(f*)3(f)) = r-,(f*f) ( f  e
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n I , 2 ( , / ^ p , T  ))
T h e r e  e x i s t s  a  u n i q u e  u n i t a r y  h i j a c t i o n  1
T' :
w h ic h  i s  p o s i t i v i t y  p r e s e r v i n g  and  c o i n c i d e s  w i t h  3 on
- F i n a l l y , t h e r e  e x i s t s  a  u n i q u e  p o s i t i v e  
s e l f - a d j o i n t  o p e r a t o r  s u c h  t h a t
T : I > ' 2^^
X  »------------ 3» s T '  ( x )
i s  a, u n i t a r y  p o s i t i v i t y  p r e s e r v i n g  b i s e c t i o n .
From now on ,  we r e s t r i c t  o u r s e l v e s  t o  t h e  f i n i t e  c a s e .
To t h e  end o f  t h i s  s e c t i o n ,  w i l l  be a, ( f i n i t e )  VN a l g e b r a ,  
and  'c Q a  f a i t h f u l  t r a c i a l  s t a t e . T h e  f i r s t  r e s u l t , d u e  t o  
RUSSO [6ll (T heorem  l )  i s  a, p a r t i a l  e x t e n s i o n  o f  Thm.1 . 5  t o  
t h e  n o n - c o m m u t a t i v e  s i t u a t i o n  ( f o r  p = q = l)  o b t a i n e d  b a s i c a l l y  
b y  d u a l i t y  ( s e e  C h a p t e r  I , T h m , 2 . 3 )  f ro m  KADISON's Thm.2 , 1 .
Theorem 2 . 6  
L e t
T; L ^ ( v f , z )  '-----  ^ L ^ ( y ( ,% )
be  an i s o m e t r i c  b i j e c t i o n . T h e n  t h e r e  e x i s t ;  a  J o r d a n # - a u t o ­
m orph ism  .3 o f  , a  p o s i t i v e  s e l f - a d j o i n t  o p e r a t o r  z y ^ J Z r ^ A t '  
an d  a, u n i t a r y  u q J t  , s u c h  t h a t
T (x )  = 3 ( x ) z ^ u  {x  e uH )
I n  p a r t i c u l a r , i f  i/ l i s  a  f a c t o r  and  T ( l ) = l , t h e n  t I ..
• l/v
IS e i t h e r  a  ^ - a u t o m o r p h i s m  o r  a  T irant i a u t o m o r p h i s m . •
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The n e x t  r e s u l t  i s  a  p a r t i a l  e x t e n s i o n  o f  Thm.1 . 2 .
Theorem  2 . 7
L e t  T he  a  l i n e a r  b i s e c t i o n  o f  A t  w h ic h  p r e s e r v e s  t h e  L^ 
norm f o r  some p c [ l / ^  .T h e  f o l l o w i n g  a r e  e q u i v a l e n t  ;
( i )  T i s  a  J o r d a n  - a u t o m o r p h i s m .
( i i ) T  i s  p o s i t i v i t y  p r e s e r v i n g  and  T ( l )  = 1 .
( i i i )  T s e n d s  p r o j e c t i o n s  t o  p r o j e c t i o n s .
( i v )  T maps t h e  s e l f - a d j o i n t  p a r t  o f  t h e  u n i t  h a l l  i n t o  i t s e l f ,  
an d  T ( l )  = 1 .
C o r o l l a r y  2 .8
S u p p o s e , i n  Thm.2 . 7 , t h a t  Ji, i s  a  f a c t o r , T h e n :
( i )  T i s  e i t h e r  a  < - a u t o m o r p h i s m  o r  a  * - a n t i a u t o m o r p h i s m .
( i i )  I n  c a s e  p = 1 o r  2 , t h e  c o n d i t i o n  T ( l ) = l  may he  d r o p p e d  
f ro m  c o n d i t i o n  ( i i )  o f  t h e  t h e o r e m .
P r o o f s  RUSSO[61] , Theorem 2 ,  C o r o l l a r y  1 and 2 .
The n e c e s s i t y  o f  a s s u m i n g  p o s i t i v i t y  p r e s e r v a t i o n  i s  an 
i n t e r e s t i n g  q u e s t i o n .  We s h a l l  s e e  (§3 , T l i m . 3 . l )  t h a t  t h i s   ^
a s s u m p t i o n  i s  r e d u n d a n t  i n  c a s e  p > 2  . Russo  [6l] g i v e s  a  
c o u n t e r e x a m p l e  t o  t h e  a s s e r t i o n  t h a t  a n y  u n i t  p r e s e r v i n g  
44; - l i n e a r  L^ i s o m e t r y  o f \ a  f i n i t e  f a c t o r  i s  n e c e s s a r i l y  
e i t h e r  a  - a u t o m o r p h i s m  o r  a  - a n t i a u t o m o r p h i s m . W e  s h a l l
s e e  i n  t h e  n e x t  s e c t i o n  t h a t  t h e  a s s u j n p t id n  o f  p o s i t i v i t y  
p r e s e r v a t i o n  i s .  e s s e n t i a l  i n  c a s e  p=2 , e v e n  i n  t h e  a b e l i a n . 
c as  e .
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§3 .  I n  t h e  p r e v i o u s  s e c t i o n s ,  I  d e s c r i b e d  knovm r e s u l t s  i n  
t h e  p r o b l e m  o f  i s o m e t r i e s .  I  s h a l l  now embark on t h e  
e x t e n s i o n  o f  Theorem 1 . 3  t o  t h e  n o n - c o m m u ta t iv e  s i t u a t i o n .
The main  r e s u l t s  o f  t h i s  s e c t i o n  a r e  im p ro v e m e n ts  o f  r e s u l t s  
t h a t  h a v e  a p p e a r e d  i n  [36j .
T h r o u g h o u t  t h i s  s e c t i o n , l e t  ( i = l , 2 )  be two VN a l g e b r a s ,
Y'i € f a i t h f u l  t r a c i a l  s t a t e s .  I  w i s h  t o  p r o v e  t h e
f o l l o w i n g  Theorem:
Theorem 3 -1
L e t  be a  u n i t a l  f - s u b a l g e b r a  o f  &v^^.For some p e ( 2 , « o )  
l e t
T : U   » L p ( y ^ 2 ' ' ^ 2 )
be a  j f s . - l in e a r  m ap p ing  s u c h  t h a t  T ( l )  = 1..Suppose  t h a t
llTx||^ = |[x||^ f o r  e v e r y  n o r m a l  x: e i t  ,
Then T i s  a  J o r d a n  ^ -h o m o m orph ism .
N o te  t h a t  I  n e e d  t o  assum e t h a t  T p r e s e r v e s  t h e  i n v o l u t i o n
and  t h e  i d e n t i t y . I n  o r d e r  t o  be a b l e  t o  d i s t i n g i j . i s h  L ( c / ^ , r ) ,P
a s  a  B anach  s n a c e , f r o m  c l a s s i c a l  L s p a c e s  ( s e e  t h e  i n t r o -P
d u e t o r y  r e m a r k s  t o  t h i s  C h a p t e r ) , a t  l e a s t  i n  t h e  f i n i t e  c a s e ,  
one w ould  n e e d  t o  p r o v e  t h a t  t h e s e  two a s s u m p t i o n s  a r e  
r e d u n d a n t . T h e  a s s u m p t i o n  t h a t  T i s  a  * -map e n t e r s  o n l y  
t h r o u g h . t h e  n o n - c o m m u ta t iv e  e x t e n s i o n  o f  P r o p . 1 . 4  ( s e e  P r o p .
3 - 3 ) - I r  a  c o m p l e t e  e x t e n s i o n  o f  t h i s  r e s u l t , i t  seems p l a u s i b l e  
t h a t  t h i s  a s s u m p t i o n  n e e d  n o t  be made.An a t t e m p t  t o  p r o v e  
. such an e x t e n s i o n , u s i n g  known n o n - c o m m u ta t iv e  a n a l o g u e s  o f  
t h e  Theorem s o f  F a t o u  , F u b i n i  and L e b e sg u e  D o m in a ted  C o n v e r ­
g e n c e  ( s e e  t h e  p r o o f  o f  P r o p . 1 . 4 ) ,  was i n c o n c l u s i v e . T h u s  t h i s
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i s  s t i l l  an open p r o b l e m .  I n  o r d e r  t o  g e t  r i d  o f  t h e  a s s u m p t i o n  
t h a t  T (1 )  = 1 , one would  n e e d  t o  s t u d y  a  g e o m e t r i c a l  p r o p e r t y  
o f  1 i n  t h e  u n i t  b a l l  o f  t h e .0 a l g e b r a  c 'asè ,
(T hm ,2 . 1 )  t h e  e x t r e m i t y  o f  1 i s  u s e d  t o  show t h a t  T ( l )  i s  i n
f a c t  a  u n i t a r y )  [82] . A ga in  t h i s  i s  an open p r o b l e m .
YOUNG [92] o b s e r v e d  t h a t  one  m i g h t  a s  w e l l  a ssum e t h e '
dom ain  o f  T t o  be  a  VN a l g e b r a . S p e c i f i c a l l y , h e  p r o v e d  t h e  
Lemma 3 . 2  '
W i th  t h e  a s s u m p t i o n s  o f  Thm.3 . 1 ,  T h a s  a  u n i q u e  e x t e n s i o n
5g : l £  -------->
( w h e re  hL d e n o t e s  t h e  s t r o n g  c l o s u r e  o f  1 /  ) w h ic h  i s  a l s o
an L^ i s o m e t r y  on n o r m a l  e l e m e n t s .
P r o o f  L e t  T^ d e n o t e  t h e  r e s t r i c t i o n  o f  T t o  t h e  u n i t  b a l l  
LCi o f  Ui  . Now on t h e  u n i t  b a l l  o f  ( h e n c e  a l s o  on i^^))
t h e  L t o p o l o g y  c o i n c i d e s  w i t h  t h e  s t r o n g  t o p o l o g y  ( C h a p t e r  I ,
ir
P r o p . 2 . 1 2 ) . T h e r e f o r e  .
8 ) --------- ,  H ' t t p )
i s  c o n t i n u o u s , a n d  h e n c e  may be  e x t e n d e d  t o  t h e  s t r o n g  
c l o s u r e  o f  t h e  r e s u l t i n g  e x t e n s i o n  s t i l l
b e i n g  an L^ i s o m e t r y  b y  c o n t i n u i t y .
By K a p l a n s k y ' s d e n s i t y  Theorem ( C h a p t e r  I , § 1 . 2 )  ^
c o i n c i d e s  v / i t h  t h e  u n i t  b a l l  o f  t h e  s t r o n g  c l o s u r e  ^  o f  
. Thus f o r  a l l  x  e , (x/ tixl lj ,  e , so  we may
d e f i n e
T^x = llxlLT-, (x / l{x i l^)
and  T i s  c l e a r l y  an L i s o m e t r y .  e p
QED
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The main t o o l  i n  t h e  p r o o f  o f  Thm. 1 . 3  i s  P r o p ,  1 . 4 .
But  t h e  s t a t e m e n t  and  c o n c l u s i o n  o f  t h i s  P r o p o s i t i o n  o n l y  
i n v o l v e s  one e l e m e n t  f rom  e a c h  L^( j2 ) . T h i s  o b s e r v a t i o n  
a l l o w s  one  t o  p r o v e ;
P r o p o s i t i o n  3*3
L e t  p e ( 2 ,  e ,T^^ n o r m a l  ( -  s e e
C h a p t e r  I , T h m . 2 . 8 )
I f  t h e r e . e x i s t s .  r> 0  s u c h  t h a t , w h e n e v e r  z e C i s  s u c h  t h a t  
(zl < r  , we h a v e
111 + zx^Kp = 111 +  ZXgUp
t h e n
( a )  11x^ 2  = llXgllg
and
i^ )  I I -  II^2
P r o o f  S i n c e  T,, m , / i  • , t h e  s p e c t r a l  p r o j e c t i o n s  o f  • T.,^
^ i  I ^ ^'i
( t h a t  i s ,  t h e  p r o j e c t i o n s  e^ s u c h  t h a t  T^ = | A de^  by  t h e/  ^ i  /•
s p e c t r a l  t h e o r e m  ( s e e  e . g .  RUBIN [59] , Thm.1 3 . 3 3 ) )  b e l o n g  t o  
. D eno te  by  i b e  a b e l i a n  VN a l g e b r a  g e n e r a t e d -
b y  t h e s e  p r o j e c t i o n s .  We may w r i t e  (/(/T = L ^ ( ^ ^ , j l x ^ )  w i t h  
j  = 1: (x ^ )  f o r  a l l  x^  e , and t h u s  ^p(<A4^y‘z^ j_) =
= L ^( i ' )  ( C h a p t e r  I , § 2 . 2 ) .The  i d e n t i t y  m ap p ing  o b v i o u s l y  
e x t e n d s  t o  an i s o m e t r i c  em bedd ing  L ( , r .  ) c  L ( y ^ .  , r . ) .|J J. J. ^ -L ^
Thus
and  t h e r e f o r e  t.he p r o b l e m  i s  r e d u c e d  t o  t h e  a b e l i a n  c a s e .
Thus t h e  r e s u l t  f o l l o w s  by  P r o p . 1 . 4 .
QED
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P r o o f  o f  T hm .3 » !
( i )  L e t  X. Q Ui  be s e l f - a d j o i n t ,  z © C . S i n c e  T ( l  + zx)  = 
= 1 + zTx and  s i n c e  Tx i s  s e l f - a d j o i n t ,  we h a v e  :
111 + zxllp = 111 + zTxIj
Thus P r o p . 3 . 3 ( b )  shows t h a t
Now 
and  so  
S i m i l a r l y
T h e r e f o r e
( 3 . 1 )
(11 + zx | j^  = l l l  + zTxH^ < CO , s i n c e  x  e L^
| l  + zx  = I 2 ( 4) ( 5 ) Z^z'&^x^^
j,K=o ^
111 + z s f  =
^ i,k = OJ ^
111 + zTx| |^  = ^ ( ^ ) ( ? ) z ^ z ^ ^ r o ( ( T x ) ^ ( T x ) ‘^ > 
j,u=o J --
T p ( x J x k )  = t^ K T z )3 (T x )^ )  j , k  = 0 , 1 , 2
( i i ) P u t t i n g  j = l , k = 2  i n  ( 3 . 1 )  g i v e s
Tp( X^) = %^((Tx):^):
R e p l a c i n g  x  by  x + a y  , x , y  © s e l f - a d  j o i n t ,  a  © IR, e x p a n d i n g
2and  c o m p a r in g  t e r m s  i n  a  , one f i n d s
7^ (T x (T y )^  + TxTyTx + (T y )^T x )  = T^(xy^  + xyx  + y^x)
o r , i n  v i e w  o f  t h e  c e n t r a l i t y  o f  t h e  t r a c e s .
( 3 . 2 ) T o ( T x ( 5 y ) ^ )  = r , ( x j U ) '' "I
On t h e  o t h e r  h a n d , p o l a r i z a t i o n . o f  p a r t  ( a )  o f  P r o p . 3 . 3  g i v e s  
T^(TxTy) = î ^ ( x y )
2
s i n c e  x  an d  y  a r e  s e l f - a d j o i n t . R e p l a c i n g  y  by  y  ' a b o v e ,  and 
c o m p a r in g  t h e  r e s u l t  w i t h  ( 3 . 2 ) , one f i n d s
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' r ^ ( 5 x ( T y ) ^ )  = rgCTxTCy^))
P
a n d , r e p l a c i n g  x by  y , o n e  g e t s
( 3 . 3 )  Z 2 ( 5 ( y 2 ) ( ï y ) 2 )  =  z ^ ( ( T ( y ^ ) ) ^ )
But  ( 3 . 1 )  g i v e s , f o r  j=k=2
4 \  _ / 4r2((Ty)U' = q ( y U
Pw h i l e  ( 3 . 2 )  w i t h  x = y “ becomes
? 2 ( 5 ( y 2 ) ( T y } 2 )  = r^ (y '^ )
h e n c e
( 3 . 4 )
T h e r e f o r e
W (5 y )2 _ T (y 2 ) ;2  =' % 2 ( ( T y ) 4 - ( 5 y ) 2 r ( y 2 V  _ T ( y ^ ) ' ( T y ) h ( T ( y ^ ) ) h " =  0
by  ( 3 . 3 )  and ( 3 . 4 )  , and  t h u s
( T y ) "  = T ( y " )  f o r  a l l  s e l f - a d j o i n t  y  e Z t
( i i i )  Now l e t  x  e I t  be  a r b i t r a r y ,  and w r i t e  x=x^ ^ - ix ^ , w i t h
s e l f - a d  j o i n t .  S i n c e  x^+x^ i s  s e l f - r a d  j o i n t ,  p a r t  ( i i )  g i v e s
(Tx^ + TXg)^ = 5((x^+%g)^):
E x p a n d i n g  and  u s i n g  p a r t  ( i i )  a g a i n , o n e  f i n d s
Tx^TXg. -k Tx^Tx^ = T(x^Xg +x^x^ )
T h e r e f o r e
T ( x ^ )  = T((x^+iXg)'^) = T (x^  -Xg + i (x ^ X g  + x^x^))
= (Tx^)^-(Tx2)^-i(Tx^T% 2 + TXgTx^) = (Tx)^
QED
62
S e v e r a l  c o n c l u s i o n s  may now be d ro v n  f rom  t h i s  r e s u l t .
But  f i r s t  we n e e d  some s i m p l e  Lemmas.
Lemma 3 . 4
L e t  (7T be a  ^ - a l g e b r a ,  oJ a  s t a t e ,  on Ô I, D e f i n e , f o r  n e IN
II % ;= cD( (x e )
Then
( i )  l l x * x l l ^ n  = l/xll^A+i
( i i )  llx^ll^v» = llxjf^yi^d , i f  X i s  n o r m a l ,
( i i i )  11^ 1^ 33 = 11% 1^ 33 , i f  ou i s  t r a c i a l ,
( i v )  U xyllg ^  ( |x | |^ | |y( |^  , i f  w i s  t r a c i a l .
P r o o f  ( i )  llx*xll^Yx = t u ( ( x * x ) ^  ) = IjxH^n-w
( i i )  Ijx^llgYi = W( (x * x * x x ) ^  ) = w ( ( x * x x * x ) ^  ) = W( ( x * x ) ^  )
pVl4l
=  H X  I l gYl t l
( i i i ) H x  (12^ = t J ( ( x * x ) ^ ) '  = ( j ( ( x x * ) " )  =
( i v ) '  dxyllg  = cJ(y*x*xy)  = &J(x*xyy'^) = [(x^xllpHy j \  = UxH^ljyll^
QED
I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  one may p r o v e , w i t h o u t  
a n y  c o n t i n u i t y  a s s u m p t i o n s  w h a t e v e r , t h a t  i n  c a s e  oJ i s  
t r a c i a l .  and f a i t h f u l . ,  | | . a r e  a l l  i n c r e a s i n g  norms [13] , [ 7 8 ] ,  
T h i s  p o i n t s  t o  . • y e t ' a n o t h e r  d i r e c t i o n  i n  .-v/hich one m ig h t  t r y  t o  
d e v e l o p  a, N o n -c o m m u ta t iv e  I n t e g r a t i o n  t h e o r y .  My a t t e m p t s  i n  
t h i s  d i r e c t i o n  h av e  so  f a r  n o t  y i e l d e d  v e r y  s i g n i f i c a n t  
r e s u l t s , a n d  a r e  t h e r e f o r e  n o t  i n c l u d e d  i n  t h i s  t h e s i s .
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Le rama 3 . 5
L e t  T : OZ - — Q  Le a  J o r d a n  homomorphism be tv /een  a s s o c i a t i v e  
• a l g e b r a s .  Then
( i )  T (x y x )  = TxTyTx
( i i )  T ( ( x y ) ” + ( y x ) ^ )  = ( T x T y ) ^ f ( T y T x ) "
( i i i )  T( (x y )^ (y x )" ^ )  = (T x T y )^ (T y T x )"
: ( iv )  T( ( x y ) ^  = (TxTy)^Tx
f o r  a i l  x , y  e , n e (TT.
P r o o f  ( i )  HER3TEIN[29] , Lemma 3 . 1 .
( i i )  KADISON [33] , Lemma 6,
( i i i )  & ( i v )  f o l l o w  f ro m  ( i )  by i n d u c t i o n  on n .
Theorem 3 . 6
W ith  t h e  a s s u m p t i o n s  o f  Thm.3 . 1 ,  we h a v e :
( i )  T i s  i s o m e t r i c  w i t h  r e s p e c t  t o  t h e  L^ norm,
( i i ) F o r  a l l  x  c and 2,  [|Tx[f ^  || x(A . E q u a l i t y  h o l d sq q
i f  q=2n , n e fT,
( i i i )  T( i f  ) c and  {{Txjl^ = [| x ( ^  f o r  a l l  x  e ZC .
( i v )  T i s  p o s i t i v i t y  p r e s e r v i n g .
P r o o f ( i )  L e t  x ^ x ^ + ix ^  e 2 X  be  a r b i t r a r y , w i t h  x^ s e l f - a d j o i n t .  
As i n  t h e  p r o o f  o f  Thm,3 . 1 , p a r t  ( a )  o f  P r o p , 3 . 3  i m p l i e s  t h a t
l |5x j  Il2 = llXjIlg ( 3 = 1 , 2 )
B u t  t h e n
I I 5x112 = + llTXgllg + i rg (5 x ^ ^ T x 2 )  - ^ ^ ^ ( T X g T x ^ )  =
=  | l  P  • * •  ( i T X g  1 1 2  =  i (  X g ^ l l  2  I I X 2 I I 2  “  ( I  x : ( l 2
( i i ) & ( i i i )  F o r  x e 2/f , n e ITT,consider  
' llTxll^” = ZggTx+Tx)")  = r 2 ( l ’x ( T x ’‘5 x ) ” " h x * )  ,=
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= ( T x * , ( 5 x * 5 x ) ” “ h x * )  = ( T x ^ T ( ( x ’' x ) ” “ V ) )  (Lemma 3 . 5 ( i v ) )
= (x'^, (x '*x) ’^ ~^x* ) b?/ p a r t  ( i )
= r ^ ( x ( x ' ' x ) " - V )  = r-j_((x*x)®) =
T h e r e f o r e
an d  l e t t i n g  n - ^ « 3, we h a v e , b y  Lemma 2 . 1 0  o f  G h a p t e r l ,  
l lT x l U  = 11x11,
We may now a p p l y  t h e  HISoZ-TîIORIN-KUNZE Theorem ( C h a p t e r  I ,  
Thm. 2 . 1 1 )  w i t h  , - p ^ = q ^ = :  oe?  ^ p=q t o  c o n c l u d e  t h a t
ll'Txil ^ l!x|f f o r  a l l  x  0 t f  and q >  2 .H q
( i v ) l n  v i e w  o f  p a r t  ( i i ) , t h e r e  i s  no l o s s  o f  g e n e r a l i t y  i n  
a s s u m i n g  ZA t o  be  n o r m - c l o s e d  i n  t/Z^,
I f  X e Zf  i s  p o s i t i v e , t h e r e  i s  a  u n i q u e  y  0 z £  s u c h  t h a t  
y^=x and y^O.Now Tx = T (y ^ )  = (T y )^  i s  p o s i t i v e  s i n c e  Ty 
i s  s e l f - a d j o i n t .  - -
T h i s  c o m p l e t e s  t h e  p r o o f .  . .
H a v in g  now shown t h a t  and  t h a t  T i s  a  J o r d a n
* -hom om orph ism ,w e  may a p p l y  t h e  r e s u l t s  o f  KADISOH and  
ST^PuHER on t h e  s t r u c t u r e  o f  s u c h  m app ings  b e tw e e n  o p e r a t o r  
a l g e b r a s . T h e  f o l l o w i n g  r e s u l t  t h u s  f o l l o w s  f rom  Thm.2 , 3 .
Theorem 3 .7
U n d e r  t h e  a s s u m p t i o n s  o f  Thm.3 . 1 , t h e r e  e x i s t s  a  p r o j e c t i o n  
P e 2 , i n  t h e  c e n t r e  o f  T ( L f ) " , s u c h  t h a t  t h e  m ap p in g
T^ ; X H— 4 T ( x ) p
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( r e s p e c t i v e l y  : x i— ^ T(x)p'^ )
i s  a * - h o m o m o r p h i s m  ( r e s p .  a  - a n t ih o m o m o r p h i s m )  o f  IX i n t o  
p, and  T = a s  l i n e a r  m a p s .
V/e c l o s e  o u r  s t u d y  o f  i s o m e t r i e s  o f  s p a c e s , w h i c h  
b e g a n  w i t h  t h e  a b e l i a n  c a s e , w i t h  a  r e s u l t  a t  t h e  o t h e r  end 
o f  t h e  c o m m u t a t i v i t y  s p e c t r u m .
Theorem 3 ,8
l e t  ( i = l , 2 )  be two VN a l g e b r a s ,  e t / f  f a i t h f u l
t r a c i a l  s t a t e s  . L e t  p e ( 2 , cdJ  and
be a * - l i n e a r  i s o m e t r i c  b i j e c t i o n  p r e s e r v i n g  t h e  i d e n t i t y .
I f  e i t h e r  «/Ÿq o r  i s  a  f a c t o r ,  t h e n  T i s  an i s o m e t r i c ,  
u w - b i c o n t i n u o u s ÿ - i s o m o r p h i s m  o r * - a n t i i s o m o r p h i s m  o f  t / t
o n t o  .
P r o o f  B o th  T I , . and T”" I s a t i s f y  t h e  a s s u m p t i o n s  o f  
Thm.3 . 1 . T h e r e f o r e  t h e y  a r e  J o r d a n  ^ - i s o m o r p h i s m s , i n v e r s e s  
o f  e a c h  o t h e r , a n d  h e n c e  i n  p a r t i c u l a r  T ( y ^ ^ )  ~ ^
T h a t  T p r e s e r v e s  t h e  o p e r a t o r  norm f o l l o w s  f ro m  T h m . 3 . 6 ( i i )
T i s  t h e r e f o r e  u w - b i c o n t i n u o u s  by  Lemma 2 . 2  a p p l i e d  t o  T and  
T“’^ ( o r  i n d e e d  by Lemma 3 . 2 , s i n c e  b o t h  T and T""^ map t h e  
u n i t  b a l l  i n t o  t h e  u n i t  b a l l ) .
L e t  p e A t 2 be  t h e  c e n t r a l  p r o j e c t i o n  g u a r a n t e e d  by  Thm.3 . 7
Then q : =  T ~ î ^ ( p ) - i s  a  p r o j e c t i o n  i n  3 . C l e a r l y  T^>(q)=T(q)p'^
1
2  ^ # V 1_ U _L ^ p
=pp-^ = 0 i n  t h e  n o t a t i o n  o f  Thm,3 . 7 . F o r  x e 3 , we h a v e
66
T(%q -  q%) = T ^(x q  -  cx )  + ^ ^ ( x n  -  ox)  =
. = T^xT^q -  T^qT^x + T^qT^x -  TpXT^q =
= ( T ^ x ) p  - p ( T ^ x )  = 0
s i n c e  p i s  c e n t r a l ; Thus  qx. -  xq = 0 (T i s . i n j e c t i v e ) , a n d  so 
q i s  a l s o  c e n t r a l . Hence i f  e i t h e r  A t ^  o r  A^^ i s  a  f a c t o r ,  
b o t h  p and  q w i l l  he  e i t h e r  0 o r  1 , so t h a t  T = T^ o r  T^.
QED
C o u n t e r e x a m p l e
T h i s  i s  t o  show t h a t  Thm.3 .8  f a i l s  f o r  p =2 even  i n  t h e  a b e l i a n  
c a s e . I t  w i l l  f o l l o w  th a , t  t h e  s t r o n g e r  a s s u m p t i o n  o f  p o s i t i v i t y  
p r e s e r v a t i o n  ( w h ic h  f o l l o w s  a u t o m a t i c a l l y  i n  c a s e  p >2 - s e e  
Thm .3 . 6 ( i v ) )■ i s  a c t u a l l y  e s s e n t i a l  ( s e e  Thm.2 . 5  ) 
l e t
e t  g - t '  e lR .) !
be  t h e  H e r m i t e  p o l y n o m i a l s  ; I t  i s  w e l l  knovn ( s e e  e . g .
OKIKIOLU [47] , 3 . 1 0 . 9 )  t h a t   ^ : n=0 , l , . . . j  i s  an o r t h o n o r m a l
2
- t -b a s e  o f  Lp(lR, e d t )  .T h e y  a r e  a l s o  c l e a r l y  r e a l - v a l u e d ,  and
' o r  - „  , _^2
d e f i n e
T f  = + CgH^ + c p i g  +
C l e a r l y  T i s  u n i t a r y , a n d  4 - l i n e a r , f o r  i f  f = f * , s o  t h a t  
c c (R, t h e n  T f  = T f  . T o b v i o u s l y  p r e s e r v e s  t h e  i d e n t i t y ,  
b u t  i s  n o t  a  homomorphism; f o r  i n s t a n c e ,
(TH^KTHg) = 
w h i l e  T(H^ng) ^
6 7
C h a p te r  I I I  
TQIvIITA-TaKESAICI t h e o r y
A c c o r d i n g  to  t h e  p o i n t  o f  v iew  a d o p t e d  i n  t h e  i n t r o ­
d u c t i o n ,  n o n - c o m m u ta t iv e  p r o b a b i l i t y  t h e o r y  i s  c o n c e r n e d  
w i t h  t h e  s t u d y  o f  a n  i n v o l u t i v e  a l g e b r a  and a. s t a t e  on i t .  
More g e n e r a l l y ,  n o n - c o m m u ta t iv e  i n t e g r a t i o n  i s  c o n c e r n e d  
w i t h  a n  i n v o l u t i v e  a l g e b r a  and a ( n o t  n e c e s s a r i l y  f i n i t e )  
p o s i t i v e  r e a l  v a l u e d . f u n c t i o n  on i t s .  p o s i t i v e  p a r t  ( a  wei g h t  
-  s e e  § 2 ) .  I f  t h i s  s t a t e  o r  w e i g h t  h a p p e n s  t o  b e  u n i t a r i l y  
i n v a r i a n t , i . e .  a  t r a c e ,  t h e n  we h a v e  t h e  DIXÎ.Î 1ER-SEGAL n o n -  
c o m m u ta t iv e  i n t e g r a t i o n  t h e o r y ,  v / i t h  v/hich we w ere  c o n c e r n e d  
i n  t h e  p r e v i o u s  c h a p t e r s .
I n  b o t h  c a s e s  we may c o n s t r u c t ,  t h e  GNS H i l b e r t  s p a c e  o f  
t h e  a l g e b r a  i n d u c e d  by. t h e  t r a c e  o r  w e i g h t  and  r e p r e s e n t  t h e  
a l g e b r a  on t h a t  H i l b e r t  s p a c e .  I n  o r d e r  to  s t u d y  t h e  m ost  . ■ 
g e n e r a l  s i t u a t i o n ,  i t  i s  i m p o r t a n t  t o  r e a l i s e  t h e  s p e c i a l  
p r o p e r t i e s  o f  t h e  GNS r e p r e s e n t a t i o n  i n d u c e d  by  a  t r a c e .  I t  
t u r n s  o u t ,  i n  f a c t ,  t h a t  one c a n  c a n o n i c a l l y  a s s o c i a t e  w i t h  
s u c h  a s i t u a t i o n  a n  o b j e c t  w h ic h  h a s  t h e  p r o p e r t i e s  b o t h  o f  
a H i l b e r t  sp a c e  a n d  o f  a n  i n v o l u t i v e  a l g e b r a ,  w i t h  l e f t  and 
r i g h t  m u l t i p l i c a t i o n s  b e i n g  c o n t i n u o u s  i n  t h e  H i l b e r t  sp a c e  
t o p o l o g y .  T h i s  i s  c a l l e d  a Hi l b e r t  A lg e b ra  ( § 1 ) .  I n  t h e  
g e n e r a l  c a s e ,  when t h e  w e i g h t  i s  no l o n g e r  u n i t a r i l y  i n ­
v a r i a n t ,  t h e  c o r r e s p o n d i n g  c a n o n i c a l  o b j e c t  i s  a  l e f t  H i l b e r t  
A l g e b r a  ( § 2 ) ,  i n  w h ich  m u l t i p l i c a t i o n  i s  c o n t i n u o u s  o n ly  on 
t h e  l e f t .
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T o m i t a - T a k e s a k i  t h e o r y  i s  c o n c e r n e d  v / i th  g e n e r a l i s i n g  
t h e  p r o p e r t i e s  o f  H i l b e r t  A l g e b r a s  t o  l e f t  H i l b e r t  A l g e b r a s .  
One is.  t h e n  a b l e  t o  p u t  a n  a r b i t r a r y  VN a l g e b r a  i n  a s t a n ­
d a r d  f o rm, i . e .  t o  r e p r e s e n t  i t  f a i t h f u l l y  a s  t h e  VN a l g e b r a  
g e n e r a t e d  by  t h e  l e f t  r e g u l a r  r e p r e s e n t a t i o n  o f  a l e f t  H i l ­
b e r t  a l g e b r a .  Thus t h e  GNS H i l b e r t  sp a ce  i n d u c e d  by a n  a r ­
b i t r a r y  w e i g h t  i s  t h e  a n a l o g u e  o f  t h e  sp a c e  ( / t fT )  i n d u c e d  
by  a  t r a c e ,  w h ic h  v/e s t u d i e d  i n  C h a p te r  I .
V/e t h e r e f o r e  b e g i n  o u r  s t u d y  w i t h  H i l b e r t  a l g e b r a s .
■,T/e a r e  i n t e r e s t e d  i n  them n o t  o n ly  b e c a u s e  we l a t e r  want  t o  
g e n e r a l i s e  them t o  l e f t  H i l b e r t  A l g e b r a s ,  b u t  a l s o  b e c a u s e  
t h e y  a r i s e  i n  o u r  s t u d y  o f  t h e  a l g e b r a  o f  t h e  OCR i n  C h a p te r  
V I .  Thus we n e e d  some o f  t h e i r  p r o p e r t i e s  w h ich  we d e s c r i b e  
i n  § 1 .
§ 1 .  H i l b e r t  A l g e b r a s
Ex. 1.1 L e t  CX b e  a u n i t a l  ^ - a l g e b r a ,  r  a  s t a t e  on ( n o t  
n e c e s s a r i l y  f a i t h f u l ) .  We a s su m e ,  i n  a d d i t i o n ,  t h a t  t  i s  
t r a c i a l  i n  t h e  s e n s e  t h a t  r ( x y )  = r ( y x )  f o r  a l l  x , y c ( ^ .  We 
l e t  I  = [ x e ( X i  T ( x * x )  = 0 j .  As i n  c h a p t e r  I ,  § 1 . 4 ,  I  i s  
a  l e f t  i d e a l .  However, t h e  c e n t r a l i t y  o f  r  now e n s u r e s  
t h a t  I  i s  i n  f a c t  a  t w o - s i d e d  * - i d e a l  o f  ( X * «  Thus t h e
* P r o o f  T ( ( x * ) * ( x * ) )  = T ( x x * ) = T (x*x)
Thus x * e l  i f f  x e l  
A lso  T ( ( x y ) * ( x y ) ) 2  = T (y*x»xy)2  = r ( y y - x - x ) ^  <
< r ( ( y y * x * ) * ( y y * x * ) ) r ( x - x )
Thus x e l  ==  ^ x y e l
69
q u o t i e n t  s p a c e  ^  = CTC/l i s  a ^ - a l g e b r a ,  and r  c a n o n i c a l l y
d e f i n e s  a t r a c i a l  f a i t h f u l  s t a t e  on A) .
We may t h u s  r e s t r i c t  o u r s e l v e s  t o  t h e  c a s e  where  r  i s
f a i t h f u l  on  (X ,  As i n  C h a p t e r  I , §  1 . 3 ,  We may d e f i n e  t h e  
GNS r e p r e s e n t a t i o n  on 01 , w i t h  domain  CY. B u t  n o t e
t h a t ,  due a g a i n  t o  t h e  c e n t r a l i t y  o f  r ,  t h e  r i g h t  r e g u l a r  
( a n t i ) - r e p r e s e n t a t i o n  p ^ ( x ) y  = yx  o f  OZ on i t s e l f  i s  a l s o  
a * - ( a n t i ) - r e p r e s e n t a t l o n .
O b se rve  a l s o  t h a t  p^(%) and •7r ^ ( y )  commute f o r  a l l  z^ÿjeOli
Ex. 1 ._2 Now l e t  A t b e  a VN a l g e b r a ,  r  a no rm al  t r a c e  on A i. 
( n o t  n e c e s s a r i l y  s e m i f i n i t e  o r  f a i t h f u l ) ,  w i t h  i d e a l  o f  
d e f i n i t i o n  J .  ( s e e  C h a p te r  I ,  Thm. 2 . 1 ) .  S in c e  r  i s  now a 
t r a c i a l  s t a t e  on J ,  v/e may a p p ly  t h e  above c o n s t r u c t i o n  to
( j ,  r ) , and  we may a ssu m e ,  a s  a b o v e ,  t h a t  r  i s  f a i t h f u l .  I n
t h i s  c a s e  b o t h  7r^(x)  and yq,(x) a r e  bound ed  on and  h e n c e
e x t e n d  t o  b o u n d e d  o p e r a t o r s  on 7c/ .^ Note t h a t  ( s e e  Chap­
t e r  I ,  Thm. 2 . 1 )  i s  a l s o  d e n se  i n  and  h e n c e  7c/= (X^r)
i n  t h e  s e n s e  o f  C h a p te r  I ,  § 2 . 2 ,  where  «/Kis  t h e  uw c l o s u r e  
o f  Jg ( s o  t h a t  = A/')» --
We s e e  t h a t  J g , e q u ip p e d  w i t h  t h e  i n n e r  p r o d u c t  ( x , y )  =
= T ( x * y ) ,  h a s  a l l  t h e  p r o p e r t i e s  o f  wha t  i s  known a s  a
H i l b e r t  A lg e b r a  :
* replacing, i f  n e c e s s a r y ,  O t  by
** e . g .  l lp_(x)yi |g  = llyxilg = T(x*y*yx) = T(yxx*y*)
< T ( y y » ) | | x x * | |^  = llylUlUil*
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D e f i n i t i o n ,  A H i l b e r t  A lg e b ra  {CXf * ,  ( . , . ) )  i s  a * - a l g e b r a  
w i t h  a ( p o s i t i v e - d e f i n i t e )  i n n e r  p r o d u c t  s a t i s f y i n g  :
( i ) ( x z , y )  = ( z , x « y )
( i i ) y»— >xy i s  c o n t i n u o u s  on (X f o r  a l l  x eO l
( i i i ) CZ} = t h e  l i n e a r  s p a n  o f Î xy : X, ye  i s
d e n s e  i n  OZ
( i v ) ( x , y )  = ( z * , y * )
Note t h a t  our  f i r s t  exam ple  a l s o  s a t i s f i e s  t h e s e  p r o ­
p e r t i e s ,  e x c e p t  f o r  c o n t i n u i t y  o f  m u l t i p l i c a t i o n .
The c r u c i a l  p r o p e r t y  i s  ( i v ) .  I t  e n s u r e s  t h a t  
e x t e n d s  t o  a n  a n t i l i n e a r  i s o m e t r y  J  on 01 , s u c h  t h a t  
J ^ =  I .  I t  i s  more c o n v e n i e n t  t o  v iew  J  a s  a  l i n e a r  i s o m e t r y  
( h e n c e  a  u n i t a r y )  b e tw e e n  7c/ an d  i t s  opposed  H i l b e r t  sp a c e  
3c / ,  d e f i n e d  a s  f o l l o w s .
Def i n i t i o n , The opposed  H i l b e r t "  s p a c e  3 /  o f  a H i l b e r t  sp a c e  
1/  c o n s i s t s  o f  t h e  same e l e m e n t s  as. 7 /  a s  a s e t , :  d e n o t e d  now 
b y  ^ i n s t e a d  o f  %, b u t  i s  e q u ip p e d  w i t h  t h e  o p e r a t i o n s .
a^  + b?7, = (a^  -k br^)
i Z ’ = TZ7~nJy
( i v ) a l s o  e n s u r e s  t h a t  t h e r e  i s  c o m p le te  symmetry b e tw e e n  
l e f t  and r i g h t  m u l t i p l i c a t i o n .  Thus we may d e f i n e  a (b o u n d ed )  
♦ - r e p r e s e n t a t i o n  yr ( r e s p e c t i v e l y ,  ♦ - a n t i - r e p r e s e n t a t i o n  p ) 
o f  0 1  on Jcf a s  a b o v e ,
\/e l e t  •t(OC)  — iw(x)  : : x c ; t h e  l e f t  VN a l g e b r a  o f  CX
and yZi Ol) — Ip (%)» x.€ C\.\ Î t h e  r i g h t  VIT a l g e b r a  o f  C/Z
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b a r s  d e n o t i n g  weak c l o s u r e s  i n  S ( J g T ) ,  ( i i i )  e n s u r e s  t h a t  
% ( (X) a n d  yX{Cl)  a r e  i n d e e d  VN a l g e b r a s ,  i . e .  c o n t a i n  t h e  
i d e n t i t y .
Then we h ave  t h e  f o l l o w i n g  f u n d a m e n ta l  t h e o r e m :
Theo rem  1 .1
(C om m uta t ion  Theorem f o r  H i l b e r t  A l g e b r a s )  l e t  { O C A t i  9 ) )  
b e  a H i l b e r t  a l g e b r a ,  w i t h  % ( CX), X l i O l ) , J  a s  abo v e .
Then % ((%) and  ^ ( C X )  a r e  com m utan ts  o f  e a c h  o t h e r ,  and
( 1 . 1 )  J % ( ( X ) T =  %(CX)
P r o o f . ' ^ ( ( X y  = 7 Z (0 t)  i s  p r o v e d ,  i n  a more g e n e r a l  s e t t i n g ,  
b y  BIXMIER ( [ 1 6 ] ,  I .  5 . 2 .  Thm.1 ) .  The s e c o n d  r e l a t i o n  f o l l o w s  
f ro m  t h e  f o r m u la
( 1 . 2 )  J V ( z ) J  = p ( x * )
w h ich  i s  im m e d ia te  from, t h e  d e f i n i t i o n s .
I n  Ex.  1 . 2 ,  one f i n d s  (DIXMIER [ 1 6 ] ,  I .  6 . 2  Thm.2 ) . t h a t  - 
t h e  m app ing  g i v e n  by
^ ( % ) y  = xy ( x a X  y c J a )
e x t e n d s  t o  an  uw b i - c o n t i n u o u s  ♦ - i s o m o r p h i s m  o f  r )
 ^ o n t o  2T(d;j).  I t  i s  i m p o r t a n t  t o  r e a l i z e  t h a t ,  u n l e s s  r  i s  
s e m i f i n i t e ,  A l th o u g h  we may e x t e n d  to  a  r e p r e ­
s e n t a t i o n  o f  A t  o n to  ^ ( d ^  ) ,  t h i s  i s  no l o n g e r  f a i t h f u l ,  
b e c a u s e  ^ ( x )  = 0 o n l y  i m p l i e s  t h a t  x  a n n i h i l a t e s  t h e  
s u b s p a c e  J T X  = .
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Ex> 1 . 3 » As a p a r t i c u l a r  c a s e  of t h e  p r e v i o u s  example  
we h a v e  t h e  H i l b e r t  a l g e b r a  o f  a l l  H i l b e r t ' S c h m i d t ,  o p e r a t o r s  
on a  H i l b e r t  sp a c e  Iif . We may i d e n t i f y  t h i s  w i t h  t h e  H i l b e r t  
s p a c e  t e n s o r  p r o d u c t  7 / ® ! /  by  c o n s i d e r i n g  e a c h  e l e m e n t
^ p. ( ^ 6-7/  a s  t h e  r a n k  one o p e r a t o r  on J</ g i v e n  by
(1*3) (S ® r?)(i) = (?7jI)S : |
=  ( k > < 7 ? l  ) ! ? >
We o b s e r v e  t h a t  t h e  H i l b e r t  S c h m id t  norm ||x||;^ =. t r ( x * x )  ^
( s e e  C h a p te r  I ,  § 1 .3 )  c o i n c i d e s ,  on  f i n i t e  r a n k  o p e r a t o r s ,  
■with t h e  norm o f ' 7 / ®  I f  , and t h a t  t h e  l a t t e r  o p e r a t o r s  a r e  
d e n s e  i n  t h e  H i l b e r t  Schm id t  o n e s , '  I n  t h e  n o t a t i o n  of. Chap­
t e r  I ,  we may t h e r e f o r e  w r i t e  7cf 0  3c/ = IF { B (J / ) ,  t r ) .
N o te  t h a t  t h i s  H i l b e r t  a l g e b r a  i s  a l r e a d y  c o m p le t e  i n  t h e  
H i l b e r t  s p a c e  norm, i . e .  Jg  =  i n  t h i s  c a s e .  F u r t h e r m o r e ,  
t h e  l e f t  VH a l g e b r a  % (  7 /  0  7 /  ) i s  i s o m o r p h ic  to  B ( l / ) >  and  
h e n c e  i s  a f a c t o r .
Ex .  1 . 4 . As a f i n a l  ex am p le ,  l e t  G be  a l o c a l l y  compact  
g r o u p ,  w i t h  l e f t  H a a r  m easu re  d x ,  and  m o d u la r  f u n c t i o n  A 
( d e f i n e d  a s  t h e  JRadon-Nikodyra d e r i v a t i v e  o f  r i g h t  H aar  mea­
s u r e  w i t h  r e s p e c t  t o  d x ) .  L e t  (%(G) b e  t h e  s e t  o f  a l l  c o n -
♦ d e f i n e d  a s  t h e  c o m p l e t i o n  o f  t h e  a l g e b r a i c  t e n s o r  p r o d u c t
I/" ®  Oof w i t h  r e s p e c t  t o  t h e  u n iq u e  i n n e r  p r o d u c t  ( . , . )
s a t i s f y i n g  _  __
(4C^77>^*© 77 0  = ( % , % ' ) ( 7 ' , 7 )
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t i n u o u s  f u n c t i o n s  o f  compact  s u p p o r t .  E q u ip  CX{g ) v / i t h  t h e
c o n v o l u t i o n  p r o d u c t ,  t h e  i n v o l u t i o n  f ♦ (x )  =. A (x”  ^ ) f  ( x ”  ^ ) ,  
an d  t h e  i n n e r  p r o d u c t  i n d u c e d  b y  L ^ ( g ) .  One may c h e c k  t h a t  
(7t(u) s a t i s f i e s  p r o p e r t i e s  ( i ) ,  ( i i )  and  ( i i i )  o f  t h e  d e f i ­
n i t i o n  o f  a H i l b e r t  a l g e b r a .  I t  o n ly  s a t i s f i e s  p r o p e r t y  ( i v )  
i f  G i s  u n i m o d u l a r ,  so t h a t  A (x )  = - 1 .  I n  t h i s  c a s e ,  (%(G) 
i s  a H i l b e r t  a l g e b r a ,  and  i t s  c o m p l e t i o n  i s  L ^ ( g ) .  M o re o v e r ,  
one shows (DIXMIER [15]  1 3 . 1 0 . 2 )  t h a t  % ((X (G ))  c o i n c i d e s  
v / i t h  t h e  VN a l g e b r a  g e n e r a t e d : b y ,  [ Ù(x)...: xeG ] ,  where
( 1 . 4 )  ( U ( x ) f ) ( y )  = f  (x"'y) : f eb^  ( G ) , ycG
i s  t h e  l e f t  r e g u l a r  r e p r e s e n t a t i o n  o f  G on L ^(G).
The s p e c i a l  p r o p e r t i e s  o f  ^ ( C X )  e x p r e s s e d  i n  Thm. 1.1 
m o t i v a t e  t h e  f o l l o w i n g
D e f i n i t i o n . A VN a l g e b r a  i s  s a i d  t o  b e  s t a n d a r d  ( i n  t h e  
s e n s e  o f  DDOT 1ER) i f f  i t  i s  t h e  l e f t  VN a l g e b r a  o f  a H i l b e r t  
a l g e b r a .
Note  t h a t  t h e  p r o p e r t y  o f  b e i n g  s t a n d a r d  i s  i n v a r i a n t  
u n d e r  u n i t a r y  e q u i v a l e n c e ,  ( f o r  t h e  H i l b e r t  a l g e b r a  s t r u c ­
t u r e  i s  t r a n s p o r t e d  by t h e  u n i t a r y )  b u t  n o t  u n d e r  ♦ - i s o m o r ­
p h i s m .  Note a l s o  t h a t  a. s t a n d a r d  VN a l g e b r a  s a t i s f i e s
( 1 . 5 )  j A j  =
( 1 . 6 )  J x J  = X* f o r  a l l  x e / l n A '
J  b e i n g  a n  i n v o l u t i o n  o f  th e  u n d e r l y i n g  H i l b e r t  s p a c e .  
L a t e r  we s h a l l  g e n e r a l i z e  t h e  n o t i o n  o f  a s t a n d a r d  VN a l ­
g e b r a  b a s e d  on t h e s e  two p r o p e r t i e s .
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We h a v e  s e e n  a b o v e ,  t h a t  i f  / I  i s  a  s e m i f i n i t e  VN a l g e b r a  
t h e n  i t  i s  - - i s o m o r p h i c  t o  t h e  l e f t  VN a l g e b r a  o f  a  H i l b e r t  
a l g e b r a .  We a l s o  have  a c o n v e r s e :
Theorem 1 . 2
( i )  l e t  C% b e  a H i l b e r t  a l g e b r a .  Then t h e  d e f i n i t i o n :
(1 .7 ) T(x) = if : XE 2%C%)+ ,
g i v e s  a n o r m a l  s e m i f i n i t e  f a i t h f u l  t r a c e  on % (  (%).
Thus % (  (vC) i s  s e m i f i n i t e .
( i i )  l e t  w/t b e  a s e m i f i n i t e  VN a l g e b r a ,  t  a f a i t h f u l  
no rm a l  t r a c e  o n / ^  . W ith  Jg a s  i n  C h a p te r  I ,  Thm. 2 . 1 ,  , / t  I s  
% - i s o m o rp h ic  t o  ) .  M o re o v e r ,  t h e  t r a c e  d e f i n e d  on Z ( J a )
a s  i n  ( i )  ( t r a n s p o r t e d  to  , / t  v i a  t h i s  isomorphism.)  c o i n c i d e s  
w i t h  T.
P r o o f  DIXMIEP [1 6 ]  1 . 6 . 2  Theorems 1 and 2.
T h e r e f o r e ,  H i l b e r t  a l g e b r a s  a l l o w  u s  t o  s t u d y  t h e  s t r u c ­
t u r e  o f  s e m i f i n i t e  VN a l g e b r a s .  F o r  e x am p le ,  one may use 
them t o  p r o v e  t h e  fam ous  c o m m u ta t io n  th eo re m  f o r  t e n s o r  p r o ­
d u c t s ,  namely  t h a t ,  a r e  s e m i f i n i t e  VN a l g e b r a s
we h a v e :
where  «/Cg d e n o t e s  t h e  weak c l o s u r e  o f  t h e  a l g e b r a i c
t e n s o r  p r o d u c t   ^ i n  B (%  âXTg)  (where  a c t s  on )
T h i s  th e o re m  i s  p r o v e d  by  d e f i n i n g  a H i l b e r t  a l g e b r a  
s t r u c t u r e  on t h e  a l g e b r a i c  t e n s o r  p r o d u c t  01  ^ O o f  two 
H i l b e r t  a l g e b r a s  i n  t h e  o b v io u s  way,  and t h e n  sho w in g ,  u s i n g
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Thm. 1 . 1 ,  t h a t  
.‘.and t h e r e f o r e
( % ( ( 3 ; ) 6 p : f ( C % 2 ) ) '  = 3 % ( 3 ^  06%%) = R ( ( X J ® X ( c ? r , )
^ X i a , . ) ' & X i O c ^ ) '
However ,  one knows t h a t  s e m i f i n i t e  VN a l g e b r a s  do n o t  
e x h a u s t  a l l  VN a l g e b r a s ,  n o t  e v e n  t h e  o n e s  u s e f u l  i n  Mathe­
m a t i c a l  P h y s i c s  ( s e e  t h e  i n t r o d u c t i o n ,  an d  [ 3 0 ] ) .  Fo r  g e n e ­
r a l  VN a l g e b r a s ,  and  i n  p a r t i c u l a r  f o r  t h o s e  a r i s i n g  f ro m  
n o n - u n i m o d u l a r  g r o u p s ,  p r o b le m s  su c h  a s  t h e  c o m m u ta t io n  t h e o ­
rem f o r  t e n s o r  p r o d u c t s  r e m a in e d  open  f o r  a l o n g  t i m e .  They 
w ere  n o t  s o l v e d  u n t i l  TÜMITA [84]  i n t r o d u c e d  t h e  c o n c e p t  o f  
a  l e f t  H i l b e r t  a l g e b r a .  ' -
§ 2 .  L e f t  H i l b e r t  A l g e b r a s
Ex.  2.1 L e t  u s  c o n s i d e r  ou r  example  1 , 4 .  We h a v e  a l r e a d y  
o b s e r v e d  t h a t ,  i f  G i s  n o t  u n i m o d u l a r ,  t h e n  p r o p e r t y  ( i v )  o f  
a l e f t  H i l b e r t  a l g e b r a  i s  n o t  s a t i s f i e d .  I n  f a c t  t h e  i n v o ­
l u t i o n  ( Which we now d e n o te  by  # )  i s  n o t  e v e n  c o n t i n u o u s .  
However ,  we o b s e r v e  t h a t ,  i f  we d e f i n e  :
f ^ ( x )  = f  ( x ' ‘) , t h e n
( f ^ f g )  = ( f , g ^) t b r  a l l  f , g e  J l(G)
Thus t h e  o p e r a t o r  f  \—  ^ f c o n s i d e r e d  a s  a l i n e a r
. o p e r a t o r  L ^ ( G ) —>L^ ( s e e §  1 ) ,  d e n s e l y  d e f i n e d  on (% ( G ) ,
h a s  a n  a d j o i n t  f  ) f ^  : L f ( G ) —» L f ( G ) ,  a g a i n  d e n s e l y
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d e f i n e d  on 6X(G). T h e r e f o r e  i t  i s  c l o s a h l e .  T h i s  s u g g e s t s  
t h a t  t h e . f o l l o w i n g  c o n c e p t  would  h e  a u s e f u l  g e n e r a l i s a t i o n  
o f  t h e  c o n c e p t  o f  a H i l b e r t  A l g e b r a  :
D e f i n i t i o n . A . ( TOMITA) L e f t  H i l b e r t  a l g e b r a { 0 ( 9 9  ( . , . ) )  
i s  a n  i n v o l u t i v e  a l g e b r a  w i t h  a n  i n n e r  p r o d u c t  s a t i s f y i n g  :
( i )  ( x y , z )  = ( y , x & )
( i i )  y >xy i s  c o n t i n u o u s  on (X  f o r  a l l  xs
( i i i )  is.  d e n se  i n  (0 (
( i v )  X > x"^ i s  c l o s a b l e ,  a s  a d e n s e l y  d e f i n e d
l i n e a r  map : <% =  ^3/.
Note  t h a t  we no more h a v e  a  symmetry b e t w e e n  l e f t  an d  r i g h t  
m u l t i p l i c a t i o n ,  a s  t h e  l a t t e r  i s  n o t  e v e n  c o n t i n u o u s .  As i n  
§ 1 ,  we may define 7 ^ ( ( K ) ,  b u t  n o t  R (  (%).  Thus we n e e d  t h e  
d u a l  c o n c e p t  o f  a right H i l b e r t  a l g e b r a  ( (TT, 6, ( . , . ) )  w h ic h  
s a t i s f i e s :
( i )  ( x y , z )  = ( x , z y b )
( i i )  y %—) y x  i s  c o n t i n u o u s  on (X f o r  a l l  xc
( i i i )  i s  d e n se  i n  (OC
( i v )  Xf—>x^ i s  c l o s a b l e .
F o r  a  r i g h t  H i l b e r t  a l g e b r a  we d e f i n e  X ( C X )  = [ p ( x )  :xo(X |
w here  p ( x ) y  = yx  i s  b o u n d e d .  O bserve  t h a t ,  i n  Ex.  2 . 1 ,
(6X(G),j^, ( „ , . ) )  i s  a l e f t  H i l b e r t  a l g e b r a ,  and  ((X(<^ ) > t , ( . , .  )) 
i s  a  r i g h t  H i l b e r t  a l g e b r a .
G u id e d  by  t h i s  d e f i n i t i o n ,  and  by  o u r  exam ple  1 . 1 ,  we 
s e e  t h a t  a n  a d e q u a t e  g e n e r a l i z a t i o n  o f  t h e  c o n c e p t  o f  a
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l e f t  H i l b e r t  a l g e b r a ,  i n  t h e  c a s e  o f  a b s e n c e  o f  c o n t i n u i t y  
p r o p e r t i e s ,  i s  t h e  f o l l o w i n g  :
D e f i n i t i o n .  A c l o s a b l e  p r o b a b i l i t y a l g e b r a  { ( Xf Af  ( . , . ) )  i s  
a u n i t a l  i n v o l u t i v e  a l g e b r a  w i t h  t h e  p r o p e r t i e s
( i )  ( x y , z )  =  ( y , x * z )
( i v )  X x ^  i s  c l o s a b l e .
Note  t h a t  ( i i i )  i s  t r i v i a l l y  s a t i s f i e d ,  due t o  t h e  e x i s t e n c e  
o f  a u n i t .  F u r t h e r m o r e ,  t h i s  a l l o w s  u s  t o  d e f i n e  a s t a t e
oj(x) = (1 , x )  (xeCX) 
on any c l o s a b l e  p r o b a b i l i t y  a l g e b r a .  C o n v e r s e l y ,  we may 
e q u i v a l e n t l y  d e f i n e  a p r o b a b i l i t y  a l g e b r a  ( ( ! ^ ,^ ,w )  ( t h a t  i s  
a  u n i t a l  i n v o l u t i v e  a l g e b r a  w i t h  a f a i t h f u l  s t a t e  oj on i t )  
to  b e  c l o s a b l e  i f f  t h e  i n v o l u t i o n  i n d u c e s  a c l o s a b l e  mapping 
i n  t h e  GNS H i l b e r t ,  s p a c e  a s s o c i a t e d  t o  oj ( s e e  GUDDER and 
HUDSON [ 2 2 ] ,  t o  whom t h i s  con cep t ,  i s  d u e ) .
We o b s e r v e  t h a t  t h e  c o n c e p t  o f  a c l o s a b l e  p r o b a b i l i t y  ' 
a l g e b r a  i s  more g e n e r a l  t h a n  t h a t  o f  a l e f t  H i l b e r t  a l g e b r a ,  
s i n c e  l e f t  . m u l t i p l i c a t i o n  i s  no l o n g e r  r e q u i r e d ,  t o  b e  con­
t i n u o u s ,  b u t  i t  i s  l e s s  g e n e r a l ,  i n  t h a t  t h e  a l g e b r a  i s .  a l ­
ways assum ed t o  c o n t a i n  a n  i d e n t i t y .  T h i s  a s s u m p t i o n  i s  a 
n e c e s s a r y  r e p l a c e m e n t  o f  p r o p e r t y  ( i i i )  i n  t h e  d e f i n i t i o n  o f  
a l e f t  H i l b e r t  a l g e b r a ,  s i n c e  c o n t i n u i t y  p r o p e r t i e s  a r e  no 
l o n g e r  p r e s e n t .
The v e r y  i n t e r e s t i n g  p ro b le m  now a r i s i n g  i s  w h e th e r  one 
c a n  e x t e n d  t h e  r e s u l t s  o f  T o m i t a - T a k e s a k i  t h e o r y  t o  a c l o s ­
a b l e  p r o b a b i l i t y  a l g e b r a  0 1 ,  GUDDER a n d  HUDSON ( [ 2 2 ] ,  § 5 )  
w e re  a b l e  t o  c o n s t r u c t  a  r i g h t  H i l b e r t  a l g e b r a  a s s o c i a t e d
7 8
t o  OX 9 a s su m in g  t h a t  th e  G-Iio r e p r e s e n t a t i o n  r/y o f  ( X  i s  
e s s e n t i a l l y  s e l f - a d j o i n t  i n  t h e  s e n s e  o f  POV/SRS [ 4 9 ] . ’ T h i s  
is_ a l r e a d y  q u i t e  a s t r o n g  r e s t r i c t i o n ,  and we s h a l l  see  l a t e r  
t h a t  t h e y  n e e d  t o  impose f u r t h e r  r e s t r i c t i o n s  i n  o r d e r  t o  g e t  
a co m m u ta t io n  t h e o r e m .  I n  C h a p t e r s  V and  V I ,  v/e w i l l  h e  
s t u d y i n g  a c l a s s  o f  ex am ple s  o f  c l o s a h l e  p r o b a b i l i t y  a l g e b r a s  
t o  w h ic h  T o m i t a - T a k e s a k i  t h e o r y  c a n  b e  e x t e n d e d .
Ex. 2 . 2  We now c o n s i d e r ,  a s  i n  exam ple  1 . 2 ,  a VN a l g e b r a  
i / ( ^  B(3cf) w i t h  a. no rm al  f a i t h f u l  • s t a t e  ou. We have  s e e n  i n  
C h a p t e r  I ,  § 1 . 4 ,  t h a t  we may as. w e l l  su p p o se  t h a t ,  cu i s  a v e c ­
t o r  s t a t e ,  i . e .  t h a t  h a s  a c y c l i c  and  s e p a r a t i n g  v e c t o r  ^
I f  v/e now l e t  Ot. = , we may g i v e  OX t h e  s t r u c t u r e  o f  a
l e f t  H i l b e r t  a l g e b r a  by l e t t i n g
(x%o)(y%o) = xy&o
( ( x % o ) , ( y % o ) ) ^ =  (%%o, y%oX^OL Id
C l e a r l y  Ot  s a t i s f i e s  ( i ) ,  ( i i )  and  ( i i i ) .  To p r o v e  ( i v ) ,
l e t  xe .ye c/C* • We h a v e  :
( ) ^  y^o ) — y ^ )  = (y x K>0 9 ) — (^ y ^o)
— (y K>o 9 )
* T h a t  i s ,  p r o v i d e d  t h a t  D (w u(x )» )  c  D ( ^ )  = t h e  domain o f  
t h e  c l o s u r e  o f  ( s e e  C h a p te r  I ,  § 1 . 4 ) ,  f o r  a l l  x e C f .
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Thus i s  c l o s a h l e ,  c o n t a i n i n g  t h e  d e n s e  s e t  (X! 
i n  t h e  dom ain  o f  i t s  a d j o i n t .  I n  f a c t , ,  one may show t h a t  
( (XS t  9 ( • / ) )  i s  a r i g h t  H i l b e r t  a l g e b r a  w i t h  t h e  p r o d u c t  
(%go)(y%o) = yx%o a n d  t h e  i n v o l u t i o n  (xEq)^ = x*%Q (xeJC)*  
M o re o v e r ,  and  t have  c l o s u r e s ,  d e n o t e d  by  S and  P r e s ­
p e c t i v e l y ,  w h ic h  a r e  a d j o i n t s  o f  e a c h  o t h e r .  F i n a l l y ,  we f i n d  
]R^(7C) = ( s e e  TAXESAKI [ 8 l ] ,  § 2 ) .  We b b -
s e r v e  t h a t  b o t h  (X  and QO h a v e  ^  a s  a u n i t .
L e t  u s  nov/ r e t u r n  t o  t h e  g e n e r a l  s i t u a t i o n  o f  a  l e f t  
H i l b e r t  a l g e b r a .  We d e n o t e  by  S • and  F t h e  c l o s u r e  and  
t h e  a d j o i n t ' o f  w i t h  dom ains  D ( s ) ,  D(F)< J / ,  r e s ­
p e c t i v e l y .  L e t  (X' b e  t h e  s e t  o f  ycD(F)  s u c h  t h a t  t h e  map­
p i n g
X I— ) w (x )y  (x sO l)
( i . e .  " r i g h t  m u l t i p l i c a t i o n  " by  y )  e x te n d s ,  t o  a b o u n d e d  
o p e r a t o r  on ]</,  d e n o t e d  by  p ( y ) .  We have  t h e
P r o p o s i t i o n  2 . 2  Equipped, w i t h  t h e  p r o d u c t  xy = p ( y ) x ,  
t h e  i n v o l u t i o n  x  ^ Fx ,  and  t h e  s c a l a r  p r o d u c t  o f  Jcf, (%* 
b ecom es  a r i g h t  H i l b e r t  a l g e b r a  w i t h  c o m p l e t i o n  Jc/,  an d  p 
i s  a £>- a n t i - r e p r e s e n t a t i o n  o f  (X on'Jcf,
(.TAXESAXI [ 8 0 ] ,  Lemmas 3 . 2 , . a . 3 J :
I f  one r e p e a t s  t h e  same p r o c e d u r e ,  one a r r i v e s  at, a  l e f t  
H i l b e r t  a l g e b r a  , c o n t a i n i n g  (X? w i t h  th e  i n v o l u t i o n  S.
One s a y s  t h a t  a l e f t  H i l b e r t  a l g e b r a  i s  f u l l  ( a c h e v é e ) i f f  
(X  = Each  l e f t  H i l b e r t  a l g e b r a  i s  c o n t a i n e d  i n  a m in im a l
f u l l  l e f t  H i l b e r t  a l g e b r a ,  nam ely  (%". One c a n  now show th e  
f o l l o w i n g  c o m m u ta t io n  t h e o r e m .
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Theorem 2 . 3 .
L e t  CTC he  a  l e f t  H i l b e r t  a l g e b r a ,  O V  t h e  a s s o c i a t e d  
r i g h t  H i l b e r t  a l g e b r a  ( s e e  a b o v e ) .  Then we h a v e  %  ( ( % ) '  =
= 2 l (C % ')
(TA1Œ8ÆI [ 8 0 ] ,  Thm. 3 . 1 . )
I n  p a r t i c u l a r ,  t h i s  showa t h a t  X .{O C ')  — =
= = %  ( 0 [ ) . Thus a n d  (%" g e n e r a t e  t h e  same
VN a l g e b r a  .
We o b s e r v e  t h a t ,  a l t h o u g h  t h i s  t h e o re m  i s  a n  i m p o r t a n t  
o n e ,  i t  i s  n o t  a s  c o m p l e t e  a s  t h e  c o r r e s p o n d i n g  th e o re m  f o r  
H i l b e r t  A l g e b r a s ,  s i n c e  two d i f f e r e n t ,  a l g e b r a s  i n t e r v e n e  i n  
i t s  s t a t e m e n t .  I n  p a r t i c u l a r ,  i t  d o e s  n o t  g i v e  u s  i n f o r ­
m a t i o n  on  t h e  r e l a t i o n  b e tw e e n  '^ ( C X )  an d  i t s  own commutant  , 
a n d  t h u s  d o e s  n o t  a l l o w  u s ,  f o r  e x a m p le ,  t o  p r o v e  t h e  com­
m u t a t i o n  th e o re m  f o r  t e n s o r  p r o d u c t s .
VJhat we n e e d  i s  a  c o m m u ta t io n  th eo re m  i n v o l v i n g  o n ly  OX 
( a n d  n o t  (X*) ,  w i t h  l e f t  and  r i g h t  m u l t i p l i c a t i o n s  by  e l e ­
m e n t s  of  CX. B u t  we h ave  s e e n  t h e s e  l a t t e r  a r e  n o t  c o n -   ^
t i n u o u s .  T h e r e  a r e  two s o l u t i o n s  o f  t h i s  p r o b le m  : One i s  
t o  l o o k  f b r  a n  a l g e b r a  OL i n s i d e  QL whose r i g h t  m u l t i p l i ­
c a t i o n s  a r e  a l s o  c o n t i n u o u s .  T h i s  was t h e  m ethod  o r i g i n a l l y  
u s e d  by  -TAILSAHI [ 8 o ] ,  and  i s  r a t h e r  i n v o l v e d  t e c h n i c a l l y  
( s e e  §3) .  The o t h e r  m ethod ,  due t o  RIENFLL and VAN DALLE 
[ 3 3 ] ,  i s  b a s e d  on t h e  f o l l o w i n g  o b s e r v a t i o n  : I f  01  i s  a
l e f t  H i l b e r t  a l g e b r a ,  we l e t  K b e  t h e  r e a l  c l o s e d  s u b s p a c e
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o f  3c( g e n e r a t e d  by [ x ^ x  : xe (X j . Then t h e  c o n d i t i o n  t h a t  
XI— ) x ^  b e  c l o s a b l e  t u r n s  o u t  t o  b e  e q u i v a l e n t  t o  KniK = [ c ] .  
T h i a  a l l o w s  t h e  d e v e lo p m e n t  o f  t h e  t h e o r y  w i t h o u t  any r e ­
f e r e n c e  t o  unbounded  o p e r a t o r s  su c h  a s  S and P,  o r  t h e  a l ­
g e b r a  0 1 ,  I  s h a l l  d e s c r i b e  t h e  o r i g i n a l  method  i n  more de­
t a i l ,  s i n c e  t h e  a l g e b r a  (7% h a p p e n s  t o  a r i s e  i n  a v e r y  n a t u r a l  
manner  i n  o u r  ex am p le s  ( c f . C h a p t e r  V).  1 would  l i k e  t o  ob­
s e r v e ,  h o w e v e r ,  t h a t  t h e  method o f  RIEPPLL and  VAN DALLE 
seem s t o  be  t h e  m ost  a p p r o p r i a t e  one t o  g e n e r a l i z e  t o  t h e  
c a s e  o f  c l o s a b l e  p r o b a b i l i t y  a l g e b r a s .  I  hope  t h a t  t h i s  
p r o b l e m  w i l l  be  i n v e s t i g a t e d  f u r t h e r .
R e t u r n i n g ,  f o r  a m i n u t e ,  t o  t h e  s u b j e c t  o f  c l o s a b l e  p r o ­
b a b i l i t y  a l g e b r a s ,  we have  s e e n  t h a t  GUDDER an d  HUDSON [22]  
w e re  a b l e  t o  c o n s t r u c t  u n d e r  c e r t a i n  c o n d i t i o n s ,  a r i g h t  
H i l b e r t  A l g e b r a  C K \  B u t  t h e y  h a v e  no way o f  a s s e r t i n g  t h a t  
t h i s  a l g e b r a  h a s  any  e l e m e n t s  a t  a l l .  However, i f  t h e y  
assum e t h a t  i s  a l s o  d e nse  i n  Jcf , t h e n  t h e y  a r e  a b l e  t o
p r o v e  t h e  a n a l o g u e  o f  Thm, 2 . 3 ,  n a m e ly ,  t h a t  )X( ) =
= Wg( (X )* ( c f .  C h a p t e r  I  § 1 . 4  f o r  t h e  d e f i n i t i o n  o f  t h e  
comm utan t  o f  a n  unbounded  r e p r e s e n t a t i o n ) .
I  would  l i k e  to  c l o s e  t h i s  s e c t i o n  w i t h  a r e s u l t  a n a l o ­
g o u s  t o  Thm. 1 . 2  and  i t s  c o n v e r s e .  F i r s t  we n e e d  a d é f i n i -  ■ 
t i o n :
De f i n i t i o n . L e t  <X{ be  a VN a l g e b r a .  A w e i g h t  ÿ on i s  a
map
^  Î  ^  [  0 ,  +  CO ]
w h ic h  i s  a d d i t i v e ,  i . e .
0 ( x  + y )  = ÿ ( x )  + ÿ ( y )  f o r  a l l  x ,  y s / /
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and p o s i t i v e  homogeneous i . e .
ÿ)(Àx) = X0(x) f o r  a l l  x c h > 0  
(w here  0(-koo)= 'Fcc)
L e t  7?^= I X€ / t :  # (x* x )< o o  j ,
Then  Kî^ i s  a  l e f t  i d e a l  and  }9^^a * - s u h a l g e h r a  o f X t ,  whose 
p o s i t i v e  p a r t  i s  t h e  s e t  [ x s / Ÿ , ÿ ( x ) < +  oo ] .  ^ e x t e n d s  t o
a  p l f  on
A. w e i g h t  ÿ) i s  s a i d  t o  h e
f a i t h f u l  i f f  ÿ ( x * x )  = 0 i m p l i e s  x=0 
s e m i f i n i t e  i f f  ( e q u i v a l e n t l y  yZ0  i s  uw d e n se  i n  iXL 
■ porm al  i f f  t h e r e  e x i s t s  a s e t  [ cus ! o f  n o r / n a l p p l f ’.s 
o n y t  su c h  t h a t  ÿ ( x )  = sup o js(x)  f o r  a l l  xs Ji. •
V/e s e e  t h a t  t h e  n o t i o n  o f  a w e i g h t  i s  a g e n e r a l i z a t i o n  
o f  t h e  n o t i o n  o f  a t r a c e ,  where  u n i t a r y  i n v a r i a n c e  i s  no 
l o n g e r  assum ed ,  ( c f .  C h a p te r  I ,  § 2 . 1 )
V/e t h e n  have  t h e  f o l l o w i n g  r e s u l t s 7 due t o  COMBES [ i l ] :
Theorem 2 . 4  • •
( i )  L e t  (X  be a f u l l  l e f t  H i l b e r t  a l g e b r a .  For  xe Z ( ( % ) ^
d e f i n e  ^  f ii?|P i f  x = w( ^ )*w (^)  f o r  some
I + CO o t h e r w i s e
t h e n  ÿ i s  a  n o r m a l  s e m i f i n i t e  f a i t h f u l  w e i g h t  on  %^( (X).
( i i )  L e t  b e  a  VN a l g e b r a ,  0 a n o r m a l  s e m i f i n i t e  
f a i t h f u l  w e i g h t  on  V/e e q u i p  w i t h  t h e  s c a l a r  p r o ­
d u c t  ( x , y )  = 6 ( x * y ) .  S in c e  Yl^ i s  a  l e f t  i d e a l  o f j i ,  t h e  
GNS r e p r e s e n t a t i o n  ( C h a p t e r  I ,  § 1 , 4 )  o f  i n d u c e d  by  (j) c a n
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be  e x t e n d e d  t o  a r e p r e s e n t a t i o n  o f  ,  g i v e n  by 
?r^ (x)y  = x y  ( x e y ^ ,  ye / f ^ ) .  E q u ip p in g  (X  = w i t h
t h e  p r o d u c t  a n d  i n v o l u t i o n  i n h e r i t e d  from  Xt  and  t h e  above
s c a l a r  p r o d u c t ,  QL becomes a f u l l  H i l b e r t  a l g e b r a  such  t h a t
% (  (X) = Moreover  t h e  w e i g h t  d e f i n e d  on X^XX) sis
i n  ( i )  ( t r a n s p o r t e d  t o  X (  v i a  77u ) c o i n c i d e s  w i t h  <p.
J u s t  a s  Thm. 1 .2  a n d  i t s  c o n v e r s e  e n s u r e d  t h a t  2T ( ( X ) , 
f o r  Q t  a  H i l b e r t  a l g e b r a ,  e x h a u s t e d ,  up t o  ^ - i s o m o r p h i s m ,  
a l l  s e m i f i n i t e  VN a l g e b r a s ,  Thm. 2 . 4  shows t h a t  %^((%) ,  w i t h  
QZ a l e f t  H i l b e r t  a l g e b r a ,  e x h a u s t s  a l l  ( a r b i t r a r y )  VN a l ­
g e b r a s  (up t o  ^ - i s o m o r p h i s m ) .  T h i s  i s  b e c a u s e  any  VN a l g e b r a  
c a n  b e  e q u ip p e d  w i t h  a f a i t h f u l  n o r m a l  s e m i f i n i t e  w e i g h t .
T h i s  a l s o  f o l l o w s  f rom  t h e  f o l l o w i n g  r e s u l t :
Theorem  2 .3
An a r b i t r a r y  VN a l g e b r a  i s  i s o m o r p h i c ,  as. a VN a l g e b r a ,  
t o  t h e  l e f t  VN a l g e b r a  o f  a f u l l  l e f t  H i l b e r t  a l g e b r a .  
(TAHE8AHI [ 8 0 ] ,  Thm. 1 2 .2 )
V, M odula r  H i l b e r t  A l g e b r a s ,
V/e h a v e  s e e n  i n  t h e  p r e v i o u s  s e c t i o n  t h a t  Thm. 2 . 3  i s  
n o t  a n  a d e q u a te  c o m m u ta t io n  th e o re m ;  what  i s  n e e d e d  i s  a 
t h e o r e m  i n v o l v i n g  l e f t  and r i g h t  m u l t i p l i c a t i o n s  by  e lem en t :  
o f  OL i t s e l f .  Hence we a r e  l o o k i n g  f o r  a s u b s e t  o f  QC f o r  
w h ic h  r i g h t  m u l t i p l i c a t i o n s  a r e  a l s o  c o n t i n u o u s .
F o r  example  2 , 1 . ,  0 ( { g ) i t s e l f  w i l l  do,  s i n c e  r i g h t  
m u l t i p l i c a t i o n s  a r e  i n  f a c t  c o n t i n u o u s .  T h i s  i s  b e c a u s e  
QCLg ) i s  b o t h  a r i g h t  and a l e f t  H i l b e r t  a l g e b r a ,  a f a c t  
e s s e n t i a l l y  d u e ' t o  t h e  e x i s t e n c e  o f  t h e  m o du la r  f u n c t i o n  
X !—>A(x) . .  B u t  t n i s  i s  j u s t  a n  a c c i d e n t ,  an d  i s  c e r t a i n l y
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n o t  t h e  c a s e  f o r  example  2 . 2 .
I n  t h e  g e n e r a l  c a s e ,  v/e h a v e  c o n s t r u c t e d  two l i n e a r  maps 
S' : 3df—^>3/ 9 P — 3)Ï / , a d j o i n t s  o f  e a c h  o t h e r .  V / r i t i n g  
A =z FS, one e a s i l y  s e e s  t h a t  A i s  a p o s i t i v e  s e l f  a d j o i n t  
n o n - s i n g u l a r  o p e r a t o r  3 / — % 3/". M oreov er ,  t h e  p o l a r  decom-
.1 j_
p o s i t i o n  S = j | f s | “ = JA^ f u r n i s h e s  us  w i t h  a p a r t i a l  i s o -  
m e t r y  J  ; 3 / — ^ ï f  w h ich  one e a s i l y  p r o v e s  t o  b e  a n  i s o m e t r y  
o n t o ,  s u c h  t h a t  J ^ =  1. The o p e r a t o r  A , c a l l e d  t h e  m odu la r  
o p e r a t o r  p l a y s  a f u n d a m e n ta l  r o l e  i n  t h e  t h e o r y .  One c o u l d • 
say  t h a t  A a r i s e s  f rom t h e  d i f f e r e n c e  b e tw e e n  ( x , x )  and  
(x '^ ,x ^ )  (w h ic h  i s  z e r o  i n  t h e  c a s e  o f  a H i l b e r t  a l g e b r a ,  
w h e re  S = J  and  A = 1 . )  I n  f a c t ,  we h a v e
= (SX ,8x)  = (FSx , x ) = (Ax , x )
L e t  u s  i l l u s t r a t e  t h i s  w i t h  t h e  c a s e  o f  exam ple  2 . 1 .
We s e e  t h a t  ( A f ) ( x )  = ( F S f ) ( x )  = ( F g ) ( x )  = g ( x “ ~^)
where  g ( x )  = ( S f ) ( x )  = A ( x " ^ ) f ( x ”^ ) ‘
y .  ( A f ) ( x )  = A ( x ) f ( x )
M o re o v e r ,  one c h e c k s  t h a t  e l e m e n t s  of 6 ^ ( g )  form a d e n s e  
s e t  o f  a n a l y t i c  v e c t o r s  f o r  A, and  h e n c e  we may d e f i n e ,  f o r  
each. zeC and  fsCK{G)
A ( z ) f  = A^fe (X(g )
Thus we h a v e  d e f i n e d  a g r o u p ,  c a l l e d  t h e  modu l a r  a u t o ­
morphism  g r o u p ,  o f  au to m o rp h ism s  o f  C3(g ) w h ich  has. t h e  
f o l l o w i n g  p r o p e r t i e s  :
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(v )  ( A ( z ) f  A ( - z ) f ' ^  ZEC, f€  OC{g )
( v i )  (A(z)f,g) = (f,A(z)g) ZEC, f,gE CX(G)
( v i l )  ( A ( l ) f , g )  =
( v i i i )  z i — > ( f  ,A (^ )g )  i s  e n t i r e  f o r  a l l  f ,gE<ÿ((G)
( i x )  Û it  = [ (1 + A ( t ) ) f  : feCJiC(G)î i s  d e n s e  i n  (7t(G)
f o r  a l l  telR
T hese  o b s e r v a t i o n s  h e l p  t o  m o t i v a t e  t h e  f o l l o w i n g  d e f i n i t i o n ;
D e f i n i t i o n .  A M odula r  H i l b e r t  A l g e b r a  i s  a l e f t  H i l b e r t  
A l g e b r a  ( ( ^ ,  ^ , ( . , . ) )  e q u ip p e d  w i t h  a one p a r a m e t e r  complex  
a u to m o rp h is m  g ro u p  } a (z ) : ze.C ] s a t i s f y i n g  p r o p e r t i e s  
( v )  -  ( i x )  a b o v e ,
V'/e n o t e  t h a t  p r o p e r t y  ( i v )  o f  t h e  d e f i n i t i o n  o f  a l e f t  
H i l b e r t  a l g e b r a  i s  now r e d u n d a n t ,  b e c a u s e  i t  f o l l o w s  from 
( v i i )  t h a t  f  > f ^  h a s  a n  a d j o i n t  f»^A(.1 ) f ”f  w i t h  d e n s e  d o ­
m ain  (X* One c a n  show t h a t ,  d e f i n i n g  A = PS a s  a b o v e ,
TQz) = (z e C) ( t h e  b a r  d e n o t i n g  c l o s u r e ) .  The p o l a r
d e c o m p o s i t i o n  o f  S ( s e e  above)  g i v e s  a u n i t a r y  i n v o l u t i o n  
J : w h ic h  m o r e o v e r ,  due t o  p r o p e r t y  ( v i i ) ,  l e a v e s  (X
i n v a r i a n t . T h i s  e n s u r e s ,  a s  i n  t h e  c a s e  cf H i l b e r t  a l g e b r a s ,  
t h a t  r i g h t  m u l t i p l i c a t i o n  is .  a l s o  c o n t i n u o u s .  Thus t h e  r i g h t  
H i l b e r t  a l g e b r a  (JQ d e f i n e d  i n  § 2 .  now c o n t a i n s  (%. One i s  
t h e r e f o r e  a b l e  t o  p r o v e ,  w i t h o u t  much d i f f i c u l t y ,  t h e  f o l ­
l o w i n g .
Theorem 3 . 1 .
Comm u t a t i c n  th e o re m  f o r  m odu la r  H i l b e r t  A l g e b r a s .
Let (.,.), [a(z) 0  be a modular Hilbert algebra.
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Y/e h a v e  :
( t o g e t h e r  w i t h  t h e i r  d u a l  r e l a t i o n s  of  c o u r s e )
(TAKLSAKI [ 8 0 ] ,  Thm. 4 . 1 )
Nowadays, m o d u la r  H i l b e r t  A l g e b r a s  a r e  a  b i t  o u t  o f  f a s h i o n ,  
T h i s  i s  due  t o  t h e  f a c t  t h a t  t h e y  a r e  g e n e r a l l y  a c c e p t e d  t o  b e  
u n n e c e s s a r y  f o r  t h e  d e v e lo p m e n t  o f  t h e  t h e c r y o f  l e f t  H i l b e r t  
a l g e b r a s ,  a s  s i m p l e r  m ethods  h a v e  b e e n  d i s c o v e r e d ,  ( s e e  [55]  
an d  [ 8 6 ] ) .  I t  d o e s  n o t  seem p o s s i b l e  t o  a p p l y  t h e s e  newer 
m e th o d s  i n  a n a t u r a l  way, t o  t h i s  p a r t i c u l a r  p r o b l e m ,  a s  t h e y  
r e l y  h e a v i l y  on t h e  f a c t  t h a t  t h e  r e p r e s e n t a t i o n s  tt and  p a r e  
b o u n d e d .  I t  must  b e  e m p h a s i z e d ,  h o w e v e r ,  t h a t  f o r  t h e  g e n e r a l  
c a s e  o f  a c l o s a b l e  p r o b a b i l i t y  a l g e b r a  ( c f .  § 2) t h e s e  new 
m e th o d s ,  e s p e c i a l l y  t h o s e  o f  [ 5 5 ] ,  seem t o  be  p r e c i s e l y  t h e  
o n e s  one s h o u l d  t r y  t o  g e n e r a l i z e .
The r e a l  im p o r t a n c e  o f  m odu la r  H i l b e r t  a l g e b r a s  l i e s  i n  
t h e  f a c t  t h a t  e v e r y  l e f t  H i l b e r t  a l g e b r a  h a s  one o f  them c o n ­
v e n i e n t l y  p l a c e d  i n s i d e  i t .  T h i s  i s  t h e  m os t  d i f f i c u l t  p a r t  
o f  TOMITA*s work, ( s e e  [ 8 o ] , §  5 -  1 0 ) .  We f o r m u l a t e  t h i s  a s  
a  t h e o r e m .
Theorem 5 *2 .  ( Tte F u n d a m en ta l  Theorem o f  TOMITA)
F o r  e v e r y  l e f t  H i l b e r t  a l g e b r a  Qly  t h e r e  e x i s t s  a d e n s e  
i n v o l u t i v e  s u b a l g e b r a  (B Ç: O l  9 and a m o d u la r  au to m o rp h ism  
g ro u p  [ A(z) : zeG j o f  &  making (Q i n t o  a  m od u la r  H i l b e r t  
a l g e b r a  s u c h  t h a t  S"  = ( s e e  § 2 )
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I n  p a r t i c u l a r ,  t h e r e f o r e ,  % (  (B) = X i O i )
(TnlŒSiUil [ 8 0 ] ,  Thm. 1 0 . 1 )
Combining t h i s  w i t h  Thm. 3 . 1 ,  we t h e r e f o r e  g e t  ;
Theorem 3*5
Fo r  e a c h  l e f t .  H i l b e r t  a l g e b r a  0 1 9 t h e r e  e x i s t s  a n  a n t i -  
u n i t a r y  i n v o l u t i o n  J  o f  Q l ,  suchi  t h a t
= : ( ( # ) '
an d  J  X J  = X* f o r  a l l  xe )n  X (  *
We now d e f i n e  :
De f i n i t i o n  A VÎT a l g e b r a v ^ s  6 3 ( 3 / )  i s  s a i d  t o  b e  
s t a n d a r d  i n  t h e  s e n s e  o f  T a k e s a k i  [81 ] i f f  t h e r e  e x i s t s ,  a n  
a n t i u n i t a r y  i n v o l u t i o n  J  o f  %[  s u c h  t h a t
and  J  X J  =- x'^ f o r  a l l  xey^n  J X  .
(Compare t h e  d e f i n i t i o n  o f  s t a n d a r d  i n  t h e  s e n s e  o f  
D i x m ie r  i n  § 1 )
S i n c e  e v e r y  VN a l g e b r a  i s  i s o m o r p h ic  t o  a n  7Zf((X)
( § 2 ,  Thm. 2 . 3 ) ,  Thm. 3 . 3  now g i v e s  u s  t h e  :
Theorem 3 . 4
E v e ry  VN a l g e b r a  yY h a s  a  f a i t h f u l  s t a n d a r d  r e p r e s e n ­
t a t i o n  i n  t h e  s e n s e  o f  T a k e s a k i  ( t h a t  i s ,  a f a i t h f u l  r e ­
p r e s e n t a t i o n  7T su c h  t h a t  rr(Xl)  i s  s t a n d a r d  i n  th e  abov e  
s e n s e ) .
We . s k e t c h  t h e  1 c o n s t r u c t i o n  o f  • t h e  a l g e b r a  @ 
i n  Thm. 3 . 2 ;  We h av e  s e e n  how t o  c o n s t r u c t  t h e  m o du la r  
o p e r a t o r  A, w h ic h  i s  a . p o s i t i v e  s e l f - a d j o i n t  n o n - s i n g u l a r
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o p e r a t o r .  Thus A h a s  a  l o g a r i t h m .  One now d e f i n e s  î8  t o  h e  
t h e  - - - s u b - a l g e b r a  o f  ÛI g e n e r a t e d  by. e l e m e n t s  o f  t h e
fo rm  f ( l o g  A)x ,  w i t h  xs (X  and  f e  ( ( 0 , +  oo)) = • d i f ­
f e r e n t i a b l e  f u n c t i o n s  o f  com pact  s u p p o r t  c o n t a i n e d  i n  ( 0 , + o o ) .  
I t  i s  a h i g h l y  n o n - t r i v i a l  p r o b le m ,  o f  c o u r s e ,  t o  v e r i f y  t h a t  
Q  h a s  t h e  r e q u i r e d  p r o p e r t i e s .
§ 4 .  The m o d u la r  a u to m o r p h is m s  a n d  t h e  KMS c o n d i t i o n .
§ 4 . 1 .  The i m p o r t a n c e  o f  T o m i t a - T a k e s a k i  t h e o r y  came f rom  t h e  
r e a l i z a t i o n ,  due t o  T a k e s a k i  [8 o ] ,  t h a t  t h e  m o d u la r  a u t o ­
m orphism  g ro u p  d e f i n e d  f o r  a  m od u la r  H i l b e r t  a l g e b r a  s a t i s ­
f i e d  t h e  K M S -c o n d i t io n  o f  Quantum S t a t i s t i c a l  M e ch a n ic s ,  
f i r s t  f o r m u l a t e d  i n  t h e  a l g e b r a i c  f ram ew ork  by  HiVAG,
HUOSIÏIOLTZ and. y/DmiMC [ 2 6 ] .  T h i s  h a s  h ad  t r e ia e n d o u a  
p l i c a t i o n s  f o r  t h e  d e v e lo p m e n t  o f  b o t h  Quantum S t a t i s t i c a l  
M e c h a n ic s  ( s e e  C h a p te r  IV) a n d  T o m i t a - T a k e s a k i  t h e o r y  i t s e l f .  
We f o r m u l a t e  t h i s  o b s e r v a t i o n  i n  t h e  form o f  two p r o p o s i t i o n s :
P r o p o s i t i o n  4 * 1 . L e t  b e  a l e f t  H i l b e r t  a l g e b r a .  As i n  
Thm. 3 . 2  c o n s t r u c t  t h e  m o d u la r  au tom orph ism  g ro u p  | A ( a ) :  eCj,  
T hen  [ A ( i t )  : t cR  j ( s e e  § 3 )  e x t e n d s  to  a  u n i t a r y  g ro u p  on 
7 / =  OZ 9 w h ich  l e a v e s  ÇK i n v a r i a n t , and  a c t s  a s  a n  au to m o r­
p h ism  g ro up  o f  01»  M oreo v er ,  f o r  a l l  ÛC
( 4 . 1 )  w(A^^h) = A*^ - 7^rX^ ).Ar*'  ^ (te(R)
Thus [ A^ l" : tG(R ] i n d u c e s  a o n e - p a r a m e t e r  a u to m orp h ism  
g r o u p  [.o'tj. o f  t h e  l e f t  VN a l g e b r a  % ( ^  ) .
(TA1CESÂHI [ 8 0 ] ,  C or .  9.1 )
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T h e orem 4 . 2
L e t  A -  b e  a VN a l g e b r a ,  ÿ a  f a i t h f u l  n o rm a l  s e m i f i n i t e  
v / e ig h t  on c/i( ( s e e  § 2)  • W ith  t h e  n o t a t i o n s  o f  Thm. 2 , 4  ( i i ) ,  
t h e  m o d u la r  au to m o rp h ism  g ro up  [ A ( i t )  ; teR  \ o f  Ol i n ­
d u c e s  a  s t r o n g l y  c o n t i n u o u s  o n e - p a r a m e t e r  au to m o rph ism  g ro u p  
Ot, o f  X t  su ch  t h a t
( 4 . 2 )  ( o t ( x ) )  =AhVç^(x)A'^'^ ( t e R ,  x e A )
The w e i g h t  ^ i s  a KMS w e i g h t  w i t h  r e s p e c t ,  t o  Ot. , i n  
t h e  f o l l o w i n g  s e n s e  :
( i )  O i M e l / n ^  i f f  X£ and
( 4 . 3 )  ÿ ( o t ( % ) )  = ÿ ( x )
( i i )  f o r  a l l  x , y e  = Y]^r\Y\^, t h e r e  e x i s t s  a  
f u n c t i o n  F ,  d e f i n e d ,  b o u n d e d  and  c o n t i n u o u s  on t h e  s t r i p  
[ zsC : 0 ^ ' . I n z  ^ 1 ] and  a n a l y t i c  i n  t h e  i n t e r i o r ,  such  t h a t
( 4 . 4 )  F ,( t )  = 0 ( o d ( x ) y ) ,  F ( t  4-  i ) = 9>(yO|^(x)) teiR
M o re o v e r ,  i s  t h e  o n ly  s t r o n g l y  c o n t i n u o u s  o n e -
p a r a m e t e r  au tom o rp h ism  g ro u p  o f  J i  s a t i s f y i n g  ( 4 . 3 )  a n d  ( 4 . 4 )
F i n a l l y ,  ÿ i s  a t r a c e  ( i . e .  i s  u n i t a r i l y  i n v a r i a n t )  i f f  
O t (x )  = X f o r  a l l  xc (w h ich  i m p l i e s  t h a t  A = 1 ,  F = S =
= J  and  (71 is a  H i l b e r t  a l g e b r a ) .
(COMBES [ i1  ] ,  § 4 )
I t  i s  i n t e r e s t i n g  t o  o b s e r v e  t h a t  when one i s  g i v e n  t h e  
m od u la r  a u to m o rp h is m  g ro up  Ot, o f  X i  c o r r e s p o n d i n g  t o  a no rm al  
f a i t h f u l  s e m i f i n i t e  w e i g h t  ÿ ,  t h e n  i t  i s  e a s y  t o  c o n s t r u c t  a
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m axim al  m o d u la r  H i l b e r t  a l g e b r a  Q l  i n s i d e  t h e  l e f t  H i l b e r t  
a l g e b r a  (A-Yhjf \Y l: ‘^  ( s e e  Thm. 2 . 4 ( i i ) ) .  One c o n s i d e r s  t h e  
a l g e b r a  o f  a n a l y t i c  e l e m e n t s  o t  Xt , namely  t h o s e  xe Xi. 
f o r  w h ich  tv~^O t , (x )  e x t e n d s  to a ( n e c e s s a r i l y  u n i q u e )  e n ­
t i r e  y Y - v a l u e d  f u n c t i o n  z \.—»o%(x).
Fo r  e a c h  xe and s> 0 ,  d e f i n e  x^ by t h e  B o c h n e r
i n t e g r a l
%s = ( s / w ) 2 f ( e x p ( - s t 2 ) ) o i ( x ) d t  
fR
Then x  c a n d  i n  f a c t
o ^ ( x s )  =  ( s / 7 r ) ^ r ( e x p ( - s ( t - z ) = 2 ) ) o t  ( x ) d t
la
B u t  a s  s —>oo, X g —->x u l t r a w e a k l y .  Thus i s  uw d e n s e  i n u ^ .
I f  one now l e t s  CK* -  one s e e s  t h a t  Û I , e q u i p ­
p e d  w i t h  t h e  l e f t  H i l b e r t  a l g e b r a  s t r u c t u r e  o f  ( ? f ( s e e  Thm. 
2 . 4 ( i i ) )  and t h e  a u to m o rp h ism  g ro up  \ : zeC ] i s  a  modu­
la r .  H i l b e r t  a l g e b r a ,  c o n t a i n i n g  any o t h e r  m od u la r  H i l b e r t  
a l g e b r a  S  çOÏ,  an d  'X.iOD  = = J i .
(PSDiiSSæiîT an d  TAivKSAlCI [ 4 8 ] ,  § 3 )
§ 4 . 2  To f u r t h e r  j u s t i f y  t h e  c l a i m  t h a t  T o m i t a - T a k e s a k i  t h e o r y  
i s  a Non-Gommutat ive  I n t e g r a t i o n  t h e o r y ,  I  s h a l l  g i v e  a b r i e f  
a c c o u n t  o f  t h e  Radon-Nikodym th eo re m  f o r  a r b i t r a r y  VH a l g e b r a s .
We h a v e  s e e n  ( C h a p t e r  I ,  Thm. 2 . 3 )  t h a t  f o r  a  s e m i f i n i t e  
VN a l g e b r a  XL  e q u ip p e d  w i t h  a ( f a i t h f u l ,  n o r m a l ,  s e m i f i n i t e )  
. t r a c e  r ,  e a c h  cue h a s  a "Radon-Nikodym d e r i v a t i v e "  w i t h  
r e s p e c t  t o  t ; nam e ly ,  we c o n s t r u c t e d  a u n i q u e  heL-L(y^,T)
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such that
(4.6) w(x) = r(hx) fbr all x s J i .
In cases where unitary invariance is absent, one cannot 
hope for a similar theorem to hold for any two weights o n j t ,  
However, one does have a positive result, if the weights in 
question are required to commute, in a sense to he made pre­
cise below.
First we define the centraliser X i f  o f  a faithful normal
s e m i f i n i t e  w e i g h t  w i t h  m o d u la r  a u to m orph ism  g ro u p  S Ot, ] 
t o  b e  t h e  s e t  o f  f i x e d  p o i n t s  o f  o ,  i . e .
( 4 . 7 )  \ h & y ^  : O i ( h )  = h ,  tcR  ]
T h i s  d e f i n i t i o n  i s  j u s t i f i e d  by  th e  
I.emma 4 . 3  he uH. i f f  c}Tl^  and
0 ( x h )  = ÿ( l ix)  f o r  e a c h  x e W ^ ( s e e  § 2 ) ,
(PEDERSEN an d  TAKESAKI [4 8 ]  Thm. 3 . 6 )
Now we say  t h a t  a  n o rm a l  s e m i f i n i t e  w e ig h t ,  ij/ c ommutes 
w i t h  (p i n  c a s e  f  i s  o - i n v a r i a n t  i n  t h e  s e n s e  o f  eqn .  ( 4 . 3 ) .
T h is  d e f i n i t i o n  i s  j u s t i f i e d  by  o b s e r v i n g  t h a t ,  i n  c a s e  
X t  i s  s e m i f i n i t e  w i t h  a  ( f a i t h f u l  n o rm a l  s e m i f i n i t e )  t r a c e  r  
on J i ,  a n d  a r e  s t a t e s ,  v/e may w r i t e  :
ÿ ( x )  =  r ( h x ) ,  ÿ ( x )  = r ( k x )  (xey%)
where  h , k e l i  (y^f ,T )  a r e  t h e  Radon-Nikodym d e r i v a t i v e s  o f  
0 ( r e s p e c t i v e l y  w i t h  r e s p e c t  t o  r .  The m o d u la r  a u t o ­
morphism g r o u p s  a r e  g i v e n  by
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o^(x)  ~ ( x e y / ,  teQ)
s i n c e  o ^ ( r e s p e c t i v e l y  o^ )  s a t i s f i e s  t h e  KMS c o n d i t i o n  w i t h  
r e s p e c t  to  p ( r e s p e c t i v e l y  ÿ/) (Thm* 4 . 2 ) .  V/e se e  t h a t  p 
comm utes  w i t h  i n  t h e  above  s e n s e  p r e c i s e l y  when ( t h e  s p e c ­
t r a l  p r o j e c t i o n s  o f )  h  commute w i t h  ( t h o s e  o f )  k .
Theorem 4 . 4  ( Radon-Nikodym)
L e t  'k.'qjO ( s e e  C h a p te r  I ,  g 2 . 3 . 2 )  be  a p o s i t i v e  s e l f -  
a d j o i n t  o p e r a t o r .  D e f in e
( 4 . 8 )  ÿk (x )  : = 95(k^x k ^ )  (xe/^^)
Then i s  a no rm al  s e m i f i n i t e  w e i g h t  on , commuting
w i t h
C o n v e r s e l y ,  i f  ÿ  i s  a  n o r m a l  s e m i f i n i t e  w e i g h t  on 
commuting w i t h  ÿ ,  t h e n  t h e r e  e x i s t s  a u n iq u e  p o s i t i v e  s e l f -  
a d j o i n t  o p e r a t o r  k n / 6  ( t h e  Radon Nikodym d e r i v a t i v e  o f  U 
w i t h  r e s p e c t  to  p)  s u c h  t h a t  ÿ  = . M oreover ,  i f  ÿ  i s
ilff a i t h f u l ,  t h e  m o d u la r  au to m o rp h ism  group,  o f  pr i s  g i v e n  
by
G ^ x )  = k L t o i ( x ) k t t  (xcyY, t e l l )
(PEDERSEN and T^IKLSÆII [ 4 8 ] ,  Theorems 4 . 6  a n d  5 . 1 2 )
To j u s t i f y  t h e  n e e d  f o r  t h e  e x t r a  a s s u m p t i o n  t h a t  pr 
s h o u l d  commute w i t h  p^ c o n s i d e r  t h e  c a s e  where  ÿ i s  a.
( n o r m a l ,  f a i t h f u l ,  s e m i f i n i t e )  t r a c e  on (w h ich  i s  a lw ay s  
t r u e  i f  t A  i s  a b e l i a n ) .  Then s i n c e  i s  t r i v i a l
(Thm. 4 . 2 ) .  Thus any (no rm al  s e m i f i n i t e )  w e i g h t  pr on J t
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commutes w i t h  ÿ). I n  p a r t i c u l a r ,  i f  x/s a p l f ,  v/e r e ­
c o v e r  Tîim.I .2.3, s i n c e  o ( k )  = ÿ ( l )  <00 (by  ( 4 . 8 )  w i t h  x=1 ) 
i m p l i e s  t h a t  k c l ^  ( A  » p) *
J u s t  a s  we c o u l d  c h a r a c t e r i z e ,  i n  Thm. 4 . 2 ,  a l l  ( s t r o n g l y  
c o n t i n u o u s )  au to m o rp h ism  g r o u p s  w i t h  r e s p e c t  to w h ich  a g i v e n  
( n o r m a l ,  f a i t h f u l ,  s e m i f i n i t e )  w e i g h t  p s a t i s f i e s  th e  ÎJ.I3 
c o n d i t i o n  ( t h e r e  i s  e x a c t l y  o n e ,  namely  I )  so  we c a n
c h a r a c t e r i z e  a l l  n o rm al  s e m i f i n i t e  w e i g h t s  t h a t  s a t i s f y  t h e  
KMS c o n d i t i o n  w i t h  r e s p e c t  t o  a g i v e n  ( s t r o n g l y  c o n t i n u o u s )  
au to m o rp h ism  g r o u p  o f  X i  • T h e r e  may e x i s t  no n e !  (PEDERSEN 
a n d  TAKESAKI [48 ]  Cor ,  7 . 5 ) .  I f ,  h o w e v e r ,  t h e r e  e x i s t s  o n e ,  
t h e n  we know, a l l  t h e  o t h e r s  ;
P r o p o s i t i on 4 . 5  Let p be  a faithful normal semifinite weight 
on X i  9 lot] the c o r r e s p o n d i n g  m o d u la r  au to m orph ism  group.
I f  ÿ  i s  a n o r m a l  s e m i f i n i t e  w e i g h t  on Xi. s a t i s f y i n g  t h e  KMS 
c o n d i t i o n  ( ( 4 . 3 )  and ( 4 o 4 ) )  w i t h  r e s p e c t  t o  i ] ,  t h e n  . ÿ  =
= ÿk w i t h  a  u n iq ue  ynr}Jic\XC• C o n v e r s e l y ,  i f  k p y K n / l*  i s  
p o s i t i v e  and  s e l f - a d j o i n t ,  t h e n  s a t i s f i e s  t h e  KMS con­
d i t i o n  w i t h  r e s p e c t  t o
(PEDERSEN and  TAKESAKI [ 4 8 ] ,  Cor ,  4 . 7  and  Thm. 5 . 4 )
Suppose  t h a t  i s  s e m i f i n i t e ,  and p i s  a  ( f a i t h f u l  
n o rm a l  s e m i f i n i t e )  t r a c e  on A *  Each  n o rm a l  s e m i f i n i t e  w e i g h t  
xjr on X L  i s  t h e n  a * and  o ^ x )  = by  Thm. 4 . 4
s i n c e  i s  t r i v i a l .  S in c e  IltjX X  -  A »  YP^eXii  an d  i s
u n i t a r y ,  so t h a t  i s  i n n e r .  C o n v e r s e l y ,  i f .  t h e  m o d u la r
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a u to m o rp h ism  g ro u p  0 \ f  o f  a f a i t h f u l  no rm al  s e m i f i n i t e  w e ig h t  
pf on  X i  i s  i n n e r ,  say  o ^ {x )  = t h e n  k  i s  p o s i t i v e
and  s e l f - a d j o i n t  and n o n - s i n g u l a r  by  S t o n e ' s  t h e o r e m ,  and  
k^^E X t  i m p l i e s  t h a t  kT/y^. By Thm. 4 . 4 ,  v/e now se e  t h a t  
p = pf\^ \ , i s  a  n o r m a l  f a i t h f u l  ( s i n c e  k‘  ^ i s  n o n - s i n g u l a r )  
s e m i f i n i t e  w e i g h t  on A • M o re o v e r ,  we h ave  :
o^(x) = (k“  ^ )^  ^Otf(x) (k'^ 7*^  ^= X
f o r  a l l  x e J i f  so  t h a t ,  by  Thm. 4 . 2 ,  pr i s  a. t r a c e ,  a n d  h e n c e  
iXL i s  s e m i f i n i t e .  Thus we h a v e  shown t h e
Theorem 4 . 6
A VN' a l g e b r a  Xi.  i s  s e m i f i n i t e  i f f  t h e  m o d u la r  a u tom o rp h ism  
group, o f  any  n o rm a l  s e m i f i n i t e  f a i t h f u l  w e i g h t  on Xi i s  
i n n e r .
T h i s  t h e o r e m ,  w i t h  " s t a t e "  r e p l a c i n g  " w e i g h t "  ( t h u s  a p p ­
l i c a b l e  o n ly  t o  VN a l g e b r a s  t h a t  p o s s e s s  f a i t h f u l  n o rm a l  
s t a t e s )  i s  due  t o  TAKESAKI ( [ 8 o ] ,  Thm, 1 4 . 2 )  w here  t h e  p r o o f  
t a k e s  a b o u t  t e n  p a g e s .  The above  p r o o f  i s  due t o  - PEDERSEN" 
a n d  TAKESAKI ( [ 4 8 ] ,  Thm. 7 . 4 ) .
§ 4 . 3  Fo r  a p p l i c a t i o n s  t o  M a t h e m a t i c a l  P h y s i c s ,  ( s e e  C h a p te r  IV) 
one  o f t e n  n e e d s  to  c o n s i d e r  a s t a t e  oo o f  a C-^—a l g e b r a  CJI 
s a t i s f y i n g  th e  KMS c o n d i t i o n  w i t h  r e s p e c t  t o  a g i v e n  a u t o ­
m orphism g ro u p  { o t ï  o f  OX . One t h e n  h a s  :
Theorem 4 . 7
I n  t h e  s i t u a t i o n  a b o v e ,  t h e  l e f t  k e r n e l  S xe  67Î : w(x*x)  = 
=0 J o f  OJ i s  a t w o - s i d e d  * - i d e a l  o f  (Jl^ and c o i n c i d e s  w i t h
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*t h e  k e r n e l  o f  t h e  GNS r e p r e s e n t a t i o n  . I f  i s  t h e
c o r r e s p o n d i n g  c y c l i c  v e c t o r ,  t h e n  i t  i s  c y c l i c  and s e p a r a t i n g  
f o r  t h e  VN a l g e b r a  X i  =
M o re o v e r ,  o^ , i s  t h e  m o d u la r  au to m o rp h ism  g rou p  c o r r e s ­
p o n d in g  t o  CÜ, i n  t h e  s e n s e  t h a t
m b ( o t ( x ) )  a’^ ^7Tu ( x )A"‘'^ (X£ d r ,  t e a ) .
T h i s  c o m p l e t e s  our  d i s c u s s i o n  o f  th e  m ost  b a s i c  f e a t u r e s  
o f  TOMITA-TAICESAKI t h e o r y .  I  hope t h a t  I  have  i n d i c a t e d  t h e  
d i r e c t i o n s  i n  w hich  one m ig h t  a t t e m p t  t o  g e n e r a l i z e  t h i s  
t h e o r y ,  an d  j u s t i f i e d  t h e  p o i n t  o f  v ie w  p u t  f o r w a r d  i n  t h e  
I n t r o d u c t i o n ,  nam ely  t h a t  TOMITA-TAKESAKI t h e o r y  s h o u l d  b e  
r e g a r d e d  a s  a fo rm  o f  Non-Ccramutat ive  I n t e g r a t i o n  T h e o ry .  
C l e a r l y ,  h o w e v e r ,  TOMITA-TAKESAKI t h e o r y  i s  much more t h a n  
t h i s ,  a s  i t s  a p p l i c a t i o n s  and d e v e l o p m e n t s ,  w h ich  I  h a v e  n o t  
h a d  t h e  o p p o r t u n i t y  t o  go i n t o ,  h a v e  shown ( s e e  C0NNE8 [ 1 2 ] ,  
and  r e f e r e n c e s  q u o t e d  t h e r e ) .
T h i s  c h a p t e r  a l s o  c o m p l e t e s  t h e  f i r s t  p a r t  o f  t h i s  
t h e s i s ,  w h ich  was c o n c e r n e d  w i t h  a d i s c u s s i o n  o f  Non- 
Commuta t ive  I n t e g r a t i o n  T h e o ry ,  I n  t h e  s e c o n d  p a r t ,  I  
s h a l l  f i r s t  d e s c r i b e  some a p p l i c a t i o n s  of T o m i t a - T a k e s a k i  
t h e o r y  i n  Quantum S t a t i s t i c a l  M e c h a n ic s ,  and  j u s t i f y  i t s  
r e l e v a n c e ,  and  t h e n  a n a l y s e  a c l a s s  o f  e x a m p le s ,  m o t i v a t e d  
f ro m  Quantum S t a t i s t i c a l  M e c h a n ic s ,  where  t h e  t h e o r y  c a n  
b e  g e n e r a l i s e d .
* T h i s  i s  a l s o  t h e  c a s e  when w i s  t r a c i a l  — s e e  § 1 ,
P A R T B
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Ch a p t e r  IV
EQUILIBRIUM STATES AND TIME TRANSLATIONS 
IN QUANTUM STATISTICAL IvffiaLlNICS'
The p u r p o s e  of t h i s  c h a p t e r  i s  t o  p r o v i d e  a n  i n t r o ­
d u c t i o n  and  p h y s i c a l  m o t i v a t i o n  to  t h e  m a t e r i a l  o f  c h a p t e r s  
V a n d  V I ,  by  d e s c r i b i n g  t h e  a l g e b r a i c  a p p r o a c h  t o  E q u i ­
l i b r i u m  S t a t e s  and  Time T r a n s l a t i o n s  i n  Quantum. S t a t i s t i c a l  
M e c h a n ic s ,  a s  d e v e l o p e d  i n i t i a l l y  by  HAjIG, HUGENNOLTZ. and 
WINNIMC [26] ( h e n c e f o r t h  HHN) and  s u b s e q u e n t l y  by  o t h e r  
a u t h o r s .
§ 1 . The s t a t e  o f  a p h y s i c a l  s y s te m  i s  t o t a l l y  s p e c i f i e d  by  
t h e  e x p e c t a t i o n  v a l u e s  o f  a l l  o b s e r v a b l e s  i n  t h a t  s t a t e ;  
when t h e  o b s e r v a b l e s  a r e  t a k e n  t o  fo rm  th e  s e l f - a d j o i n t  
p a r t  o f  a complex  i n v o l u t i v e  a l g e b r a  (7Î, t h e r e  c o r r e s p o n d s  
t o  e a c h  ( p h y s i c a l )  s t a t e  o f  t h e  s y s te m  a ( m a t h e m a t i c a l )  
s t a t e  CO o f  t h e  a l g e b r a  ( i . e .  a p o s i t i v e  n o r m a l i s e d  l i n e a r  
fo rm  on (%) v i a  t h e  i n t e r p r e t a t i o n  t h a t  th e  e x p e c t a t i o n  o f  
a n  o b s e r v a b l e  xeOL  i n  t h a t  s t a t e  i s  g i v e n  b y  cu(x) .
I n  Quantum S t a t i s t i c a l  M echan ics  o f  f i n i t e  s y s t e m s  
( s a y  a g a s  e n c l o s e d  i n  a n  i s o l a t e d  c o n t a i n e r ) ,  t h e  o b s e r ­
v a b l e s  a r e  (b ou n ded )  o p e r a t o r s  on a H i l b e r t  sp a c e  JfcT, and  
t h e  e q u i l i b r i u m  s t a t e  o f  a  s y s te m  a t  a  t e m p e r a t u r e  
T = l /k /5  (;6>0, k=B ol tzm an*s  c o n s t a n t )  i n  t h e  c a n o n i c a l  
e n se m b le  i s  d e f i n e d  by  t h e  f o r m u la
= t r ( e x p ( - / 3 H ) x )  /  t r ( e x p ( - / 3 H ) )
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w here  H i s  t h e  H a m i l t o n i a n  o f  t h e  sy s te m .  T h i s  c o r ­
r e s p o n d s  t o  a s s i g n i n g  t o  e a c h  e i g e n s t a t e  o f  t h e
H a m i l t o n i a n  a p r o b a b i l i t y  Cj, = exp(-;3Ey) /  2 e x o { -p E i  )
(w here  i s  t h e  e n e r g y  o f  , EKi = so  t h a t  t h e
*
e q u i l i b r i u m  s t a t e  i s  t h e  m i x t u r e  p = Z cL ^ i .  I n  t h e  
g r a n d - c a n o n i c a l  e n s e m b le ,  t h e  e q u i l i b r i u m  s t a t e  i s  g i v e n  
by  ( 1 . 1 ) ,  w h e re  H i s  now r e p l a c e d  by  H* = H -  /iN, p  b e i n g  
t h e  c h e m ic a l  p o t e n t i a l  and  N t h e  number o p e r a t o r .
The a im o f  s t a t i s t i c a l  m e c h a n ic s  i s  t o  d e r i v e  t h e  
m a c r o s c o p i c  o r  the rm odynam ic  p r o p e r t i e s  o f  l a r g e  sy s te m s  
f rom  t h e  e q u a t i o n s  o f  m o t i o n  o f  t h e  i n d i v i d u a l  p a r t i c l e s .  
The the rm odynam ic  f u n c t i o n s ,  s u c h  a s  s p e c i f i c  h e a t ,  a r e  
n e v e r  s i g n i f i c a n t l y  d e p e n d e n t  on t h e  volume o r  sh ap e  o f  
t h e  o b j e c t  b e i n g  m easu red  i n  any  e x p e r i m e n t a l  s i t u a t i o n .  
Now i n  f i n i t e  m o d e l s ,  t h e s e  therm odynam ic  f u n c t i o n s  • 
u s u a l l y  do d ep en d  on  t h e  volume o r  sh ape  o f  t h e  o b j e c t ;  
t h i s  d e p e n d e n c e  o n l y  d i s a p p e a r s  when t h e  volume and  
number  o f  p a r t i c l e s  i s  a l l o w e d  t o  i n c r e a s e  t o  i n f i n i t y ,  
w h i l e  t h e i r  r a t i o  ( t h e  d e n s i t y )  r e m a i n s  f i n i t e .  T h i s  
p r o c e s s  i s  c a l l e d  t a k i n g  t h e  therm odynam ic  l i m i t ,  and  t h e  
o b s e r v e d  in d e p e n d e n c e  o f  volume o r  sh ap e  o f  t h e  th e rm o ­
dynam ic  f u n c t i o n s  p r o v i d e s  j u s t i f i c a t i o n  f o r  t h e  c l a im  
t h a t  t h e  e x p e r i m e n t a l i s t  i s  f a c e d  w i t h  a s i t u a t i o n
» One may e n s u r e  t h a t  t h e  H a m i l t o n i a n  h a s  d i s c r e t e  
s p e c t r u m  and  t h a t  exp(-/3H) i s  t r a c e  c l a s s ,  by  c h o o s i n g  
s u i t a b l e  b o u n d a ry  c o n d i t i o n s  on t h e  w a l l s  o f  t h e  c o n t a i n e r .
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a c t u a l l y  c l o s e  t o  t h a t  d e s c r i b e d ,  by  t h e  the rm odynam ic  
l i m i t .
Now. a  good model f o r  a  the rm odynam ic  sys tem  s h o u l d  a c c o u n t  
f o r  t h e  c h a r a c t e r i s t i c  p r o p e r t i e s  o f  su c h  a sy s te m ,  s u c h  a s  
p h a s e  t r a n s i t i o n s  o r  t r a n s p o r t  phenomena. T y p i c a l l y ,  p h a s e  
t r a n s i t i o n s  m a n i f e s t  t h e m s e l v e s  e x p e r i m e n t a l l y  by  a b r u p t  
c h a n g e s  i n  c e r t a i n  the rm odynam ic  f u n c t i o n s  ( s u c h  a s  s p e c i f i c  
h e a t ) .  To e x h i b i t  t h i s  m o s t  d r a m t i c a l l y  i n  a m a t h e m a t i c a l  
m o d e l ,  and  s i m u l t a n e o u s l y  t o  b e  a b l e  t o  c h a r a c t e r i s e  i t  i n  
a s h a r p ,  w e l l  d e f i n e d  m anner ,  one d e f i n e s  a  p h a s e  t r a n s i t i o n  
t o  b e  a d i s c o n t i n u i t y  i n  t h e  r e l e v a n t  th e rm odynam ic  f u n c t i o n .  
Now i n  f i n i t e  m o d e ls  a c t u a l  d i s c o n t i n u i t i e s  n e v e r  o c c u r ;  a t  
b e s t  v e r y  s t e e p ,  g r a d i e n t s  ( "sm ooth  p h a s e  t r a n s i t i o n s ’' ) may 
b e  p r e s e n t .  Of c o u r s e  t h e  e x p e r i m e n t a l i s t  c a n n o t  d i s t i n g u i s h  
b e t w e e n  a s t e e p  g r a d i e n t  and  a n  a c t u a l  d i s c o n t u i t y  (due  t o  
t h e  l i m i t e d  a c c u r a c y  o f  h i s  m e a s u r i n g  a p p a r a t u s ) ,  b u t  t h e  
d e f i n i t i o n  o f  a p h a s e  t r a n s i t i o n  a s  a d i s c o n t i n u i t y  i s  c e r ­
t a i n l y  c o n s i s t e n t  w i t h  t h e  e x p e r i m e n t a l  s i t u a t i o n ,  and  i s  
a l s o  d i c t a t e d  by  m a t h e m a t i c a l  c o n v e n i e n c e .
F o r  t h e s e  r e a s o n s ,  among o t h e r s ,  i t  i s  n e c e s s a r y  t o  con­
s i d e r  s t a t e s  o f  i n f i n i t e  s y s te m s .  The f i r s t  problem, now 
p r e s e n t i n g  i t s e l f  i s  t h a t  i n  m o s t  c a s e s  ( 1 . 1 )  d o e s  n o t  make 
s e n s e  any more.  The u s u a l  way a r o u n d  t h i s  i s  t o  c o n s i d e r  
t h e  i n f i n i t e  s y s te m  a s  t h e  l i m i t ,  i n  a n  a p p r o p r i a t e  s e n s e ,  
o f  f i n i t e  s u b s y s t e m s ;  t h e  e q u i l i b r i u m  s t a t e  i s  t h e n  d e f i n e d  
t o  b e  t h e  l i m i t  o f  t h e  " l o c a l  G ib bs  s t a t e s "  g i v e n  by  ( 1 . 1 )  
( p r o v i d e d  t h i s  l i m i t  e x i s t s ) .
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S p e c i f i c a l l y ,  l e t  r  " be  t h e  p h y s i c a l  s p a c e  o f  t h e  
s y s t e m ,  and  l e t ,  L be  t h e  s e t  o f  a l l  b o u n d e d  r e g i o n s  A c  f .  
F o r  e a c h  AeL, one d e f i n e s  <%{l ) t o  b e  t h e  C * - a l g e b r a  
g e n e r a t e d  by t h e  b o u n d e d  o b s e r v a b l e s  f o r  t h e  r e g i o n  A,
One a ssu m es  t h a t  t h e  p r o p e r t y  o f  i s o t o n y  h o l d s  ;
F o r  Ai c  AgCL, t h e r e  e x i s t s  a n  i n j e c t i v e  *-homomorphism 
i g i  : ~> (^[(Ag ) ,  p r e s e r v i n g  th e  i d e n t i t y ,  and  su c h
t h a t  i g g i g i  = i a i  w henever  A^ c  Ag c  AgCL. ( T h i s  i s  
t h e  m a t h e m a t i c a l  e x p r e s s i o n  o f  t h e  f a c t  t h a t  t h e  o b s e r v a b l e s  
f o r  t h e  r e g i o n  A^ may b e  c o n s i d e r e d  a s  o b s e r v a b l e s  f o r  t h e  
r e g i o n  A g) .
I t  i s  t h e n  shown ( SAKAI [ 6 2 ] ,  1 . 2 3 . 2 ) ,  t h a t  t h e r e  
e x i s t s  a  0=^ —a l g e b r a  CX, t h e  i n d u c t i v e  l i m i t  o f
[ C^(a)  : AeL i ,  su c h  t h a t  we may i d e n t i f y  t h e  G ( ( A ) ’ s ,  up 
t o  i so m o r p h is m ,  w i t h  n e s t e d  s u b a l g e b r a s  o f  C T , and  
OTj.=. u[  C X (a )  : AeL ] i s  (norm) d e n s e  i n 6%. P h y s i c a l l y ,  
s e l f - a d j o i n t  e l e m e n t s  o f  c o r r e s p o n d  t o  o b s e r v a b l e s  t h a t  
c a n  b e  m e a su re d  b y  e x p e r i m e n t s  i n  some b o u n d e d  r e g i o n  AeL 
( l o c a l  o b s e r v a b l e s ) w h i l e  s e l f - a d j o i n t  e l e m e n t s  o f  0 (  c a n  
be  " a p p r o x i m a t e l y "  so m ea su re d  ( q u a s i - l o c a l  o b s e r v a b l e s ) .
d^ r  w i l l  b e  E  w i t h  i t s  u s u a l  t o p o l o g y  f o r  c o n t i n u o u s  
s y s t e m s ,  o r  w i t h  t h e  d i s c r e t e  t o p o lo g y  f o r  l a t t i c e
s y s t e m s ,  d b e i n g  t h e  d i m e n s i o n  o f  t h e  p h y s i c a l  s p a c e .
** i . e .  Ai c  AgCL i m p l i e s  CX,(Ai ) c  01(^2  )
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V'/e now t u r n  t o  t h e  d e f i n i t i o n  o f  t h e  e q u i l i b r i u m  s t a t e  
a n d  d y n am ics  o f  t h e  i n f i n i t e  s y s te m .  F o r  e a c h  r e g i o n  AeL, 
we assum e t h a t  t h e  " l o c a l  t im e  d e v e lo p m e n t"  i s  w e l l  d e ­
f i n e d  a s  a n  a u to m o rp h ism  group  [ : teR  Î o f  C7[(A).
Suppose  t h a t  e a c h  (X(A) i s  f a i t h f u l l y  r e p r e s e n t e d  on. a  
H i l b e r t  s p a c e  c^TCa ) ,  on which  t h e  l o c a l ,  t im e  d e v e l o p ­
ment i s  u n i t a r i l y  im p le m e n te d .  L e t t i n g  H^ be  t h e  c o r ­
r e s p o n d i n g  H a m i l t o n i a n ,  a c t i n g  on Tcf(A), we t h u s  h a v e :
( 1 . 2 )   ^ oct(x)  e x p ( i t H ^ ) x  e x p ( - i t H ^ )  (xe  0 [ (A ) ,  t cR )
A g a in  one may e n s u r e  t h a t  exp(-/3H^ i s  t r a c e  c l a s s  
f o r  /3>0, so t h a t  one may d e f i n e  t h e  " l o c a l  G ibbs  s t a t e " ' 
on e t c  A) by  ( 1 . 1 ) .
By t h e  i s o t o n y  c o n d i t i o n ,  i t  i s  c l e a r  t h a t  i f  x e  
f o r  example  xe(%(AQ ) f o r  some AgCL, cu^(x) i s  d e f i n e d  
f o r  a l l  AeL s u c h  t h a t  AdAq. P h y s i c a l l y ,  wC(x) y i e l d s  i n ­
f o r m a t i o n  on t h e  b e h a v i o u r  o r  p a r t i c l e s  i n  t h e  s u b r e g i o n  
Aj. o f  A. Thus we e x p e c t  w ^ ( x )  t o  become i n d e p e n d e n t  o f  
A a s  t h e  b o u n d a r y  o f  A r e c e d e s  t o  i n f i n i t y .  I n d e e d ,  i n  
many m o d e ls  ( s e e .  e . g .  [ 3 7 ] )  i t  c a n  b e  shown t h a t
( 1 . 3 )  o ) ^ (x ) ;=  l i m  cu^(x)
e x i s t s  f o r  a l l  yieOl^tor  a s u i t a b l e  i n t e r p r e t a t i o n  o f  t h e  
l i m i t i n g  p r o c e d u r e  ( s e e  RUBLLH [ 6 0 ] ) .  The e x i s t e n c e  o f  
t h i s  l i m i t  i s  i n  f a c t  t h e  f i r s t  a s s u m p t i o n  o f  HHIV [26]* 
t h e n  d e f i n e s  a c o n t i n u o u s  p o s i t i v e  l i n e a r  fo rm  on 
a n d  t h u s  e x t e n d s  t o  a s t a t e  on  (%, t h e  l i m i t  ( o r  g l o b a l )
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g i b b s  s t a t e .
T u r n in g  now t o  t h e  d e f i n i t i o n  o f  " g l o b a l  d y n a m ic s " ,  we 
f i r s t  o b s e r v e  t h a t ,  f o r  a l l  xeCX^,  s ay  xe  ^ t h e  i s o t o n y
c o n d i t i o n  e n s u r e s  t h a t  xe 0L{A) and  so ( x ) e  (%(A) f o r  a l l  
A D Aq , AeL. Thus i t  i s  m e a n i n g f u l  t o  c o n s i d e r  l i r a ^a ( J (x ) .
The e x i s t e n c e  o f  " g l o b a l "  t im e  t r a n s l a t i o n s  i s  a con­
s i d e r a b l y  more d i f f i c u l t  p ro b le m  t h a n  t h a t  o f  t h e  g l o b a l  
g i b b s  s t a t e .  HHW [26]  r e q u i r e  t h a t  I m  a ^ ( x )  e x i s t s  f o r  
a l l  x e  telR, t h e  l i m i t  be in g "  t a k e n  i n  a n  a p p r o p r i a t e  
s e n s e  i n  t h e  norm t o p o l o g y .  Then one may d e f i n e  a n  a u t o ­
m orphism  g roup  « t  o f  , b y  :
( 1 . 4 )  a ^ ( x )  = l im  a^Cx) xe CX , teE
A *•
an d  e x t e n d  by  c o n t i n u i t y  t o  a l l  o f ( X *
T h i s  s e co n d  a s s u m p t i o n  o f  HIM h a s  b e e n  shown (STREATER 
[ 7 7 ] ,  ROBINSON [ 5 6 ] )  t o  b e  j u s t i f i e d  f o r  a  l a r g e  c l a s s  o f  
l a t t i c e  s y s te m s .  However ,  i t  h a s  b e e n  shown t o  b e  i n v a l i d  
(DUBIN and  SEWELL [ 1 7 ] ,  h e n c e f o r t h  DS) i n  t h e  c a s e  o f  t h e  
BCS model  (BARDEEN, COOPER and  8CHRIEENER [ 8 ]  ) ,  and  t h e  
i d e a l  Bose  g a s  m odel ,  a l t h o u g h  HIM * s  m a in  c o n c l u s i o n s  h a v e  
b e e n  shown (ARAKI and. WOODS [ 6 ] ,  s e e  § 3 )  t o  h o l d  i n  t h e  
l a t t e r  c a s e .  F o r  t h i s  r e a s o n ,  DS [17 ]  h a v e  weakened  t h i s  
a s s u m p t i o n ,  r e p l a c i n g  b o t h  a s s u m p t i o n s  by  t h e  f o l l o w i n g  :
( a )  f o r  a l l  x^ . . . .  t i  . . .  tn  c [R ,
neN, l i m  c jp (a t  (x^ ) . . . .  ^ [ ( x n ) )  e x i s t sA P
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( b )  f o r  a l l  . . .  . . .  y ^ e C ^  . . .  ,
Si • • •  s ^ c E ,  n,m eU
l i m  l i r a  ) . . .  a i ( X n )  Ci^iy^) . . .  (Xs^(ym)) e x i s t s
A /v' P
an d  e q u a l s  :
1 Im co^  ((%t, (^ 1 ) • • • cdt. ( ^  1 ) • • • 0C3 (yjifi ) )
Note  t h a t  ( a )  i m p l i e s  t h e  e x i s t e n c e  o f  l i m  oi^(x) f o r  .A p
a l l  xe  CKj  m o r e o v e r ,  DS [17]  show t h a t  t h e i r  a s s u m p t i o n s  
a r e  a l s o  s a t i s f i e d  by  t h e  i d e a l  Bose  Gas m o d e l ,  and  by  t h e  
BCS m o d e l ,  a t  l e a s t  i n  t h e  s t r o n g  c o u p l i n g  c a s e .
§ 2 .  B e f o r e  we p r e s e n t  t h e  m ain  r e s u l t s  o f  HH\¥ and  DS, l e t  
u s  e x p l a i n  wha t  i s  m ean t  by  t h e  KNS c o n d i t i o n .  T h i s  was 
f i r s t  f o r m u l a t e d  by  KUBO [ 4 l ] ,  MARTIN and  SCIMINGER [4 3 ]  
a s  a b o u n d a r y  c o n d i t i o n  f o r  " th e rm o d y n am ic  Green* s. f u n c -  ’ 
t i o n s " ; i n  t h e  a l g e b r a i c  f o r m u l a t i o n ,  i t  was f i r s t  u s e d  by  
HHW, and h a s  s i n c e  become a n  e s s e n t i a l  t o o l  i n  s t a t i s t i c a l  
m e c h a n i c s ,  e s p e c i a l l y  s i n c e  t h e  r e a l i z a t i o n  o f  i t s  i n t i m a t e  
c o n n e c t i o n  w i t h  t h e  L e f t  H i l b e r t  A l g e b r a s  o f  T om ita  
(TAKESiilvI . [8 0 ] ; s e e  C h a p te r  I I I  o f  t h i s  d i s s e r t a t i o n ) .
C o n s i d e r  f i r s t  a f i n i t e  s y s t e m ,  where  t h e  G ibb s  s t a t e  
i s  d e f i n e d  by  ( I . I ) .  h a s  t h e  f o l l o w i n g  two p r o p e r ­
t i e s  :
( a )  f a i t h f u l n e s s  w ^ (x * x )  = 0 x  = 0 (xeCK)
(b )  KM8 c o n d i t i o n  l e t  x , y  eO(> Then t h e r e  e x i s t s  
a f u n c t i o n  f , d e f i n e d ,  b ounded  and c o n t i n u o u s  i n  t h e  s t r i p  
} zeC : 0 < Imz < p  j and a n a l y t i c  i n  t h e  i n t e r i o r ,  su c h  
t h a t
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(2 .1  ) w ^ ( « L ( x ) y )  = f(t) .
= f(t  + i/3) (tea)
( F o r  t h e  s i m p l e  p r o o f ,  s e e  WINNINK [ 8 9 ] ,  p . 238)
P u t t i n g  y = 1  i n  ( 2 , 1 ) ,  one o b t a i n s ,  u s i n g  t h e  S c h w a r t s
r e f l e c t i o n  p r i n c i p l e  w i t h  r e s p e c t  t o  t h e  l i n e s  Imz = n3 ,
n e 0 ,  a n  e n t i r e  f u n c t i o n  f ( z ) ,  w h ich  i s  p e r i o d i c  w i t h  p e r i o d
i/3,  an d  a l s o  u n i f o r m l y  b o u n d e d  (by  ||x|| ) .  T h e r e f o r e  i t  m us t
b e  c o n s t a n t ,  w h ic h  shows t h a t  ;
Wp(«t(2î-)) = f(t) = f(0) = ai (^x)
Thus  a  KMS s t a t e  i s  t i m e - i n v a r i a n t  (V/INIUNK [ 8 8 ] ) .
From t h i s  WINIIINK [88]  non c o n c l u d e s ,  i n  t h e  c a s e  o f  a  
f i n i t e  s y s te m ,  t h a t  t h e  G ibbs  s t a t e  i s  t h e  u n i q u e  n o rm a l  IO.IS 
s t a t e  w i t h  r e s p e c t  t o  f o r  t h e  i n v e r s e  t e m p e r a t u r e  /3, i f  
one  a ssu m es  C7t=lB(T^).
Thus i n  t h i s  c a s e ,  t h e  KMS c o n d i t i o n  c h a r a c t e r i z e s  t h e  
e q u i l i b r i u m  s t a t e  f o r  i n v e r s e  t e m p e r a t u r e  /3 > 0.
§ 2 . 1  C l e a r l y ,  i f  one c a n  show, f o r  a  s p e c i f i c  m o d e l ,  t h a t  a  
KMS s t a t e  e x i s t s ,  and  t h a t  i t  i s  u n i q u e ,  t h e n  t h a t  s t a t e  
m u s t  d e s c r i b e  e q u i l i b r i u m .  T h i s  h a s  b e e n  done i n  s p e c i a l  
c a s e s .  .An exam ple  i s  t h e  one d i m e n s i o n a l  l a t t i c e  sy s te m  
c o n s i d e r e d  b y  ARAKI [ 3 ] ,  w h ic h  v/e now d e s c r i b e .
For  l a t t i c e  s y s t e m s ,  t h e  l o c a l  a l g e b r a s  0 ( ( a )  c an  b e  
t a k e n  t o  b e  @ ( ]^^), b e i n g  f i n i t e  d i m e n s i o n a l .  (F o r  d e ­
t a i l s  s e e  îIüGEÎ'THOLTZ [ 3 1 ] ) .  Fo r  e a c h  ArL, we a r e  g i v e n  a  ' 
p o t e n t i a l  ÿ (A )c(% (A )  and t h e  . " l o c a l  t im e  d e v e lo p m e n t"  a i  
i s  g i v e n  by
104
( 2 . 2 )  Œ t(x )  = e x p ( i U ( A ) t )  x  e x p ( - i U ( A ) t )
xe  teB
where
( 2 . 3 )  U(A) = y  # ( A ' )
I n  t h e  o n e - d i m e n s i o n a l  c a s e  (1=2)  ARAKI [3 ]  r e q u i r e s  
t h e  f o l l o w i n g  two c o n d i t i o n s  :
( i )  The p o t e n t i a l  i s  t e m p e r e d  :
( 2 . 4 )  sup Z .  1 (exp (aN (A ))  ) | |ÿ(A)H : neAj < ©o (a>0)
2  A
( i i )  The " s u r f a c e  e n e r g y "
( 2 . 5 )  w(A) = Z .  Î ÿ ( A ' )  : A*eL, A'nA /  (j>, A 'n A * /  <j> ]
^  ( a'  = TnA)
i s  h o un d ed  i n  norm i n d e p e n d e n t l y  o f  AeL.
I t  i s  t h e n  shown t h a t  t h e  l i m i t  ( 1 . 4 )  e x i s t s  oy v i r t u e
o f  ( i ) ;  and  d e f i n e s  t h e  t im e  d e v e lo p m e n t  o f  t h e  i n f i n i t e
s y s te m .  Under t h e s e  c o n d i t i o n s ,  ARAKI [ 3 ] shows t h a t  t h e r e  
e x i s t s  e x a c t l y  one KMS s t a t e  f o r  a t  e a c h  f i x e d  /3>0,
I t  may h e  o f  i n t e r e s t  t o  n o t e  t h a t  s u c h  e x i s t e n c e  and 
u n i q u e n e s s  t h e o r e m s  l a v e  b e e n  f o r m u l a t e d  i n  t h e  a b s t r a c t :
L e t  CX b e  a  UHF a l g e b r a * ' , and  ô a  n o r m a l  ^ - d e r i v a t i o n
* A UHF a l g e b r a  i s  a C * - a l g e b r a  VL w i t h  i d e n t i t y  1 w h ich  
c o n t a i n s  a n  i n c r e a s i n g  s e q u e n c e  o f  C * - s u b a l g e b r a s  63^^^ 1 
w h i c h  a r e  ( i s o m o r p h i c  t o )  f u l l  m a t r i x  a l g e b r a s ,  s u c h  t h a t  
U i s  (norm ) d e n s e  i n  E ach  f l ^ h a s  a  u n i q u e  t r a c i a l
s t a t e  ,  h e n c e  h a s  a  u n i q u e  t r a c i a l  s t a t e  t  s u c h  t h a t .
— V"r> • *n
7^1
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o f  01 '  » W r i t s  d ( ô ) =  u  ^ [ (XJ b e i n g  a n  i n c r e a s i n g  s e q u e n c e  
o f  m a t r i x  a l g e b r a s .  L e t  e (X "be s u c h  t h a t  ô ( x )  = .
=. i [ h n ,  x ]  f o r  a l l  xe  ( [ 6 3 ] ,  Thm .2) .  L e t  : O l -—  ^
b e  t h e  c a n o n i c a l  c o n d i t i o n a l  e x p e c t a t i o n  o f  CK o n to  .
I f  sup llPpb-n -  hnW < oo t h e  c l o s u r e  o f  cT g e n e r a t e s  a o n e -  
p a r a m e t e r  a u to m o rp h is m  g ro up  o f  Û t  s a t i s f y i n g :
( 2 . 6 )  P t ( x )  = l i m  e x p ( i ? n h n t ) x  e x p ( - i ? n h n t )  x e D ( ô ) ,  t cR
( s e e  KISHIMOTO [ 3 8 ] ) .  We s a y  p^ i s  a p p r o x i m a t e l y  i n n e r .
Under  t h e s e  c i r c u m s t a n c e s ,  t h e r e  e x i s t s  one (POvVURS and  
SAKAI [ 50] )  and  o n ly  one (KISHIMOTO [ 3 9 ] )  KMS s t a t e  o f  ÛI 
w i t h  r e s p e c t  t o  p i  ( f o r  /3=1).
N ote  t h a t  P^hn -  h^ c o r r e s p o n d s  t o  t h e  s u r f a c e  t e r m  
v/ ( a ) f o r  t h e  c a s e  o f  a one d i m e n s i o n a l  l a t t i c e  . s y s te m .
Coming b a c k  t o  t h e  g e n e r a l  c a s e  o f  an  i n f i n i t e  s y s t e m ,  
we n o t e  t h a t  a l t h o u g h  co  ^ c a n n o t  now b e  w r i t t e n  i n  t h e  form 
( 1 . 1 ) ,  i t  s t i l l  s a t i s f i e s  t h e  KMS c o n d i t i o n , b o t h  u n d e r  t h e
* A no rm al  ^ - d e r i v a t i o n  i s  a  l i n e a r  map ô : D ( ô ) — 5 ( % ,  
where  D (ô)  i s  a  d e n s e  s u b a l g e b r a  o f  OC t w i t h  t h e  p r o p e r ­
t i e s ;  ( i )  ô ( x » )  = ô ( x ) *  ( x e D (ô ) )
( i i )  ô ( x y )  = x ô ( y )  + ô ( x ) y  ( x , y e D ( ô ) )
( i i i )  D ( j )  = u » e a c h  b e i n g  ( i s o m o r p h i c  t o )
a  f u l l  m a t r i x  a l g e b r a .  A n o rm a l  ^ - d e r i v a t i o n  i s  a lw a y s  
c l o s a b l e  ( [ 5 1 ] ,  Thm. I ) .
** T h a t  i s ,  t h e  mapping d e f i n e d  b y  t h e  p r o p e r t y  
r ( ( P n x ) y )  = r ( x y ) ,  f o r  a l l  x e ^ 7 ,  y c Ü !^ .
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a s s u m p t i o n s  o f  HHIY and u n d e r  t h o s e  o f  DS ( [ 2 6 ] ,  [ 1 7 ] ) .  Thus,  
a n d  t h i s  was t h e  c r u c i a l  o b s e r v a t i o n  o f  HIM, t h e  KÎAS c o n d i t i o n  
may b e  u s e d  a s  a n  a l g e b r a i c  r e q u i r e m e n t  on t h e  e q u i l i b r i u m  
s t a t e s  o f  i n f i n i t e  s y s te m s .  However i t  i s  u l t i m a t e l y  d e ­
s i r a b l e  t o  d e f i n e  e q u i l i b r i u m  i n  t e r ra s  o f  s i m p le  p h y s i c a l  
r e q u i r e m e n t s .  S 'ev e ra l  s u c h  r e q u i r e m e n t s  h a v e  b e e n  s t u d i e d  
by  d i f f e r e n t  a u t h o r s  ;
§ 2 . 2 .  ILUG, KASTLKR and  TRYCH-POHMEYER [ 2 5 ] r e q u i r e  t h a t  a n  
e q u i l i b r i u m  s t a t e  b e  :
( a )  S t a t i o n a r y  i n  t im e
(b )  S t a b l e  u n d e r  l o c a l  p e r t u r b a t i o n s  o f  t h e  d y n am ics
( c )  R e l a t i v e l y  p u r e .
These  r e q u i r e m e n t s  c o r r e s p o n d  t o  t h e  f o l l o w i n g  m a th e ­
m a t i c a l  a s s u m p t i o n s  o n : t h e  o b s e r v a b l e  a l g e b r a  OC » t h e  t im e  
d e v e lo p m e n t  (w h ic h  we now r e q u i r e  t o  e x i s t  a s  a n  a u t o ­
morphism g roup  o f  OZ ) and  t h e  e q u i l i b r i u m  s t a t e  oi ;
( a )  o j ( a t ( x ) )  = cü(x) f o r  a l l  xe Œ, te(R
(b )  G iv e n  h. = h^e  (Xt one may c o n s t r u c t  t h e  p e r t u r b e d  
au to m o rp h ism  g ro u p  w h ic h  i s  r e l a t e d  t o  t h e  u n p e r t u r b e d
one b y  t h e  f o l l o w i n g  p r o p e r t y  :
( 2 . 7 ) . i | ^  2 + [ h , x ]
f o r  a l l  xe Oi s u c h  t h a t  one o f  t h e  above  d e r i v a t i v e s  e x i s t s
* Roughly, s p e a k i n g ,  i f  a i ( x )  = ( e x p ( i t H )  ) x ( e x p ( - i t H )  ) 
t h e n  = ( e x p ( i t ( H + h )  ) )x  ( e x p ( - i t  (H+h) ) )
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The s t a t e  oj i s  now r e q u i r e d  t o  he f o l i u m  s t a b l e  f o r  i n n e r  
( q u a s i - l o c a l )  p e r t u r b a t i o n s  i n  t h e  f o l l o w i n g  s e n s e  ;
T h ere  i s  a  map X i— f r om a z e r o  n e ig h b o u r h o o d  i n  
IR t o  t h e  s t a t e  s p a c e  o f  OC s u c h  t h a t  co and
( i )  ( x ) )  = oj/'^^x) f o r  a l l  xe 01» t eR
( i i )  d ç Z j  = e x i s t s  i n  t h e  weak s e n s e .
dk  l^ -o
( i i i )  f o r  a l l  h  = i s  a n o r m a l  fo rm  i n
* /I )
th e  GNS r e p r e s e n t a t io n  d e f in e d  by oj. : we say oj^ l i e s  i n  
th e  normal fo l iu m  o f  w.
T h i s  f o r m u l a t e s ,  t h e  p h y s i c a l  r e q u i r e m e n t  t h a t  when t h e  . 
t im e  e v o l u t i o n  i s  p e r t u r b e d  by  Xh (X= s m a l l  c o u p l i n g  c o n s t a n t )  
t h e  new s t a t i o n a r y  s t a t e  oi/^^^is o n l y  " s l i g l i t l y "  d i f f e r e n t  f ro m  
t h e  o l d  o n e ,  i n  t h e  s e n s e  o f  h a v i n g  a p e r t u r b a t i o n  e x p a n s i o n
OJ +  +  • • • • •
( c )  CO h a s  L -  d e c r e a s e  o f  c o r r e l a t i o n  i n  t im e  i n  
t h e  f o l l o w i n g  s e n s e  :
T h e re  e x i s t s  a norm d e n s e ,  s e l f - a d j o i n t  s u b s e t  *5-^ CX 
s u c h  t h a t  f o r  e a c h  x^ . . .  Xq e "5 w i t h  n<6 t h e r e  e x i s t  
G, 0>0 s u c h  t h a t
( 2 .8 )  I w j  (% (% !  ) ,  . . .  a t ^ ( x n ) )  | < C(1 + sup, | t j , - t j  ] )^
'‘A
s e e  C h a p t e r  I ,  § 1 . 4 .
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Tw here  Wn i s  t h e  t r u n c a t e d  n - p o i n t  f u n c t i o n .
T h i s  t e c h n i c a l  c o n d i t i o n  i s  a s t r e n g t h e n i n g  o f  t h e  p r o - .
p e r t y  o f  weak c l u s t e r i n g  ( i . e .  v a n i s h i n g  i n  t h e  mean o f  t h e  
t r u n c a t e d  two p o i n t  f u n c t i o n s )  w h ic h  i s  known t o  h e  e q u i ­
v a l e n t  t o  e x t r e m a l  i n v a r i a n c e  f o r  a s y m p t o t i c a l l y  a b e l i a n  
s y s t e m s  ( s e e  ITASTLER [ 3 4 ] ,  C h a p te r  I I ) .  E x t r e m a l  i n v a r i a n c e ,  
i . e .  t h e  r e q u i r e m e n t  t h a t  t h e  e q u i l i b r i u m  s t a t e  b e  e x t r e m a l  * 
among a l l  t i m e - i n v a r i a n t  s t a t e s ,  i s ’t h e  l e a s t  s p e c i a l i z e d  
v e r s i o n  o f  r e l a t i v e  p u r i t y  ( [ 2 5 ] ,  S e c t i o n  I I I )  : t h e  e q u i ­
l i b r i u m  s t a t e  i s  p u r e ,  r e l a t i v e  t o  a l l  s t a t i o n a r y  s t a t e s .
Under t h e  a b o ve  c o n d i t i o n s  ( t h e  l a s t  one h a v i n g  b e e n  
s l i g h t l y  w eakened  by  KASTLER a n d  BRATELLI [ 3 3 ] ) ,  i t  i s  shown 
( [ 2 3 ])  t h a t  any  oj i s  e i t h e r  a  lUvIS s t a t e  o r  t h a t  t h e  s p e c -  ; 
t rum  o f  t h e  e n e r g y  ( i . e .  o f  t h e  g e n e r a t o r  o f  t i m e - t r a n s l a — 
t i o n s  i n  t h e  GNS r e p r e s e n t a t i o n  d e f i n e d  by cu) i s  o n e - s i d e d ,  
a  s i t u a t i o n  c o r r e s p o n d i n g  t o  t h e  g r o u n d  s t a t e ,  w h ich  i s  t o  
b e  i n t e r p r e t e d  a s  t h e  z e r o  t e m p e r a t u r e  s t a t e .  ( s e e  STRBATBR
a n d  V/IGKTMAN [ 7 9 ] )
* By d e f i n i t i o n :  0 = ojq
w ( x i )  = Wi(%i)
0J(X±X2 ) = w J(X i ,X 2)  + CuJ(Xj^)uiJ(x2)
Cd(xq Xg . . . . .  x^ ) — Z  , x . . .  x^i) . .  »OJf^  ( x ^ , , x ^  , . .  . x ^ s )
w here  t h e  sum m at ion  e x t e n d s  o v e r  a l l  p a r t i t i o n s  o f  [ l . . . . n ]  
i n t o  [k;î . . .  k ^ j  . . .  k^J  . . .  . . .  k^ ( ,  ( r q + . . . +ns=n)
w i t h  k '  <kg< . . . <k^ and  k^ <k^< . .  .k^ ,
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§ 2 . 3 .  I n  a  r e c e n t  p a p e r ,  PUSZ. and  V/GRGNOV/ICZ [52]  have  fo rm u­
l a t e d  t h e  p h y s i c a l  r e q u i r e m e n t s  f o r  e q u i l i b r i u m  i n  a d i f f e ­
r e n t  way, w h ic h  a l l o w s  them t o  d i s p e n s e  w i t h  t h e  r e q u i r e m e n t ,  
o f  r e l a t i v e  p u r i t y  and  t im e  i n v a r i a n c e  o f  t h e  e q u i l i b r i u m  
s t a t e .  T h e i r  r e q u i r e m e n t ,  t e rm e d  p a s s i v i t y , i s  i n s p i r e d  by  
t h e  s e c o n d  lav/ o f  th e rm o d y n a m ic s .  Namely,  i f  a n  i s o l a t e d  
sy s te m  i n  e q u i l i b r i u m  i s  p e r t u r b e d  by  c h a n g i n g  t h e  e x t e r n a l  
c o n d i t i o n s  ( e . g .  a c t i n g  on i t  w i t h  a n  e x t e r n a l  f o r c e )  f o r  a 
f i n i t e  t im e  i n t e r v a l  [ G , t ] ,  a f t e r  w h ic h  i t  i s  6
' t h e n  a n o n - n e g a t i v e  amount o f  e n e rg y  
m u s t  b e  t r a n s m i t t e d  t o  i t  i n  t h e  i n t e r v a l  [ 0 , t ] ;  f o r  th e rm o ­
dynamic  s y s t e m s  i n  e q u i l i b r i u m  c a n n o t  p e r f o r m  work  i n  c y c l i c  
p r o c e s s e s .
This ,  r e q u i r e m e n t  i s  f o r m u l a t e d  m a t h e m a t i c a l l y  a s  f o l l o w s :  
One c o n s i d e r s  a C * -d y n a m ica l  s y s t e m , i . e .  a  C * - a l g e b r a  6K. 
w i t h  a  ■'s t r .  c o n t i n u o u s  au tom o rp h ism  g ro up  [at, : t eR ]  , 
g e n e r a t e d  by  a n  (u n bo u nd ed )  d e r i v a t i o n  ô ( s e e , § 2 . 1 ) .  The 
s y s te m  i s  p e r t u r b e d  i n  a t im e  i n t e r v a l  [ G , t ]  by  a l o c a l  
ch a n g e  in, t h e  d y n a m ic s ,  i . e .  i t s  p e r t u r b e d  t im e  e v o l u t i o n  
i s  g e n e r a t e d  by  a  d e r i v a t i o n  w i t h  D(ô^ ) = D ( ô ) '
g i v e n  by
( 2 . 9 )  6 t ( x )  = ô ( x )  + i [ h t , x ]
w here  1 1— i s  a c o n t i n u o u s  mapping o f  IR i n t o  t h e  
s e l f - a d j o i n t  p a r t  o f C X ( =  q u a s i - l o c a l  p e r t u r b a t i o n )  w hich  
i s  z e r o  o u t s i d e  ( 0 , T ) ,  an d  d i f f e r e n t i a b l e  i n  norm i n s i d e  
t h a t  i n t e r v a l ,  ( sm o o th  c h a n g e s ) .  The e n e r g y  g i v e n  t o  t h e
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s y s t e m  i n  a  s t a t e  w o f  OC i n  t h e  i n t e r v a l  [ 0 , T ]  i s  s e e n  
t o  e q u a l
( 2 . 1 0 )  l\ oj) J
We t h e n  d e f i n e  a s t a t e  cu t o  h e  p a s s i v e  i f f  L ^ ) ^ . 0  
f o r  any l o c a l  smooth chang e  i n  t h e  dynam ics  i n  t h e  above  
s e n s e .  One p r o v e s  t h a t  a p a s s i v e  s t a t e  i s  n e c e s s a r i l y  t im e  
i m v a r i a n t  ( [ 5 2 ] ,  Thm. 1 . 1 )  and  t h a t  a l l  K M S - s ta te s  o r  g r o u n d  
s t a t e s  a r e  p a s s i v e  ( [ 5 2 ] ,  Thm. 1 . 2 ) .  One a l s o  shows, u n d e r  
t h e  a d d i t i o n a l  a s s u m p t i o n  o f  r e l a t i v e  p u r i t y  d e f i n e d  i n  
t e r m s  o f  weak c l u s t e r i n g  ( s e e § 2 . 2 ) ,  K M S -s ta te s  and  g ro u n d  
s t a t e s  e x h a u s t  a l l  p a s s i v e  s t a t e s  ( [ 5 2 ] ,  Thm. 1 . 3 ) .
To r e l a x  t h e  a s s u m p t i o n  o f  r e l a t i v e  p u r i t y ,  one h a s  t o
*
assum e a s t r o n g e r  c o n d i t i o n  t h a n  p a s s i v i t y .  T h i s  i s  c a l l e d  
c o m p l e t e  p a s s i v i t y  a n d  i s  t h e  r e q u i r e m e n t  t h a t ,  i f  one c o n ­
s i d e r s ,  f o r  a r b i t r a r y  p egT, n  u n c o r r e l a t e d  c o p i e s  o f  t h e  
s y s t e m ,  a l l  i n  t h e  same s t a t e ,  . th en  th e  r e s u l t i n g  s t a t e  on 
t h e  e n l a r g e d  sys tem  s h o u l d  b e  p a s s i v e .  More p r e c i s e l y ,  one 
c a l l s  a  s t a t e  co. o f  a C * - a l g e b r a  Oi c o m p l e t e l y  p a s s i v e ,  i f f  
f o r  a l l  najM, t h e  s t a t e  (S co on ^  0 {  iQ p a s s i v e ,  r e l a t i v e  
t o  t h e  t im e  e v o l u t i o n  I t  c a n  t h e n  be  shown t h a t  a
c o m p l e t e l y  p a s s i v e  s t a t e  o f  a G *-dy n am ica l  sy s te m  i s  e i t h e r  
p  -  KiMS f o r  some p^O, o r  a g r o u n d  s t a t e .  ( [ 5 2 ] ,  Thm. 1 . 4 )  •
* T h a t  s i m p le  p a s s i v i t y  i s  n o t  s u f f i c i e n t  i s  s e e n  f ro m  
t h e  f a c t  t h a t  a convex  c o m b i n a t i o n  o f  two KMS s t a t e s  a t .  
d i f f e r e n t  t e m p e r a t u r e s  c a n n o t  b e  KMS, b u t  i s  c l e a r l y  p a s s i v e .
Ill
§ 2 . 4  A n o t h e r  p h y s i c a l  r e q u i r e m e n t  f o r  e q u i l i b r i u m  i s  G lo b a l  
Thermodyna n i c  S t a b i l i t y , f o r m u l a t e d  b y  ARAKI [2]* f o r  a 
quan tum  l a t t i c e  a s  f o l l o w s  :
The a l g e b r a s  a r e  a s  i n  § 2 . 1 ,  a n d  t h e  l o c a l  t im e  d e v e l o p ­
ment i s  g i v e n  b y  ( 2 . 2 )  and  ( 2 . 3 ) ,  w here  t h e  c o n d i t i o n s
on t h e  p o t e n t i a l  a r e  now t h e  f o l l o w i n g  :
( i )  T r a n s l a t i o n a l  c o v a r i a n c e  ; ÿ(A + a )  = t^ ^ ( a )
(AeL, a c f ) ,  where  [ r ^ j . a r e  t h e  sp a c e  t r a n s l a t i o n  
a u to m o rp h is m s  o f  0 [  and  r^ O l{A )  = OL{^  + a )
( s e e  [ 3 1 ] ,  p . 132)
( i i )  F i n i t e  body  i n t e r a c t i o n  ; 3 NoC /N s u c h  t h a t
ç6(a ) = 0 i f  t h e  number o f  p o i n t s  N(a ) i n  A i s  
l a r g e r  t h a n  No*
( i i i )  R e l a t i v e l y  s h o r t  r a n g e  ; \\<p\\ = 2 I . I K a )  110(A)1|<co
Under t h e s e  c o n d i t i o n s ,  one t h e n  shows ['.2 ] , t h a t  t h e  l i m i t
( 1 . 4 )  e x i s t s ,  and  g i v e s  r i s e  t o  a n  a u to m o rp h ism  g rou p  
ot O l . :
* ARt'UtI [ 2 ] r e f e r s  t o  t h i s  a s  the  v a r i a t i o n a l  p r i n c i p l e .
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A t r a n s l a t i o n a l l y  i n v a r i a n t  s t a t e  w o f  ( j \  , i s  s a i d
t o  s a t i s f y  GTS i f f :
( 2 . 1 1 )  s (w )  -  poj{A) =. sup [ s ( o i ’ ) -  /3a;* ( a ) ] ,  A = Z  <^(A)
A  3  o
t h e  sup b e i n g  t a k e n  o v e r  a l l  t r a n s l a t i o n a l l y  i n v a r i a n t  s t a t e s  
o j \
H ere  t h e  mean e n t r o p y  s(w )  i s  g i v e n  b y  t h e  l i m i t ,  i n  a 
s u i t a b l e  s e n s e
( 2 . 1 2 )  s(oi) = l i m  N (A )~ iw (-  l o g  )
w here  p^  i s  g i v e n  by
( 2 . 1 3 )  cü(x) = t r  (pa%) : xe 01( a )
ARAKI [ 2 ] t h e n  shows t h a t  t r a n s l a t i o n a l l y  i n v a r i a n t  
s t a t e s  s a t i s f y  GTS i f f  t h e y  s a t i s f y  KMS w i t h  r e s p e c t  t o  •
* = w f o r  a l l  a a P .  V/e n o t e  t h a t  ( 2 . 1 1 )  e x p r e s s e s
t h e  m i n i m i s a t i o n  o f  t h e  mean f r e e  e n e r g y  f u n c t i o n a l  
w(A) -  ( l / / 3 ) s ( o ; ) .  The e x i s t e n c e  o f  t h e  l i m i t  ( 2 . 1 2 )  f o l l o w s  
f ro m  t h e  s u b a d d i t i v i t y  p r o p e r t y  o f  t h e  e n t r o p y  f o r  a f i n i t e  
r e g i o n ,  t o g e t h e r  w i t h  t r a n s l a t i o n  i n v a r i a n c e .
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§ 2 . 5  I n  t i le  a b s e n c e  o f  t r a n s l a t i o n  i n v a r i a n c e ,  GTS c a n n o t  b e  
f o r m u l a t e d  a t  a l l ,  s i n c e  t h e  mean e n t r o p y  f u n c t i o n a l  (2.Ü! ) 
i s  n o t  w e l l  d e f i n e d .  I n  t h i s  s e t t i n g ,  AlhdCI and SEVELL [5 ]  
h a v e  f o r m u l a t e d  th e  p h y s i c a l  r e q u i r e m e n t  o f  L o c a l  Thermo­
dyn amic S t a b i l i t y  (LTS).  T h i s  means t h a t  t h e  " l o c a l  f r e e  
e n e r g y "  f o r  a b o u n d e d  r e g i o n  AeL, i . e .  t h e  f r e e  e n e r g y  
c o r r e s p o n d i n g  t o  t h e  op en  sy s te m  c o n s i s t i n g  o f  p a r t i c l e s  i n  
A i n t e r a c t i n g  b o t h  w i t h  one a n o t h e r  and  w i t h  t h e  o u t s i d e ,  
s h o u l d  b e  m in im a l  f o r  v a r i a t i o n s  i n  t h e  s t a t e  w h ic h  l e a v e  i t  
u n c h a n g e d  o u t s i d e  A. Thus we a r e  i n t e r e s t e d  h e r e ,  n o t  i n  
g l o b a l  v a r i a t i o n s  o f  mean q u a n t i t i e s ,  b u t  i n  l o c a l  v a r i a t i o n s .
For  a quantum, l a t t i c e  s y s t e m  ( s e e §  2.1 a n d  [31 ] )  ARAKI 
and SEV7ELL d e f i n e  t h e  c o n d i t i o n a l  e n t r o p y  and  t h e  c o n ­
d i t i o n a l  f r e e  e n e r g y  Fq(^) i n d u c e d  by  a s t a t e  oj- f o r  t h e  
r e g i o n  AeL a s  f o l l o w s  :
f s^ (w )  = l i m  [ w ( - l o g  -  w ( - l o g  Fn(w) = W(H*) -  ( l / f ) s * ( w )
H ere  A,A*eL, p^e(Jl{A)  i s  t h e  d e n s i t y  m a t r i x  d e f i n e d  b y
( 2 . 1 3 ) ,  and  ' r e p r e s e n t s  th e  e n e r g y  o f  i n t e r a c t i o n
o f  p a r t i c l e s  i n  A w i t h  one a n o t h e r  an d  w i t h  p a r t i c l e s  o u t -  
s i d e .
A s t a t e  Cl! o f  O t  i s  t h e n  s a i d  t o  s a t i s f y  LTS f o r  a
R e s t r i c t i o n s  a r e  im po sed  oh t h e s e  i n t e r a c t i o n s  t o  e n s u r e  
t h a t  .
A-
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temperature 1//3 (>o)  i f f ,  f o r  e a c h  AeL,
(2.15)
for each state cu* such that oj* I = cu| ,
/ f  A'
The t im e  e v o l u t i o n  o f  t h e  s y s te m  i s  assumed t o  h e  g i v e n  
b y  a: au to m o rph ism  g ro up  o f  ( %  , g e n e r a t e d  by  a n  un­
b o u n d e d  d e r i v a t i o n  ô ( s e e  § 2 . 1 ) ,  w hich  i s  t h e  c l o s u r e  of  
i t s  r e s t r i c t i o n  t o  O t ^  and s u c h  t h a t  :
ô ( x )  =. i [  H ^ ,x  ] ( X€( X( A) ,  AeL)
Under t h e s e  c o n d i t i o n s ,  i t  i s  shown ( [ 5 ] ,  [ 7 2 ] )  t h a t  a 
s t a t e  cu o f  s a t i s f i e s  LTS i f f  i t  s a t i s f i e s  KMS w i t h  
r e s p e c t  to
Thus i n  g e n e r a l  one may s a y  t h a t ,  f o r  quantum l a t t i c e  
s y s te m s  w i t h  s u i t a b l y  t e m p e re d  i n t e r a c t i o n s ,  LTS<^KMS, a n d  
f o r  t r a n s l a t i o n a l l y  i n v a r i a n t  s t a t e s ,  LTS 4=  ^KMS GTS.
The above e x a m p le s  p r o v i d e  s u f f i c i e n t  j u s t i f i c a t i o n ,  i n  
o u r  v i e w ,  f o r  u s i n g  t h e  KMS c o n d i t i o n  a s  t h e  d e f i n i n g  p r o ­
p e r t y  o f  e q u i l i b r i u m  i n  a n  i n f i n i t e  s y s te m ,  s i n c e  i t  i s  
shown t o  be  e q u i v a l e n t  t o  t h e  G ib b s  c o n d i t i o n  i n  a f i n i t e  
s y s t e m , . a n d  a l s o  t o  c o r r e s p o n d  t o  s im p le  p h y s i c a l  r e q u i r e ­
m e n t s  u n d e r  f a i r l y  g e n e r a l  c o n d i t i o n s ,  i n  a n  i n f i n i t e  
s y s t e m .
§ 3 .  V/e now p r o c e e d  t o  exam ine  t h e  c o n s e q u e n c e s  o f  t h e  KMS 
c o n d i t i o n  f o r  t h e  s t r u c t u r e  o f  t h e  r e p r e s e n t a t i o n ■o f  t h e
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a l g e b r a  o f  o b s e r v a b l e s  i n d u c e d  b y  a KMS s t a t e .
The e x i s t e n c e  o f  i n e q u i v a l e n t  r e p r e s e n t a t i o n s  o f  t h e  
a l g e b r a  o f  o b s e r v a b l e s  i s  c h a r a c t e r i s t i c  o f  s y s te m s  w i t h  
i n f i n i t e l y  many d e g r e e s  o f  f r e e d o m ,  b o t h  i n  S t a t i s t i c a l  
M e c h a n ic s  and i n  Quantum F i e l d  T h e o r y ,  and  was one o f  t h e  
m a in  a rg u m e n t s  i n  f a v o u r  o f  t h e  a l g e b r a i c  a p p r o a c h ,  e v e r  
s i n c e  t h e  p i o n e e r i n g  work o f  SEGAL [66 ]  and HAAG [ 2 4 ] .
A p u r e  s t a t e  on t h e  a l g e b r a  o f  o b s e r v a b l e s  g i v e s  r i s e  
t o  a n  i r r e d u c i b l e  GNS r e p r e s e n t a t i o n ,  and  v i c e - v e r s a  
[ c h a p t e r  I ,  § 1 . 4 ] .  Thus a r e d u c i b l e  GNS r e p r e s e n t a t i o n  
i m p l i e s  t h a t  t h e  s t a t e  i s  n o t  a  p u r e  s t a t e ,  b u t  a m i x t u r e .
C o n s i d e r  now t h e  " l i m i t  G ibbs  s t a t e "  on t h e  a l ­
g e b r a  o f  q u a s i l o c a l  o b s e r v a b l e s  ( X , g i v e n  by  ( 1 . 2 ) .  Under 
t h e  a s s u m p t i o n s  o f  HHW [ 2 6 ] ,  i s  i n v a r i a n t  u n d e r  t h e  t im e  
e v o l u t i o n  g i v e n  by  ( 1 . 4 )  ( s e e § 2 . 0 ) .  The c o r r e s p o n d i n g  
GNS t r i p l e  (Tc^, ^ ^ )  h a s  t h e  f o l l o w i n g  p r o p e r t i e s  [26]  :
( i )  The s p e c t r u m  o f  th e  i n f i n i t e s i m a l  g e n e r a t o r  
o f  t h e  t im e  t r a n s l a t i o n s  U^  i s  sy m m et r ic  a b o u t  t h e  o r i g i n  
( i n  c o n t r a s t  t o  t h e  g ro u n d  s t a t e ,  where  i t  i s  o n e - s i j e d ) . .
( i i )  i s  n o t  o n ly  c y c l i c ,  b u t  a l s o  s e p a r a t i n g
f o r  ^ ( 0 1 ) ’ ’ * Thus i t  i s  a l s o  c y c l i c  ( and  s e p a r a t i n g )  f o r
* i . e .  n o t  r e l a t e d  by a u n i t a r y  mapping b e t w e e n  t h e  u n d e r ­
l y i n g  H i l b e r t  s p a c e s .
** s e e  C h a p te r  I ,  § 1 . 4 .
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( i i i )  Not o n ly  i s  7^{CX) r e d u c i b l e ,  b u t  i t  i s  
i n  o n e - t o - o n e  c o r r e s p o n d e n c e  w i t h  i t s  commutant .  More p r e ­
c i c e l y ,  t h e r e  e x i s t s  a n  a n t i l i n e a r ,  a n t i u n i t a r y  o p e r a t o r  J  
on  Icfjg s u c h  t h a t  J ^ =  I ,  commuting w i t h  t h e  t im e  e v o l u t i o n  
U t , and  s u c h  t h a t
( 3.1 ) JTc^iocv'j =
Thus the commutant provides another represen­
tation of CX on TdC, which is (anti) unitarily equivalent
P
t o  TC.
P
Y/e h av e  s e e n  ( C h a p t e r  I I I ,  Thm. 4 . 7 )  t h a t ,  a s  a  r e s u l t  
o f  T o m i t a - T a k e s a k i  t h e o r y ,  t h i s  s t r u c t u r e  i s  e x h i b i t e d  by  
t h e  GNS r e p r e s e n t a t i o n  o f  any C * - a l g e b r a  i n d u c e d  by  a KiâS 
s t a t e .
T hese  p r o p e r t i e s  were  p r e v i o u s l y  d i s c o v e r e d  by ARAKI and  
WOODS [ 6 ] .  They w ere  i n v e s t i g a t i n g  r e p r e s e n t a t i o n s  o f  t h e  
CCR w h ich  d e s c r i b e  a  n o n - r e l a t i v i s t i c  i n f i n i t e  f r e e  Bose  g a s , 
o f  u n i f o r m  d e n s i t y .  They u s e d  t h e  b o u n d e d  form  o f  t h e  CCR, 
d e f i n e d  a s  f o l l o w s :
G iv e n  a r e a l  i n n e r  p r o d u c t  sp a c e  o f  t e s t  f u n c t i o n s  T, a  
c y c l i c  r e p r e s e n t a t i o n  o f  t h e  CCR i s  a  map f rom T i n t o  u n i ­
t a r y  o p e r a t o r s  U ( f ) ,  V(g)  on a H i l b e r t  s p a c e  w i t h  t h e  p r o ­
p e r t i e s
( i )  C U ( f )  V(g) = V (g)  u ( f )  exp ( - i ( f , g ) )
( 3 . 2 )  1 U ( f )  U(g) = U ( f  + g)
v ( f )  V(g) = v ( f  + g)
11?
(ii) (Rail— >U(Xf),V(Xf) is weakly continuous,
( i i i )  T h e re  e x i s t s  a  c y c l i c  v e c t o r  ^ f o r  t h e
Von Neumann a l g e b r a  . g e n e r a t e d  by  | U ( f ) , V ( g )  : f , g e  T i .
I t  i s  known ( s e e  e . g .  [ 1 8 ] ,  s e c t i o n  I I I . I . e . ,  where  more 
d e t a i l s  c a n  b e  f o u n d )  t h a t  a c y c l i c  r e p r e s e n t a t i o n  o f  t h e  
CCR i s  d e t e r m i n e d ,  up t o  u n i t a r y  e q u i v a l e n c e ,  by t h e  f u n c ­
t i o n a l  :
( 3 . 3 )  E ( f , g )  =  < U ( f ) V ( g ) S  > ( f , g e T )
ARAKI and  vVOODS [6 ]  d e t e r m i n e  t h e  f u n c t i o n a l .  E ( f , g . )  
p e r t i n e n t  t o  a f r e e  i n f i n i t e  Bose g a s  whose d e n s i t y  i s  g i v e n  
a s  a  c o n t i n u o u s  i n t e g r a b l e  n o n - z e r o  p o s i t i v e  f u n c t i o n  i n  
momentum s p a c e ,  by  f i r s t  c o n s i d e r i n g  t h e  s i t u a t i o n  o f  a d i s ­
c r e t e  d e n s i t y  d i s t r i b u t i o n  e n c l o s e d  i n  a b o x ,  t h e n  l e t t i n g  
t h e  b o x  become i n f i n i t e l y  l a r g e ,  and  f i n a l l y  l e t t i n g  t h e  
d i s t r i b u t i o n  t e n d  t o  a c o n t i n u o u s  one .
On c o n s t r u c t i n g  t h e  r e p r e s e n t a t i o n  o f  t h e  CCR d e t e r m i n e d  
b y  t h i s  f u n c t i o n a l ,  one i n d e e d  g e t s  a  r e d u c i b l e  r e p r e s e n ­
t a t i o n ,  whose commutant  f u r n i s h e s  a n o t h e r ,  e q u i v a l e n t  r e ­
p r e s e n t a t i o n  o f  t h e  CCR [ 6 ] .  Note  a l s o  t h e  r e m a r k a b l e  f a c t  
t h a t  t h e r e  a p p e a r s  nowhere  i n  ARAKI and WOODS* t r e a t m e n t . a  
t im e  e v o l u t i o n ,  l e t  a l o n e  a KMS s t a t e .  T h i s  i s  b e c a u s e  
t h e r e  i s  e x a c t l y  one t im e  e v o l u t i o n  s a t i s f y i n g  t h e  KMS co n ­
d i t i o n  w i t h  r e s p e c t  t o  some g i v e n  s t a t e ;  t h i s  i s  c o n s t r u c t e d  
o u t  o f  t h e  a l g e b r a  i t s e l f  ( s e e  C h a p te r  I I I ,  Thm. 4 . 2 ) .
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A n o t h e r  p ro b le m  [17]  i s  t h a t  t h e  f r e e  t im e  e v o l u t i o n  
d o e s  n o t  g i v e  r i s e  t o  a n  au to m o rp h ism  g ro u p  o t  , One may 
d e f i n e  a  l o c a l  time- d e v e lo p m e n t  a s  i n  ( 1 . 2 ) ,  w i t h  t h e  
s e c o n d  q u a n t i z a t i o n  o f  t h e  o n e - p a r t i c l e  f r e e  h a m i l t o n i a n  f o r  
a bo u n d e d  r e g i o n ,  b u t  t h e  l i m i t  ( 1 . 4 )  d o e s  n o t  e x i s t .  How­
e v e r ,  a s s u m p t i o n s  ( a )  and  ( b )  o f  DS ( s e e  §1) a r e  s a t i s f i e d .
As o b s e r v e d  p r e v i o u s l y ,  t h i s  a l l o w s  t h e  d e f i n i t i o n  o f  t h e  
l i m i t  G ib bs  s t a t e  U s in g  a s s u m p t i o n  ( a ) ,  DS a r e  a b l e
t o  c o n s t r u c t  a  H i l b e r t  s p a c e  Jcf , a  r e p r e s e n t a t i o n  7X o f  
i n  DC^cf) ,Giunit  v e c t o r  and  a u n i t a r y  g ro u p  ULeB(lT)
r e p r e s e n t i n g  t im e  d e v e lo p m e n t  s u c h  t h a t  U^^ = t h i s  i s  
done  b y  a method p a r a l l e l  t o  th e  Wightman r e c o n s t r u c t i o n  
th e o re m  [ 7 9 ] .  Then u s i n g  p r o p e r t y ( b ) ,  t h e y  a r e  a b l e  to  show 
t h a t  t h i s  r e p r e s e n t a t i o n  i s  i n  f a c t  u n i t a r i l y  e q u i v a l e n t  t o  
t h e  GNS r e p r e s e n t a t i o n  ( }o^, ^ ^ )  c o r r e s p o n d i n g  t o  .
They f u r t h e r  show t h a t
( 3 . 4 )  T i ( x )  = U^xU^' t e n ,  xe
d e f i n e s  a  s t r o n g l y  c o n t i n u o u s  one p a r a m e t e r  a u to m o rp h ism  
g ro u p  o f  f^ (  ( X ) " ,  t h o u g h  n o t  o f  01 i t s e l f , w h ic h  i s  t h e  
l i m i t  o f  t h e  " l o c a l  t im e  d e v e l o p m e n t " ,  i n  t h e  s e n s e  t h a t
( 3 . 5 )  l i r a  f ^ (  a [ ( x ) )  = U^ , /^(x)Ut;‘ xeOl^, teIR
t h e  l i m i t  b e i n g  t a k e n  i n  t h e  y/eak o p e r a t o r  t o p o l o g y .
I n  t h i s  s e t t i n g ,  t h e y  a r e  a b l e  t o  show t h a t  s a t i s f i e s
P
t h e  iUdS c o n d i t i o n  w i t h  r e s p e c t  t o  and  t h a t  ( ^ ) "
M o d i f i e d  i n  t h e  o b v io u s  way t o  a l l o w  f o r  t h e  f a c t  t h a t
Aut
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h a s  t h e  s t r u c t u r e  d e s c r i b e d  by  HHW.
T h is  c o n c l u d e s  o u r  g e n e r a l  d i s c u s s i o n  o f  t h e  p r e s e n t  
s t a t u s  o f  t h e  KJvlS c o n d i t i o n  f o r  e q u i l i b r i u m  s t a t e s  i n  Quan­
tum S t a t i s t i c a l  M e c h a n ic s ,  and t h e  s t r u c t u r e  o f  t h e  a s s o ­
c i a t e d  r e p r e s e n t a t i o n s  o f  t h e  o b s e r v a b l e  a l g e b r a s .  We have  
s e e n  ( C h a p t e r  I I I )  t h a t  a f a i t h f u l  no rm al  s t a t e  ca on a 
Von Neumann a l g e b r a  Oi. u n i q u e l y  d e f i n e s  a n  a u to m o rp h ism  g ro u p  
o f  O i  and  s a t i s f i e s  t h e  KMS c o n d i t i o n  w i t h  r e s p e c t  t o  . 
T h i s  " k i n d  o f  m i r a c l e " ,  i n  ARAKI*s [4 ]  w o rd s ,  h a s  b e e n  th e  
s t a r t i n g  p o i n t  f o r  many d e v e l o p m e n t s  b o t h  i n  S t a t i s t i c a l .  
M echan ics  (some o f  w h ich  h a v e  b e e n  d e s c r i b e d  i n  t h i s  C h a p t e r )  
an d  i n  t h e  s t r u c t u r e  t h e o r y  o f  Von Neumann a l g e b r a s ,  t h u s  
p r o v i d i n g  y e t  a n o t h e r  l i n k  b e tw e e n  M a t h e m a t i c a l  P h y s i c s  and  
P u re  M a th e m a t i c s .
120
CHAPTER V 
GIBBS STATES ON THE ALGEBRA OP THE 
CANONICAL COMMUTATION RELATIONS '
We now embark  on o u r  e x t e n s i o n  o f  T o m i t a - T a k e s a k i  t h e o r y  
t o  an  a l g e b r a  o f  u n b o u n d e d  o p e r a t o r s , A s  d e s c r i b e d  i n  C h a p t e r  • 
I I I , t h e  g e n e r a l  p r o b l e m  o f  a  c l o s a b l e  p r o b a b i l i t y  a l g e b r a  was 
a t t e m p t e d  "by GDDDER & HDDSON [22]  ( s e e  C h a p t e r  I I I , §2 & 3 ) ,h u t ;  
t h e i r  a n a l y s i s  o n l y  y i e l d e d  p a r t i a l  r e s u l t s .
Our exEimples a r e  m o t i v a t e d  b y  Quantum S t a t i s t i c a l  Mecha­
n i c s ,  We w i l l  t a k e  a s  o u r  a l g e b r a  t h e  one  g e n e r a t e d  b y  t h e  ; 
C a n o n i c a l  C om m uta t ion  R e l a t i o n s  (CCR) i n  t h e i r  u n b o u n d e d  f o r m .  
On t h i s  a l g e b r a , w e  w i l l  c o n s t r u c t  a  c l a s s  o f  G ib b s  s t a t e s  
( s e e  C h a p t e r  I V ) ,  an d  a  c o r r e s p o n d i n g  c l a s s  o f  t i m e  e v o l u t i o n s  
a n d  s t u d y  t h e  p r o p e r t i e s  o f t h e  GNS r e p r e s e n t a t i o n s  i n d u c e d  b y  
t h e s e  s t a t e s . I n  t h e  f i n a l  C h a p t e r , w e  w i l l  p r o v e  a  c o m m u ta t io n  
t h e o r e m , a n a l o g o u s  t o  Theorem  3 . 3  o f  C h a p t e r  I I I .
The main p r o b l e m  we h a v e  t o  f a c e  i s , o f  c o u r s e , t h e  u n bo u n­
d e d  c h a r a c t e r  o f  o u r  r e p r e s e n t a t i o n . F o r  t h i s  r e a s o n , t h e  domain^ 
o f  t h e  r e p r e s e n t a t i o n  m u s t  be  c h o s e n  c a r e f u l l y , a n d  i t  i s  w i t h  
an a n a l y s i s  o f  t h i s  domain t h a t  we b e g i n  o u r  i n v e s t i g a t i o n .
On t h i s  d o m a i n , o u r  r e p r e s e n t a t i o n  w i l l  be c o n t i n u o u s , b u t  we 
c an  no l o n g e r  hope  t o  h a v e  a  H i l b e r t  s p a c e  s t r u c t u r e . H o w e v e r ,  
i t  i s  s t i l l  p o s s i b l e  t o  p r o v e  t h a t  t h e  GNS r e p r e s e n t a t i o n  i n ­
d u c e d  b y  o u r  G ib b s  s t a t e  i s  a  c l o s a b l e  p r o b a b i l i t y  a l g e b r a  
( s e e  C h a p t e r  I I I , § 2 ) , a n d , w h a t  i s  more i m p o r t a n t , t h a t  one may 
c o n s t r u c t  a n  " a l m o s t " . M o d u l a r  H i l b e r t  s u b a l g e b r a  ( C h a p t e r  I I I  
§ 3 ) w i t h  t h e  same c o m m u t a n t .T h i s  l a t t e r  a l g e b r a  i s  t h e  e s s e n ­
t i a l  t o o l  t h a t  v / i l l  e n a b l e  u s  t o  p r o v e  o u r  c o m m u ta t io n  t h e -
12l
orem i n  t h e  l a s t  C h a p t e r .
I t  i s  p r o b a b l y  p o s s i b l e  t o  p r o v e  t h e  c o m m u ta t io n  theorem',  
b y  s t u d y i n g  t h e  a s s o c i a t e d  Weyl f o rm  o f  t h e  CCR(see C h a p t e r  
I V , § 3 ) ' . I t  h a s  t o  be  s t r e s s e d , h o w e v e r , t h a t  t h e  w h o le  p u r p o s e  
o f  t h i s  c o n s t r u c t i o n  i s  t o  d e v e l o p  a  m e th o d  f o r  e x t e n d i n g  
T o m i t a - T a k e s a k i  t h e o r y  t o  a l g e b r a s  o f  u n b o u n d e d  o p e r a t o r s .
I t  i s  i n  t h i s  s e n s e  t h a t  t h e  p r e s e n t  work  i s  n e w ,a n d  may 
p r o v e  u s e f u l  i n  d e a l i n g  w i t h  more g e n e r a l  e x a m p l e s . P a r t  o f  
t h e  r e s u l t s  o f  t h i s  C h a p t e r  a r e  t a k e n  f ro m  j o i n t  work  w i t h  
I n g e b o r g  Koch ( s e e  ]^37| ) .
L e t  u s  b e g i n  by  d e s c r i b i n g  t h e  r e l e v a n t  f e a t u r e s  o f  t h e  
domain on w h i c h  o u r  r e p r e s e n t a t i o n  o f  t h e  CCR i s  t o  be d e f i n e d  
The r e s u l t s  o f  § 1 . 1  & § 1 . 2  a r e  t a k e n ,  u n l e s s  o t h e r w i s e  s p e c i — 
f l e d ,  f r o m  THUE. POUESEN I83J  .
§ 1 . 1  S p a c e s  o f  t y p e  s ” ..
C o n s i d e r  Quantum M e c h a n ic s  o f  a  s i n g l e  p a r t i c l e . H e r e  we 
a r e  c o n c e r n e d  w i t h  t h e  c o n j u g a t e  p a i r ~  o f  - o b s e r v a b l e s  q and_p__. 
( p o s i t i o n  a n d  c o n j u g a t e  momentum) w h i c h  s a t i s f y  t h e  CCR: \
( d . i )  [ p , ^  =  - 1
The t r a d i t i o n a l l y  m o s t  i m p o r t a n t  r e a l i s a t i o n  o f  t h e s e  
o b s e r v a b l e s  i s  by  s e l f - a d j o i n t  o p e r a t o r s  on L^(lR)'i g i v e n  b y :
( 1 . 2 ) ( p f ) ( t ) =  - i ( d f / d t ) f t )
( q f ) i ( t ) =  t f ( t > )
p
d e f i n e d  on a  s u i t a b l e  common d e n s e  domain i n  L (CR).I t  i s  
w e l l  known ( s e e  e.g.EMCH [ l ^  I l l . l . b  Thm. 1 ) t h a t  t h e r e  i s  no 
r e a l i s a t i o n  o f  ( l . l )  by  b o u n d e d  s e l f - a d j o i n t  o p e r a t o r s . T h e r e —
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f o r e  a n y  r e a l i s a t i o n  o f  ( l . l )  on a  H i l b e r t  s p a c e  i m m e d i a t e l y  
c r e a t e s  p r o b l e m s  due t o  t h e  u n b o u n d e d  c h a r a c t e r  o f  t h e  o p e r a ­
t o r s  i n v o l v e d .
KRISTSNSENjMEJLBO & THUE POULSEÏÏ £ 4 ^  p r o p o s e d  t h e  f o l l o v / -  
i n g  a l t e r n a t i v e  a p p r o a c h  t o  t h e  s t u d y  o f  t h e  r e p r e s e n t a t i o n s  
o f  ( l . l ) : I n s t e a d  o f  r e q u i r i n g  t h e  r e p r e s e n t a t i o n  s p a c e  t o  b e  
a  H i l b e r t  s p a c e , t h e y  r e q u i r e  t h e  o p e r a t o r s  t o  be  e v e r y w h e r e  
d e f i n e d  a n d  o o n t i n u o u s , a n d  t h e n  s t u d y  t h e  p o s s i b l e  r e p r e s e n t s  
a t i o n  s p a c e s , w h i c h  w i l l  be  l o c a l l y  c o n v e x  s p a c e s , e q u i p p e d  
w i t h  a  c o n t i n u o u s  s c a l a r  p r o d u c t , w i t h  r e s p e c t  t o  w h ic h  p & q 
a r e  r e q u i r e d  t o  be  s y m m e t r i c  ( t h e  q u e s t i o n  o f  s e l f - a d j o i n t n e s s  
d o e s  n o t  a r i s e , s i n c e  v/e do n o t  h a v e  a  H i l b e r t  s p a c e  s t r u c t u r e ; ,  
t h i s  i s  one  o f  t h e  m ain  a d v a n t a g e s  o f  t h i s  a p p r o a c h )  .V/e fo rm u ­
l a t e  t h e  r e q u i r e m e n t s  p l a c e d ;  on t h e  r e p r e s e n t a t i o n  s p a c e  a s  a  
d e f i n i t i o n  f o r  t h e  c a s e  o f  n  p a r t i c l e s  : '
D e f i n i t i o n :
A s p a c e  o f  t y p e  i s  a  l o c a l l y  c o n v e x  H a u sd o ; r f f  s p a c e  S 
w i t h  t h e  f o l l o w i n g  p r o p e r t i e s :
( 1 . 3 ) T h e r e '  e x i s t s  a  s c a l a r  p r o d u c t  ( i . e . a  s e s q u i l i n e a r  p o s i t i v e  
d e f i n i t e  form)) (’. , . ) '  on S' s u c h  t h a t  t h e  c o r r e s p o n d i n g  norm 
^  i s  c o n t i n u o u s  on S .
( 1 . 4 ) T h e r e  e x i s t  c o n t i n u o u s  l i n e a r  m ap p in g s  b  . , b t .  ( j = l , 2 , . .  .n))
J e
on 8 s u c h  t h a t  
a n d
( 1 . 5 )
( 1 . 6 )  3 , k = l ,  . . . r r
123
( 1 . 7 ) T h e r e  e x i s t s  a  c y c l i c  e l e m e n t  e ^  i n  S s u c h  t h a t  (| e^(f =1 , 
h j e ^ = o  f o r  j  = l , . . , a  and
( 1 . 8 )  I f ' K  d e n o t e s  t h e  a l g e b r a  g e n e r a t e d  b y [  b . , b t  : j = l , . . . n }
3 0
t h e n  7 ^ e  i s  d e n c e  i n  S. o
H ere  b^ an d  b^  ^ a r e  t h e  u s u a l - r a i s i n g  an d  l o w e r i n g  o p e r a t o r s
o f  Quantum M e c h a n i c s , g i v e n  b y :
. - 1 /2
( 1 . 9 )  To. = , 2  f p j  - i q ^ )
-1/ 2,
= 2 (pj^ +14%)
P r o p o s i t i o n  1 . 1
F o r  x c R ,  f e  S, d e f i n e :
(1.10)) llfll^ = llxfll
The l o c a l l y  c o n v e x  t o p o l o g y  d e f i n e d  on S b y  t h e  sem inorm s || . | | ^
i s  t h e  weaices t  l o c a l l y  c o n v e x  t o p o l o g y  on S w i t h  r e s p e c t  t o  
w h ic h  S i s  a  s p a c e  o f  t y p e  s ” , a n d  i s  e q u i v a l e n t l y  g i v e n  b y  
t h e  s e q u e n c e  o f  norm s || . | | ^  ( r e  m) g i v e n  by :
(1 . 1 1 ) \ \ n l  = ( f , i f f )' r
w h e re
( 1 . 1 2 )  B)=  . K  b . b t
3 ^  3 3
m o r e o v e r ,w e  h a v e :
llfllr+i -  n Ilf 11^
The m o s t  i m p o r t a n t  f a c t  a b o u t  s p a c e s  o f  t y p e  s ”  i s  t h a t :  
t h e y  c an  be  c o n t i n u o u s l y  e m b e d d e d , i n  a .w a y  p r e s e r v i n g  t h e  
p r o p e r t i e s  o f  t h e  d e f i n i t i o n , i n  a  m ax im al  s p a c e  o f  t y p e  S^,  
w h ic h  i s  u n i q u e  (u p  t o  an  i s o m o r p h i s m  p r e s e r v i n g  t h e  p r o p e r ^ . .
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t i e s  o f  t h e  d e f i n i t i o n )  . T h i s  s p a c e  i s  n o t h i n g  h u t  S ( ( R ^ ) , i . e ,
t h e  s p a c e  o f  a l l  i n f i n i t e l y  d i f f e r e n t i a b l e  f u n c t i o n s  on
w h ic h  d e c r e a s e  a t  i n f i n i t y  f a s t e r  t h a n  a n y  p o ly n o m ia l .V /e
make S(IE°) i n t o  a  s p a c e  o f  t y p e  s ”  b y  e q u i p i n g  i t  w i t h  i t s
2 nu s u a l  t o p o l o g y , t h e  s c a l a r  p r o d u c t  i n h e r i t e d  f ro m  L (lîR ) , a n d  ;
( 1 . 1 3 ) '  e^(t)= ; t=(t^,.. e CR”
(1 .1 4 ) )  ( S j f M t ) '  = t j f ( t )
(1.15)) (p .f) ( t ) = . ) f  (t)) :i=l,...D
d  d
The u s u a l  t o p o l o g y  o f  S(tK^) i s  t h e  same a.s t h a t  d e f i n e d  i n  
P r o p . 1 , 1 . The f o l l o w i n g  s e q u e n c e  r e p r e s e n t a t i o n ' o f  S(£R^)wil l  
be  v e r y  u s e f u l :
P r o p o s i t i o n  1 . 2 '
L e t  s ^  be  t h e  s p a c e  o f  a l l  m u l t i s e q u e n c e s  c=('Cy) ve s u c h  
t h a t  t h e  sums:
( 1 . 1 6 )  ^ _  ( K l + n ) ^ l c ^ |  ^ = |!c[l^ < c o  r  e HT
nE q u ip  8 w i t h  t h e  t o p o l o g y  d e f i n e d  b y  t h e  norms U*lip> r  e ITT, 
t h e  s c a l a r  p r o d u c t
( 1 . 1 7 )  (C,C*0 = XI C/C»v-
a n d  t h e  s t r u c t u r e  o f  a  s p a c e  o f  t y p e  g i v e n  by :
( 1 . 1 8 )  (e^:)y, = f l  , f o r  y  = ( 0 , 0 , . . . 0 )
(,0 , o t h e r w i s e
/ 1 / 2
( 1 . 1 9 )  __ Vvv
( 1 ,2 0 ) )  (b^c)).^^
Then t h e  m ap p in g :
v:>0
0  i f  v ; =  0
3
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( 1 . 2 1 )  J  : s ”   ) S ( e ” )
0  I—  ^  C ' y ©  y
V't/A/»'
v/here the Hermite elements ©y , v e  are given by;
—1 /2  V" V y
( 1 . 2 2 )  =("^iî  V2 ! . . .  ) ^ i ^ 2 ^ * ^ n ® o
is a linear topological isomorphism of s” onto S(E^),preser­
ving the properties of the definition of a space of type S^.
N o te  t h a t  t h e  H e r m i t e  e l e m e n t s  a l g e b r a i c a l l y  s p a n  t h e  d e n s e  
s u b s p a c e  I R e ^  o f '  8 ([R^) ( s e e  ( 1 . 8 )  ) .M o r e o v e r ,  t h e y  fo rm  an 
o r t h o n o r m a l  b a s e  i n  L ^ ( |R ^ ) , t h e  c o m p l e t i o n  o f  8 (E^) i n  t h e  
U . 11^  norm.
Henceforth we shall have to deal exclusively vfith maxi­
mal spaces, and therefore we shall write for S(E^)’ and S 
for 8(E).We introduce a conjugation. In 8,denoted by a bar, 
given by the usual complex conjugation.One checks that'
(1 . 23)
sothatjin the sequence representation,
(1 . 24) Tâ;T = ( ( - ! ) "  0^)  \
v/e will also use the fhct that S (and hence also s )' is
a countably Hilbert space ,and in fact a nuclear space. 
Definition (GEIPAND & VILENKIN [20] )
A countably Hilbert space E is a Eréchet space (i.e. a com­
plete metrizable locally convex space) whose topology caz) be 
defined by a sequence of increasing norms (r e IN) each
coming from an inner product (.,.)p. .
Y/e see that, if E^ denotes the Hilbert' space completion of'
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(E,Il .1^ ),v/e have;
E= n  E^, = iisE^,
where denotes the projective limit of' the spaces ,
defined as follows:
Definition (SCHAEFFER [ 6 4 ]  ) 1
Let I Fjj, i  e i j  be a fhmily of locally convex spaces indexed 
by a directed set I.Suppose that, for i-j, there exists a 
continuous linear mapping:
^di '^3—
Let P be the subspace of the cartesian product" of the P^ 
given by:
E= [ (x^)' : for i^d]
Equipped with the projective topology v/ith respect to the 
mappings f^: P — »P^ ,the restrictions of the canonical pro­
jections onto P^,(i.e. the weakest topology on P making each 
f^ continuous) F  is called the projective limit of the spaces
P. with respect to the mappings g ...1 d 1
In the case of a countably Hilbert space E,the identity:
\
■ (E, II. lip) »(E,ll.|p
extends to a continuous linear mapping:
S p r : % -------
for p-r, since the norms are increasing.
Definition (TREVES[85])
Let E be a locally convex Hausdorff space, with its topology 
given by an increasing set of seminorms H . H^.V/e let E^ be 
the completion of the normed space (E/kerll.li )hPor p^r,
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k e r l l .  IL -  k e r l L  || , a n d  so  t h e  i d e n t i t y  f a c t o r s  t o  a  c o n t i n u o u s  p r
linear mapping:
gpj.; (E/kerll. ii^ ) — » (E/kerU. i p
which extends to the completions E and E .
p r
E is said to he nuclear iff for all r there exists p-r such 
that g^^ is a nuclear mapping.
The following characterization of a nuclear mapping can he 
taken as the definition for our purposes:
Definition (TREVES [85] Prop.47.2)
A continuous linear mapping u between two locally convex Haus­
dorff spaces E and P is said to he nuclear iff‘ we may write
CO
u(x)
where;
' .
(o^) e l^dN);
(xi) is an equicontinuous sequence in the dual E* of E 
(i.e. a sequence such that given H>0,there exists a 0-neigh- 
hourhood U of E such that |x^(x)|<.£ for all x e U and all i.) 
(y^) is contained in a convex,balanced infracomplete
bounded subset of P(a convex set B:such that x e B  , [cjél 
cx e B -balanced" , and such that the subspace of P spanned by 
B is complete when equipped with the n o r m U x H  = infj^oO: xecB^ 
This is satisfied when B itself is complete in the topology 
of P (THEVES [85] Lemma 36.1)— infracomplete)
One should note that in case E and P are Hibert spaces, 
the above definition is easily seen to be equivalent to the 
definition of a trace class operator u  from E to P.
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Thus for a countably Hilbert space E ,the definition of 
nuclearity reduces to the following requirement ; for all r, 
there exists p^r such that the mapping S p p t E ^ - ^ E ^  is trace 
class.
In the case of s^,if we denote by s^ the Hilbert space 
completion of s^ with respect to the (( .((^  norm (given by -
(1,16) ),then we see that the identity extends to a nuclear
mapping — > s” . For,letting
f  ^ =(lvl+n)'“^ “^ “'^ e^  V e in”
where e^e s^ is the multisequenoe ' given by (l.:22)},; we .
have r if p=r+n+l :
Vé//v''
= H  ( ivl + n ) “ D( | v | + n ) ^  = X I ( I'V'I + n ) " ^ ~ ^ <  co
V veiiv**
(This proof is a simplification of Thm.51.5 of TREVES [85])*
§1,2,Spaces of type ^
Having finished with the case of a finite number of
particles,we now attack an infinite number of them.Here we '
\
need to represent the canonical pair of field operators and 
conjugate momenta,indexed by some test function space.
Again in a Hilbert space representation one is faced with 
problems due to the necessarily unbounded character of the 
representation,namely the problem of choosing a suitable 
common dense domain ; on which these (infinitely many) opera;-' 
tors are all (essentially) self-adjoint.
V/e once again adopt the point of view of §1.1, that is we . 
require the operators to be everywhere defined and continuous
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an d  l o o k  f o r  a  s u i t a b l e  s p a c e  t o  r e p r e s e n t  them o n .  As we a r e  
i n t e r e s t e d  i n  c y c l i c  r e p r e s e n t a t i o n s , w e  s h a l l  a ssum e  t h e  
e x i s t e n c e  o f  a  c y c l i c  ’’v a cu u m " .
D e f i n i t i o n .
A s p a c e  o f  t y p e  (5  i s  a  l o c a l l y  c o n v e x  s p a c e  Ç  w i t h  t h e  
p r o p e r t i e s :
(1 .25 ')  T h e r e  e x i s t s  a  s c a l a r  p r o d u c t  . ( . , . )  s u c h  t h a t  t h e  c o r r e s ­
p o n d i n g  norm i s  c o n t i n u o u s ,
(1 .2 6 ) :  T h e r e  e x i s t  c o n t i n u o u s  l i n e a r  m a p p in g s :
S  -----
s u c h  t h a t
(1.27)^ ( a ( î ) F , G ) ' =(F,a'^(f)G) f e S ,  P . f f e Q
(1 .2 8 ) )  L 'a (? ) ) ,a ( g ) ' ]=  [ a + ( f ) , a - ^ ( g ) ]  = 0 •)
j. ,  >• OCR
( 1 . 2 9 )  ■ [ a ( T ) , a + ( g ) ' ]  = ( f , g )  J
(1 . 3 0 )! T h e r e  e x i s t s  a  vecu'um e l e m e n t , e Û  s u c h  t h a t  j | y ^ | |  =1
% L ( ( ^ )  d e n o t e s  t h e  s p a c e  o f  a l l  c o n t i n u o u s  l i n e a r  m ap p in g s  
on ^  . I t  i s  e q u i p p e d  w i t h  t h e  t o p o l o g y  o f  u n i f o r m  c o n v e r ­
g e n c e  on b o u n d e d  s e t s , w h i c h  i s  g e n e r a t e d  by  t h e  se m in o rm s :
w h ere  |) . | |^ a r e  t h e  se m in o rm s  d e f i n i n g  t h e  t o p o l o g y  o f  ^  , a n d  
B r u n s  o v e r  a l l  b o u n d e d  s e t s  o f  , i . e .  s e t s  i n  w h ic h  a l l  
t h e  sem in o rm s  a r e  b o u n d e d . T h i s  t o p o l o g y  i s  t h e  n a t u r a l  g e n e ­
r a l i s a t i o n  o f  t h e  norm t o p o l o g y  on L ( 53) , w h e re  fl i s  a  norm ed  
s p a c e .
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a n d  =0 f o r  a l l  f  e  S .
(1 . 3 1 ) I f  C X  d e n o t e s  t h e  a l g e b r a  g e n e r a t e d  b y  ^ a ( î ) , a * ^ ( f )  : f  e  s j  
t h e n  i s  d e n s e  i n  .
(1 . 3 2 ) To e v e r y  s y m m e t r i c  o p e r a t o r  k  e %  ( c f . ( 1 . 8 ) )  t h e r e  e x i s t s  a  
s^rmmetric  o p e r a t o r  K c I ( ^  ) , t h e  s e c o n d  q u a n t i s a t i o n  o f  k ,  
s a t i s f y i n g :
(1 . 33) [E ,a+(f) ]  = a+dcfX' , f  e 3
We a r e  a i m i n g  a t  r e a l i s a t i o n s  o f  a  s p a c e  o f  t y p e  ^  w h ic h  
h a v e  t h e  same r e l a t i o n s h i p  t o  Rock s p a c e  ( o v e r  L^([R)) a s  S(LR)) 
h a s  t o  L ( IR ) .R ough ly  s p e a k i n g ,  o u r  s p a c e  w i l l  be  an i n f i n i t e  
d i r e c t  sum o f  n - f b l d  s y m m e t r i z e d  t e n s o r  p r o d u c t s  o f  S(lR).
F i r s t l y , w e  d e f i n e  on t h e  n - f o l d  a l g e b r a i c  t e n s o r  p r o d u c t  
S o f  S , a  s y m m e t r i z a t i o n  o p e r a t o r :  ,
(1 . 3 4 ) s y m ( f 3® f 2 . . . S f j , )  Z  ^ p ( l ) ® ^ p ( 2 ) ® ' * *®^p(n)
r ^
(w he re  P(fn) i s  t h e  s y m m e t r i c  g r o u p )  a n d  e x t e n d  b y  l i n e a r i t y .
We d e n o t e  i t s  r a n g e  b y  , t h e  s y m m e t r i c  p a r t  o f  S^^.We f i n d
t h a t  sym i s  c o n t i n u o u s  i n  t h e  t o p o l o g y  o f  ( i n t o  w h ic h
may be  c o n t i n u o u s l y  embedded a s  a  d e n s e  s u b s p a c e ) , and  h e n c e
nd e f i n e s  a  c o n t i n u o u s  l i n e a r  m ap p in g  o f  S , whose r a n g e  we 
d e n o t e  b y  S ^ .  We may c o r r e s p o n d i n g l y  d e f i n e  t h e  s y m m e t r i c  
p a r t  s ^ . o f  s ” .
F o r  a n y  o p e r a t o r  k  e L ( S ) ,  we d e f i n e
(1 . 3 5 ) k ^ ”  ^ = k o l ^ l ® . .  .®1 + l®k®liS?.. .®1 + . . . +  1 ® . .  dS)k
I t  i s  c l e a r  t h a t  k ^ ^ ^ e  L ( 'S ^ ) , a n d  t h a t  i t  commutes w i t h  sym.
I t  t h e r e f o r e  l e a v e s  8 ? ^  an d  s ”  i n v a r i a n t .+- +
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A m ax im al  o r t h o n o r m a l  s e t  i n  may be  c o n s t r u c t e d  a s  
f o l l o w s  ( s e e  GUICHARDET [231 § 2 . l ) :  S t a r t i n g  f rom  a  maxim al  
o r t h o  norm 8,1 s e t  ( e^^ i n  S ( f o r  e x a m p le ,  t h e  H e r m i t e  e l e m e n t s )  
we w r i t e
( 1 . 3 6 )  e ( n ^ , n p , . . . ) ;  -  (n! ( ^ l n ^ ! ) " ^ ) ^ / ^ s y m ( e Q ® e ^ G )  . . . )  
w h e re  ^ n ^  =n ( a n d  h e n c e  t h e r e  a r e  o n l y  f i n i t e l y  many n o n ­
z e r o  n^^*:s)
L e t  now ^  b e  a  s p a c e  o f  t y p e  . We d e f i n e  a  map ;
( 1 . 3 7 )  a"^®^: S ® ^ -------- ^ L(C^.)
 ) a"^  ( f p  ) a"  ^( f  g ) . . .  a"*" ( f ^  )^
f r o m  ( 1 . 2 8 )  we s e e  t h a , t  a " ^ ^  = a / ^ ^ s y m  .
P r o p o s i t i o n  1 . 3
The m ap p in g  ^ : S®^--------
f  1 ( n ! ) - ^a ' ^ ' ^ ^ ( f )
i s  i s o m e t r i c  w i t h  r e s p e c t  t o  t h e  norm 11. . The r a n g e s  o f
^  and  a r e  o r t h o g o n a l  w i t h  r e s p e c t  t o  t h e  s c a l a r  p r o ­
d u c t  f o r  m ^ n ,a n d  t h e i r  d i r e c t  sum e q u a l s  h e n c e  i s  -
d e n s e  i n  . T h e r e f o r e  a, m ax im al  o r t h o  n o r m a l  s e t  i n  i s  ' 
g i v e n  by :
(1 .3 8 ) )  y 3 ^ ( e ( r i Q , n ^ , . .  .)>) s =n , n e iwj
P r o p o s i t i o n  1 . 4
E v e r y  s y m m e t r i c  k  e' L ( S ) , h a s  a  u n i q u e  s e c o n d  q u a n t i z a t i o n  
K e L ( ( ^ )  s a t i s f y i n g  ( 1 . 3 3 )  a n d
= 0
T h i s  i s  c h a r a c t e r i z e d ,  b y
( 1 . 3 9 )  E % , ( f )  = V ^ ( k ^ ” h ) )  , f  e 3®“ ' ,  n > 0
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w h ere  i s  g i v e n  b y  ( 1 . 3 5 ) . A l l  s e c o n d  q u a n t i z a t i o n s  o f  k
d i f f e r  f ro m  K b y  a, s c a l a , r  m u l t i p l e  o f  t h e  i d e n t i t y .
P r o p . 1 . 3  shows t h a t  t h e  a l g e b r a i c  d i r e c t  sum ©y\. +
( w i t h  = C) i s  l i n e a r l y  embedded a,s a  d e n s e  s u b s p a c e  o f
a n y  s p a c e  o f  t y p e  0  . F u r t h e r m o r e , w e  may e q u i p  t h i s  s p a c e
w i t h  t h e  f o l l o v / i n g  s t r u c t u r e :
The s c a l a r  p r o d u c t
(1.40) (F,G) = E(f„,gj , )
w h e re  P = ( j ^ )  , G = ( g ^ ) '  and  t h e  s c a l a r  p r o d u c t s  on t h e  
r i g h t  h a n d  s i d e  a r e  i n h e r i t e d  f rom  ([R^)).
The vacuum e l e m e n t  = ( 1 , 0 , 0 , . . . )
The o p e r a t o r s  a(T)),a'^CP)) , f  e S g i v e n  by :
( 1 . 4 1 )  a*^(f); g  = ( n + l ) ^ / ^ s y m ( f ® g )  g  e
( 1 . 4 2 )  a ( ? ) s y m ( f ^ ^ )) =» ( h ) ^ ( f , f ^ ) f ^ ^ . . .
[ 0  , n = 0
The l o c a l l y  c o n v e x  d i r e c t  sum t o p o l o g y  ( i . e .  t h e  f i n e s t  
l o c a l l y  c o n v e x  t o p o l o g y  m a k in g  a l l  t h e  c a n o n i c a l  e m bedd in gs  
^ @ c o n t i n u o u s ) .
Then ©  becom es a, m in im a l  s p a c e  o f  t y p e  ( è  , i n  t h e  
s e n s e  t h a t  i t  c an  be  c o n t i n u o u s l y  embedded i n  a n y  s p a c e  o f  
t y p e  (S , i n  a  way p r e s e r v i n g  t h e  CÔ - s p a c e  s t r u c t u r e .
On an a r b i t r a r y  s p a c e  o f  t y p e  , we d e f i n e  t h e  t o p o ­
l o g y  T g e n e r a t e d  by  t h e  sem inorm s  11 • \lj  ^ , w here
IIFII^ = llxPlI^ ( P e ^ )  .
a n d  X i s  i n  t h e  a l g e b r a  g e n e r a t e d  b y  O t  and  a l l  s e c o n d  q u a t i -  
z a l l o n s  o f  s y m m e t r i c  o p e r a t o r s  i n  7R. ( s e e  ( 1 . 8 )  ")\We h a v e ;
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Proposition 1.5
The topology is given by an increasing sequence of semi- 
norms |[. 11^  given by:
( 1 . 4 3 ) )  l l F l \ l =  ( F . b ’ t ) )  F  e U  ,  r  e  n
^  (Z .
where B is the second quantization of bb"^e L(S) (see Prop.l.l) 
given by Prop.1.4.
Clearly ,the topology r is weaker than the original to­
pology of the space ; in particular, it is weaker than the 
direct sum topology on ©  8?^. Thus the T'-completion of ©  
contains as a dense subspace any space of type (up to li­
near topological isomorphism)':,In fact,since the restriction 
of I], 11^  to is just that given by (l.ll) (this follows 
from (1.39) )', this completion contains the completion of 
with respect to this topology,namely 8^.Furthermore,one may 
show that the operators
a ,a *  : Si  >X( ©  s f ”))y\ +
are continuous when the right hand side is equipped with the 
topology of uniform convergence on -bounded sets,which 
shows that this completion is in fact a space of type Cb • 
Therefore we have:
Theorem 1.6
Let be the completion of the algebraic direct sum of'
8^ ,with respect tothe topology defined by the norms:
«so
(1.44) l|F|l^= (f^) ' I" GIF
where / \ ^  o o
= £  (1/2) (pf + + 1) , n > 0
 ^s  I JL J-
= 1
1 3 4
r
(The formula for follows easily from (1.6),(1.9) and.
(1.12))' .Then is a maximal space of type in the sence 
explained above.These norms are all increasing,and is a 
countably Hilbertspace (hence a Frêchet space).Moreover,if' 
denotes the completion of Ç  with respect to ||. ,
is a Hilbert space, and = @  (Hilbert space
direct sum - see §1.1), Thus = Jof^ is just the usual 
Fock space over L^(R) .Finally,
(^  = Q  = l i m ( s e e  § l . l )
Notice the difference between (1.43) and (1.44):in the 
second equation, we have put b^°^ = 1 to ensure that ||. ||^  
is in fact a norm,whereas in (l.43) b^^^= 0  (see Prop.1.4)
However,both sets of seminorms actually define the same topo­
logy.
In conclusion,one should observe that the space 
completed in the locally convex direct sum topology (see
a,bove) and equipped with the structure of an involutive
algebra,has been studied extensively by BOHCHERS f9] and
other authors.We will not need this extra structure for our
treatment of the COR.'
§2. Gibbs states on the OCR.
Having now constructed our domain,we turn to the defini­
tion of the representation.Slightly changing our point of •' 
view, we consider the algebra CK o f  the OCR as an (abstract)
• involutive algebra, and its realization as continuous linea,r 
operators as a representation onr- ' ^  .
1 3 5
Definition
The algebra (X of the Canonical Commutation Relations is the 
algebra of. all: polynomials in a(f) and a^(f) , f e S,subject 
to (1,28) and (1.29) (the CCR) . V/e give (% an involutive al­
gebra structure by requiring
(2.1)1 a(î)’^ = a+(f)
a'*'(f)'^ = a(T)
Note that a, and are complex linear from ^ to (X I
We consider (l.41) and (1.42) as defining a -^j^-repre— . 
sentation of C K on with domain (see Chapter I,§1.4)) 
.If I e in  J denotes any maximal orthonormal set in S (for
example, the Hermite elements)) , we ©asily find that
( 2 . 2 )
% ( a ( S r ) ) ï ^ ( e ( D ^ , . . 1 1 ^ , . . ) )  = | ( w p ^ ' ^ ^ ' ^ ; x ( e ( t t Q , . . r ^ - i : : ) )
1 0 n =0
Since the mappings
are continuous (because ^  is a space of type (è)', we see that
(2.2) is sufficient to define the representation
We now turn to the definition of our class of Gibbs states
Let w be a non-negative function on the integers such that
t h e r e  e x i s t s  a, positive i n t e g e r  t  such that
w(k) ^  ( k + l )  f o r  e v e r y  kc  IN.
Define t h e  operator h on S a s  f o l l o w s :
.he,^ = w(k) e^ • (h e  HI)
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If f = 2_ a. e, e  S and m c  îf, we have:k c I X K
=11  £ a  w ( k ) e =  I T l a ^ f  w ( k ) ^ ( k + l ) “
l r^j K • ^ k=l
-  p N h k + i ) ' = + ^ ^  = llflg_^2^
K = I
s i n c e  ( e % , e ^ ) ^ =  ( j + l ) “ ( e j ^ ,  6 ^ ^ ^ =  ( 3 + l ) “ 4 j
Thus h is continuous with respect iro the topology of 8, and 
hence extends to an h e L(S)\Denote by H -e l((^ ) its second 
quantization (Prop.1.4)
How we find that
( 2 .3 )  lBY^(e(MQ,My,. . .  ) )  = ( ] [  n ( k )n % )X ^ % (e (n g ,n ^ ^  . . . ) ) .
.
V/e are’ now able to define, for xe Cl and B >  0:
£  ( £ , ( e ( r ) j j , n j , . . . ) ) ,  (exp(-2. £  v, '(k)n,J)'rJx)7j,(e(nç,j . . . )))  '
(2.4) w„(;c) =
Z  Z  e x p ( - . G  Z  w ( k ) n ,  )
Vi. K
w h e re  [ ( n ^ , n ^ , . . . )  : ]  -
Note that
w^(x) = " tr((exp(-fH) )%o(x) ) / t r (  exp(-GH) )" •
\
THEOREM 2.1 _ : _
For xs 01 , B > 0 ,  w^(x) i s  well d e f i n e d  w h e n e v e r  there exists j
C> 0 ,  no matter how small, such that w(k) ^  (k-t-s)-, v/  ^ is t h e n  I
I
a faithful state (i.e.. a normalised positive definite. Hermitian i
I
form) on |
f
!
The proof will follow from the following lemmas. j
V/e first define:
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( 2 . 5 )  S = Z  exp(~B %  k ü , J  ne m
^ k
( 2 . 6 )  oY = S . e x p ( - B  kn, ) n , v s  lïï v /here1) -jv K X
( 2 . 7 )  E  ”  I  Jj, : =0 j  o^^j.Ey_i j
( 2 . 8 )  Sg = 1 v e  (îT
Lemma. 2 . 2
= Z  Z .  (3:{p(-kniB))3"| ' ' '^ ( n ^ l ,  v^o  )m-v v<.~) n—X
Proo-f  ' The f à r s t  n o n - z e r o  i n d e x ,  n a m e ly  n,,  c an  t a k e  v a l u e s  
n 1 , 0 .  I f  n.^=k, 0 <" k ^ n , t h e n  i t s  c o n t r i b u t i o n  t o  t h e  sum i s  
Z  e x p ( - B  Z 'O n- . )  = ( c x p ( -B v k )  ) Z  e x n ( - B  Z  ) -  CcUav’>oç vi W loy-kj
J  V i-K
= ( e x p ( ~ B v k ) )  2  e x p ( - B  Z ) = ( e x p ( - B v k ) ) s Y ^ }-vV-v^  L * ij •
T h e r e f o r e  c o n t r i b u t i o n  f o r  n > 0  i s
^ ( e x p ( - 6 v k ) ) S ^ f *w--' -
I f  c o n s i d e r  n ^ . By t h e  same a r g u m e n t ,  t h e  c o n t r i b u t i o n
f ro m  n^^^^ > 0 i s ;  "
2 -  ( G x p ( - B ( v + l ) k ) ) S '
So t h e  t o t a l  sum i s  t h e  sum o f  t h e   ^ c o n t r i b u t i o n s  f o r  a l l  )> 0 ,
m=v, v + 1 , , . . ,  w h ic h  g i v e s  t h e  r e q u i r e d  r e s u l t .  
C o r r  2 . 3  8 = £  £  ( e x p ( - B a k ) ) S ® U
V-Asio ^
Lemma 2 . 4
QED.
8% = ( e x p ( - i ) v B ) ) T t ( l  -  0xp (-kB ))“‘ /  . ' ( n i l )
v/here  em pty  p r o d u c t s  a r e  d e f i n e d  t o  be  1 ,
V  , , , ,  e x p ( - v B )
P r o o f  By i n d u c t i o n :  S. = /  ( exp(-m B) ) -
  1 1 - e x p r . B )
S u p p o s e  t r u e  up  t o  n - 1  an d  c o n s i d e r
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SY = Z  f
" v.,--v u»\
=  7 "  ( z '   ^ )  ( G : c p ( . - ( » - ' % )  ( )  8 )  \ % i ' 7 1  -  f e : c p ( - r B ) r ^ -  ■
v-a ^ 'A  U='^ ' *• v*-” l • . -. ■ '
-i-exp(-ncnB) )
V\ l f V * • "1 V
= 21 ( e x p ( - n m B ) ) ( l  + %  , . T T  ^  ~ ( e x p . ( - r ! 3 ) r  j
W i~ Y   ^ k '~ )  V'=.\
( k ' = n - k ,  w h e re  we h a v e  u s e d  t h e  i n d u c t i o n  h y p o t h e s i s  
a n d  t h e  f a c t  t h a t  8^7^^=!) .
OO —1
= y** ( exp(-nm B) ) XV  ( l  -  ( e x p ( - r B ) )  a s  r e q u i r e d
V^V Y:%\ "
P r o p o s i t i o n  2 . 5
F o r  a l l  B)0 , exp('-BH) i s  a  t r a c e  c l a s s  p o s i t i v e  o p e r a t o r , t h a t  i s
oo
( 2 . 9 )  H  £ ( e x p ( - B  p w ( k ) n % ) )  <  o d
P r o o f
V\sO T 
•* v\
u
CW . CO
2 2  2 lG x p ( - 6 % lw ( k )M ^ )  ^  2 2  2 _ e % p ( - B 2 I ( k + e ) D p
y>=» k 11=° Tn. ^
<30   _  ^
Z 1  (exp(-Bn6)) Zl®^p(-D:z.^l<n> 2Z(exp(-&%t) 8 =
^ = o  Tw k
exp ( -Bn f  ) T T (  1 - exp ( -k S  ) ) "*^
•vt c o k “ ^
b y  Lemma 2 . 4 . Nov/ t h e  r a t i o  t e s t  shov/s t h a t  t h i s  sum i s  f i n i t e ,  
f o r  t h e  r a t i o  o f  t h e  ( n + l ) t h  t e r m  t o  t h e  n t h
e x p ( - B £ ) (  1 - e x p ( - B ( n + l ) ) ) ’“Z - ^  e x p ( - B é )  < 1 
a s  n t e n d s  t o  i n f i n i t y .
QED
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Lemma 2 . 6
Det <p^‘ = ( e x p ( - ( B / 4 ) ^ w ( k ) n ^ ) )  ! ^ ( e ( n ^ , n ^ , . . . ) )
= (exp(-BE/4))*îP^
The clos€^d c o n v e x  b a l a n c e d  h u l l  o f  t h e  ^ * s  i s  a  r - b o u n d e d  
s u b s e t  o f  Q  .
P r o o f  I t  i s  c l e a r l y  s u f f i c i e n t  t o  show t h a t , g i v e n  m 0 IN,
e g  , B e irrj
i s  f i n i t e . W e  h a v e
|2 / ___ ff r. / r . \ y  _ / i _ \ \Muij 1.2
IT
k
( u s i n g  (1 . 4 4 ) )  w h ic h  a r e  c l e a l l y  b o u n d e d , u n i f o r m l y  i n  n , n ^ , n ^ . . .
I%lll = (e%p«_G/2)I:w(k)nk%irfJtI =
-  ( e x p ( ( - B /2 ) '^ (k + 0 n % ) )  (£ (k + l)D % )
QED
THEOREM 2 . 7
exp(-BH') ; C H o ’ l '-l l) ) ------- > ( ^  , r  )
i s  a  n u c l e a r  m ap p in g  ( c f .  § 1 . 1 )
P r o o f (m) We f i r s t  show t h a t  exp(-BH') maps c o n t i n u o u s l y
i n t o  . C o n s i d e r  0 1 ' ^  e q u i p p e d  w i t h  t h e  t o p o l o g y  i n h e r i t e d  
f ro m  3c/'q ( r e s p e c t i v e l y  ) a s  a  d e n s e  l i n e a r  s u b s e t  o f  
( r e s p .  ^  ) .T he  u n i t  b a l l  o f  t h e  f i r s t  s p a c e  c o n s i s t s  o f  f i n i t e  
c o n v e x  c o m b i n a t i o n s  o f  ^ : ( n ^ , n ^ , . . . )  e , n e -
By Lemma 2 . 6  , t h i s  i s  s e n t  t o  a  T - b o u n d e d  s e t  o f  t h e  s e c o n d  
s p a c e  b y  e x p ( - B H ) . Thus exp(-B H ) maps b o un d ed  s e t s  t o  bounded,  
s e t s . B u t  b o t h  s p a c e s  a r e  m e t r i z a b l e , a n d  t h e r e f o r e  t h i s  shows 
t h a t  exp(-B H ) i s  c o n t i n u o u s  (TREVES [ 8 5 ]  , P r o p . l 4 . 8 ) . H e n c e  i t  
e x t e n d s  t o  a  c o n t i n u o s  l i n e a r  m a p p in g  o f  t h e  c o m p l e t i o n s  ^
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( i i )  F o r  a n y  F 0 , we h a v e :o
( e x p ( - 6 H ) ) ) F  =  £  £ ( e z p ( - 6 Z w ( k ) r .  ) ) ( Y , F ) ' Yn = o Tn If K T1 n
= £  £  fexp((-3B/4) Zw(k)njj.))(Ÿj,,F) Lj,
Tvn
Now ^  Z - ( e x p ( ( - 3 S / 4 ) Z  w(k)n ,  )) <  00 b y  P r o p . 2 .  5,  t h e
vt -  O n- Lf
l i e  i n  a  c o n v e x  b a l a n c e d  c o m p l e t e  b o u n d e d  s e t  i n ^ b y  Lemma 2.6) 
a n d  t h e  0 u n i f o r m l y  b o u n d e d , h e n c e  e q u i c o n t i n u o u s
T h e r e f o r e  ( s e e  § 1 . 1 )  exp(-BH ) i s  n u c l e a r .
QED)
C o r o l l a r y  2 . 8
( i )  ”| t r ( (e x p ( -B H )) f^ (x )  ) |  » '<oo  f o r  a l l  x  e Ot .
( i i )  Z_ ZZ(Gxp(-B .Zv/(k)n .  ) )(Z ( k + l ) n .  ) < 0 0  f o r  a l l  m e* CT.
•«50 U k ^
P r o o f  L e t  A e L ( ^ ) d e n o t e  e i t h e r  n ^ ( x )  (x  0 C t  ) o r  ( s e e
( 1 . 4 3 ) ) . Then A«exp(-BH) i s  t h e  c o m p o s i t e
( g , r ) - J ^  ( ( J , c ) --------
t h e  l a s t  a r r o w  d e n o t i n g  t h e  i d e n t i t y  mapping:  , w h ic h  i s  c o n t i ­
n u o u s ,  s i n c e  T i s  f i n e r  t h a n  t h e  \\ ,  \\^  t o p o l o g y .  S i n c e  t h e  n u c l e a r '  
m ap p in g s  a r e  a  b i m o d u l e  o v e r  t h e  c o n t i n u o u s  m a p p in g s  (TREVES [85] 
P r o p ; 4 7 i 1 ) , t h i s  c o m p o s i t e  m a p p i n g  i s  n u c l e a r , i . e .  t r a c e  c l a s s ,  
a s  t h e  s p a c e s  i n v o l v e d  a r e  H i l b e r t  s p a c e s . T h e  f i r s t  a s s e r t i o n  
o f  t h e  C o r o l l a r y  i s  now i m m e d i a t e , w h i l e  t h e  s e c o n d  f o l l o w s  f ro m
QED
V/e can  now c o m p l e t e  t h e  p r o o f  o f  t h e o r e m  2 . 1 .  P r o p . 2 . 5  a n d  
C o r . 2 . 8  ( i )  show t h a t  w ^(x)  i s  w e l l  d e f i n e d  f o r  a l l  x  e O l  a n d  
w ^ ( l ) :  =1 .  S im p le  c a l c u l a t i o n s  show t h a t
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w ^ ( x ^  = w^TxT and
Wg(x^x) ^  0
Finally,if w^(x^x) = 0,then
11 rCp(x)'i^^(e(n^,n^,...))!( = 0  for all n,n|^,n^, ...
which, in view of the fact that such vectors are total in ,
implies that x=0.
Therefore w^ is a well defined state on CX ..
§3. Having constructed our state w^ ,we shall now show that 
((^,^,w^) is a closable probability algebra.The final aim,as 
explained in the introduction of this Chapter^ is to prove a 
commutation theorem for 6^ ,analogous to Thm.3.3 of  Chapter I I I .  
Following TOMITA*'s original method (see Chapter III §3)> we 
shall construct an "almost”’ modular Hilbert subalgebra o f , 
equipped with a modular automorphism group.V/e shall prove that 
Wg is a KTÆS state with respect to this group(see Chapter III,§4)
Definition
An Almost Modular Hilbert Algebra is an involutive algebra 
with an inner product and a complex one-parameter automorphism 
group satisfying: all the properties of the definition of a modu­
lar Hilbert algebra (see Chapter III,§3) except for continuity j 
of multiplication.
We define the subalgebra (X o f  ( X  to be the one (algebraic­
ally) generated by  ^a(F^) ,a"^(e^) : r © IN j  .
Proposition 3.1 
(71 is dense in (X  in the topology inherited flom I(C^) via
14-2
P r o o f  ( i )  We o b s e r v e  t h a t  t h e  map
3x0 —-----> ( (X , t o p o l o g y  i n h e r i t e d  f ro m  ) )
( f , g ) i  ~> a ^ ( f ) a ^ ( g )  (v /here  a^ s t a n d s  f o r  a
o r  aY) i s  s e p a r a t e l y  c o n t i n u o u s .
( i i )  S i n c e  S i s  a  P r ê c h â t  s p a c e ,  t h e  a b o v e  map is,  j o i n t l y  c o n ­
t i n u o u s  (THN/E3 [ 0 5 ] ,  C o r r  o f  thm 3 4 . 1 ) .
CC3
( i i i )  F o r  f  = i _ c  , g  = h .d _ . e  e 3
a ‘^ ( f j P a ^ ( g . ^ )  o Cl a p p r o x i m a t e s  ( f  )a4 ( g )  g CX. , w here
w
f  , = /  , g,, = d I t  now f o l l o w s  by  i n d u c t i o n  t h a tn la y=o r  1
X = a ^ ( f ^ ) . . . a ^ ( f ^ ) . a ( g ^ ) . . . a ( g ^ )  c a n  be  a p p r o x i m a t e d  by  e l e m e n t s
o f  Cl i n  t h e  t o p o l o g y  i n h e r i t e d  f rom  L ( < ^ ) .
b-Ii.
THEOREM 3 . 2
L e t  z e (IÎ, f  © S ( S e e  ( 1 . 8 ) ) )  . D e f i n e
r Z i (  z) a ’^ ( f )  = a"^( ( e x p ( - B z h ] ) f )
( 3 .1 ) '  < A ( z )  a f r )  = a ( ( e x p (B z h i )  )T )
, 6 ( z ) '  1 = 1 _  _  \
Then A ( ^ )  i s  w e l l  d e f i n e d  on Q t , and  A(*)' f 8 a  o n e - p a r a m e t e r  
c o m p lex  a ,u tomorphism g r o u p  o f  CX . E q u ip p e d  w i t h  t h e  i n n e r  p r o ­
d u c t  i n d u c e d  b y  w^ a n d  t h e  m o d u l a r  a u to m o r p h is m  g r o u p z ) : z: © c j^  
CX i s  an A lm os t  M o d u la r  H i l b e r t  a l g e b r a .  T h a t  i s  , we h a v e :
( 3 . 2 )  ( x y , u )  = (y,x"^u)
( 3 .3 ) '  CX^ i s  d e n s e  i n  (%
(3 .4)  ( A ( z ) x ) *  = AC-z)x^" " ^
( 3 . 5 )  (A(z)x,y) = (x,A(z)y))-
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( 3 . 6 )  ( A ( l ) x , y )  = ( y ^ x h
( 3 . 7)1 z '----- » ( x , j d ( z ) y ) )  i s  e n t i r e
( 3 . 8 )  F o r  e a c h  t  e E ,  CX^  = |  ( l + ^ ( t ) ) x  : x  e O l j  i s  d e n s e  in- C^.
P r o o f ' I t  i s  c l e a r  t h o l  A ( z )  i s  w e l l  d e f i n e d  on 01  b y  ( 3 . 1 )
(w h e re  ( e x p ( B z h ) ) e ^  :=  ( e x p ( B w ( r ) z ) ) e ^ ,  ) .  O b s e rv e  t h a t  A ( z )
p r e s e r v e s  t h e  COR ( 1 . 2 8  & 1 . 2 9 )  oir CX , h e n c e  d e f i n e s  a  u n i q u e  
a u to m o r p h i s m  on C ? . I t  i s  e a s y  t o  c h e c k  ( 3 . 2 )  an d  ( 3 . 4 ) , w h i l e
( 3 . 3 ) i s  t r i v i a l ,  s i n c e  1 e .
To p r o v e  ( 3 . 5 ) , I  f i r s t  c l a i m  t h a t
( 3 . 9 ) f C ? ( ^ 2 ) x ) d ^  = (exp(-BzH))  ît,(x) (expBzH) (x  e CX )
w h e re  (expBzH)Ÿ^ :=  ( e x p ( B z ] [ w ( k ) n ^ ) ) ^ ^  , and  t h e r e f o r e  t h e  
r i g h t  h a n d  s i d e  o f  ( 3 . 9 )  i s  w e l l  d e f i n e d  , s i n c e  Ho(x)^^  i s  a  
f i n i t e  l i n e a r  c o m b i n a t i o n  o f  4 Y ’ s .  S i n c e  b o t h  s i d e s  o f  ( 3 . 9 )13
p r e s e r v e  t h e  OCR, i t  i s  s u f f i c i e n t  t o  v e r i f y  e q u a l i t y  on g e n e -  
r a t i n g  e l e m e n t s  o f  0 1  • We h a v e
(e x p ( -B z H ) ) r r J a (ê p ) ( e x p z B H ) \P ^  =
(exp(-B zH ))  r r ^ ( a ( e ^ ) ) ( e x p ( z B ^ w ( k ) n ^ ) ) ! ^ ( e ( n ^ , . .  . n ^ ,  . . . ) )  = • 
( e x p ( - B z H ) ) ( n ^ ) ^ / ^  ( ex p (z B  ^ w ( k ) n ^ ) ) l ^ _ ^ ( e ( n ^ , . .  . n ^ - 1 ,  . . . ) )  = 
( e x p ( - B z (  Z w ( k ) n ^ - w ( r ) ) ) ) ( n ' ^ ) ^ / ^ ( e x p ( z B ^ w ( k ) n j ^ ) ) ^ _ ^ ( e ( n ^ , . . n ^ - 1 . .)) 
( e x p B z w ( r ) )  ( n ^ ) ^ ^ ^  ^ n - l ^ ® ^ ” o ’ ’ '
( e x p B z w ( r ) )  n X ^ ( e ^ ) )  l F ^ ( e ( n ^ , . .  . n ^ , . . . ) )  = ( A ( z ) a ( e ^ ) ^
i f  n ^ > 0  , and  i f  n ^  = 0 t h e n  b o t h  s i d e s  a r e  e q u a l  t o  0 .
A . s i m i l a r  c a l c u l a t i o n  shows t h a t  ( 3 . 9 )  i s  v a l i d  w i t h  x  = a ^ ( e ^ )  
and  t h e r e f o r e  i t  i s  v a l i d  f o r  a l l  x  e 0 [ , - ■
U s i n g  ( 3 . 9 ) ,  we s e e  t h a t
144
(  R , ( A ( z ) x ) ^ ^ ,  n . ( y ) ï ' ^ ) '  =
( (exp(-SzH))x„(x) (exp(6zlî)) ï^ ,  =
( e x p ( B i  Çw(lc)nj^))( (exp(-SzH)) f^ (x ) ’F^, K .(y ) ' f^ )  =
( (ex p ( -B z H )) rx „ (x )y ^ ,  M„(y) (exp (B zH ))^ )^  =
( ( e x p ( - S z H ) ) r v ( y )  (exp(6zH))H^)'  = ( M / x ) ^ ,  / % ( 6 ( z ) y ) y | ) '
sjnô. t h e r e f o r e  ( 3 . 5 )  f o l l o w s  u s i n g  ( 2 , 4 )  sjod t h e  d e f i n i t i o n  o f  
t h e  i n n e r  p r o d u c t  on 0 1 ,
To p r o v e  ( 3 . 6 ) , l e t  x  e - a n d  r  e IN. C o n s i d e r
t r ( e x p ( - B H ) )  ( A ( l ) a ( i ^ ^  , x )  =
c%) __
1 _  2 I ( e x p ( - B 2 I .w ( k ) n ,  ))( T t„ ( A ( l ) a ( i  ))V , f : , ( x ) y )  ..=■ 
vico Xk W j- u n
£  £ ( e x p ( - 6  lw (k )n j^ ) ) (e x p 6 w (r ) )  ( ;T„(x))^)  =
£ £ ( e x 3 ( - 6 ( % w ( k ) D ^ - w ( r ) .  =
%  £ ( exp ( - 6 ( £ W(k ) D^^))(M^+1 ) . . .  )),k,(x) . . . n ^ + l . . .  )))' =
 ^ T„ ^
( c h a n g i n g  n ^  to :  n ^ + l  , s i n c e  n^=0 d o e s  n o t  c o n t r i b u t e  t o  t h e  sum)
£ £ ( e x p ( - B X ™ ( k ) “ i(;)) ( n ^ + l )  ( x t ( e ( . . n ^ + 1 . .  ))) =
>' T,
£ £ ( e x p ( - B X w ( k ) n k ) )  (>^c.(x K<,(a'^(e^))!l^)=
tr(exp?"-BH)) (xf,a(ëp"^).
Therefore '
(A(l)a(ip ,x) = ( x ^ a ( ë ^ ) b
a n d  s i m i l a r l y
C A ( l ) a * ( e y ) , x )  = (x * % a '^ ( 'e ^ f  )
an d  t h e  g e n e r a l  c a s e  f o l l o w s  f ro m  t h e s e , a s  A ( l )  i s  an a u to m o r ­
p h i s m  o f  ( X .
( 3 .7 ) :  f o l l o w s  f ro m  t h e  c a l c u l a t i o n
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(x ,A(z)  . . .  a'"'(ej^)a(ë^^)'.. ,  =
(x,TTA(z)a' (^e. )TTA(z)a(ë, )) =
T«i j i  s n
T T ( e x p ( - B z w (  j r ) ) )  T T ( e x p ( B z ? / ( k s ) ) )  ( x , T T a ' ^ C e  . ) T T a ( ê .  ) ) =
T = l Xsl J ■+ s = i -*^ 8
>22 Y\ , Y)
( e x p(-Bz(£w(3r)-£w(ks)))) (x,TTa (e. )TTa(ëv.,))
r = l  » - •  T=' tJ g :  I
Thus for ail x e OC , y e C7t the function 
zv ^ (x,A(z)y)
is entire,since every y c ( X m a y  be expressed as a finite linear 
combination of elements of the form'
(3.10) y = a^(eji)...a*(ej^)a(ë^^)...a(ë^Q^
Finally, let y e (% be given by (3.10) .Putting
yn V. .r-.
X = (l+exp(-l3t(ZIw( jr)-ZTw(ks)))r^y e CK ( t  e IR)
T = l S = i
we see that
y = (1+A(t) )x e
This shows that in fact 0 \ ^  = (71 ,so that (3.8) holds.
This completes the proof of the Theorem.
■ \
Lemma 3.3
X I — > w ^ ( x ^ x ) ^ ^ ^  i s  a  c o n t i n u o u s  n o r m  o n  ( T î e q u i p p e d  w i t h  t h e6
topology inherited from L(^ ) . H e n c e  the (pre-)Hilbert space 
topology on 01 defined by w is weaker than the one inherited 
from L ( ^ ).
Proof* Let (x^) be a net in Ol such that itj,(x^)—  ^0 in the
topology of L ( ^  ). Thus tto(x^) > 0 uniformly on any r-bounded
set of .Therefore, if ^  is as in Lemma 2.6, for each posi­
tive 6 and each sufficiently large i ,we have ;
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< i  f o r  a l l  n , n ^ , n ^ , , . .
Now g
( t r ( e x p ( - B H ) ) )  Hx^ jl = ( t r ( e x p C -B H )) )  Wg(x^^^x^) =
= £ £ C ' e x p ( - S  J ]w (k )n ^ ) )  ||T(.(Xj^):{^||^ = 
vx "3^  k
= £ £ (  e x p ( ( -B /2 ) 2 1 w (k ) nj^)) K ( x . ) % , f  4
< £  A (exp(( - !3 /2 )  £w(k)r) j^))  £
« W
= C t r ( e x p . ( - 6 f f /2 ) »  £ 
Thus 11 x^ll '— > 0 .
Lemma 3 . 4
QED
( i )  F o r  Rez -  0 ,  e x p (B zh )  e L (S )  i s  w e l l  d e f i n e d , a n d  
z \  > ( ex p (B z h ) ) f  i s  a n a l y t i c  f o r  a l l  f  e S.
( i i )  D e f i n e
C A ( z ) a ’*"(f) = a**"((exp(-Bzh))f) Rez ^  0 , f  e S
( 3 . 1 1 )  }
V. A ( z ) a ( T )  = a ((ex p B zh ) f )  Rez ^  0 , f  e S
Then ( 3 . 4 ) ,  ( 3 . 5 )  a n d  ( 3 . 6 )  a r e  v a l i d  f o r  a l l  x , y  e CX. , z  c C
f o r  w h ic h  t h e y  a r e  m e a n i n g f u l . . . I n  p a r t i c u l a r ,  ^ 6^= A ( l " t )  : t  c k }
i s  a  g r o u p  o f  i s o m e t r i c  a u to m o r p h i s m s  o f  CK . )
P r o o f  ( i)Y/e f i r s t  o b s e r v e  t h a t  t h e  map
z '' -> (e x p B z h )e „  = ( expBz:v( r ) ) e f
i s  a n a l y t i c  i n t o  S,  I f  f e  S i s  a r b i t r a r y ,  f  = 2 .  <7 e ,
T  C<3 J . 4.
tl 1  = £  \ c f  ( r M ) ^ ’”cxp2,BRe3-.v(r) v-— ■> 0
^  ^  r= N ^
u n i f o r m l y  i n  z ii>, t h e  s t r i p  Rez ^  0 .
Hence  ^  c ( e x p B z h )e  ;=  ( e x p B z h ) f  c o n v e r g e s  i n  3 i n s i d e
r —o
t h i s  s t r i p ,  a n d  d e f i n e s  an a n a l y t i c  f u n c t i o n  o f  z f o r  Rez <( 0^  
w h ic h  i s  c o n t i n u o u s  on t h e  b o u n d a r y .  ' ’
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(ii) Parb (i) s/iovvs that the definitions are raeaningful, and 
deiine ana.ly bic .luncbions into ( OL |), This is because 
of (i) and because.
8 — > L ( g )
f  TCo(a(f)) • resp. f v-----> TC^(a^(f))
is continuous and hence
s  — ( a , ( i  II)
f  a(T) resp. f ,----- »a'^(f)
is continuous by Lemma ].g.
It is immediate from the definitions that
(A(z)a(î))'^ = A(-z)a"^(f) for Rez ^  0 ,and
(A(z)a**^(f ) )"^ = A  (-z)a(T) for Rez ^0
It is also clear that,for each z e- C, A(z) preserves the commua
tation relations between elements of CX in its domain.This
*
already shows that [ A  (it) : t e iR j is an automorphism 
group of O i ,since it is everywhere defined.lt also shows that
(3.4) follows from the above equalities,whenever both sides of 
the equation make sence. . . -
We can show ,for example,that
(A(z)a(T),a(g)) = (a(f),A(z)a(g)) for Rbz ^  0 
by using the definition of the Lemma and the fact that f,g e S 
can be approximated,in the topology of 3,by finite linear combi­
nations of e^’s.The general case now-follows from the observa­
tions of the previous paragraph. -
We have seen in the proof of Thm. 3.2 that (3.6) is in - 
fact valid for all x c CX and y e C X  .If we approximate a general
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y  = a '^ ( f ^ )  . ,  e D (A (1 ) )  b y  t h e  c o r r e s p o n d i n g  e l e m e n t  y*,
o f  01  a s  i n  P r o p .  3 . 1 ,  we s e e  t h a t  y  a ( P ^ ) . . .  a ( P ^ )  i s  
a p p r o x i m a t e d  b y  y ' " ^ , a n d  A ( l ) y  = a"*^((exp( - 8 h ) ) f ^ ) . . . a^ ( (exp( - 8 h ) ) f ^ )' 
i s  a p p r o x i m a t e d  b y  A ( l ) y *  , s i n c e  e x p ( - B h )  e L ( S ) . T h e  v a l i d i t y  
o f  ( 3 . 6 )  i s  t h u s  e s t a b l i s h e d .
Q.ED
ThEORTM 3 .5  . ■ ' ' ’ •
w^ i s  i n v a r i a n t  u n d e r  t h e  a u to m o r p h i s m s  o f  a n d
s a t i s f i e s  t h e  K K S - c o n d i t i o n  w r t  (T. on . T h a t  i s , f o r  
e v e r y  x , y  e OCi t h e r e  i s  a  f u n c t i o n  P , c o n t i n u o u s  and
y
u n i f o r m l y  b o u n d e d  on t h e  s t r i p  { ze  ; o ^ I m z ^ l }  , a n d  a n a l y t i c  
i n s i d e  t h i s  s t r i p ,  s u c h  t h a t
P r o o f  I n v a r i a n c e  f o l l o v / s  f ro m  t h e  c a l c u l a t i o n
v /r . (o ' i (x ) )  = ( l , c r ^ ( x ) )  = ( # 2^ ( 1 ) ,  x )  = ( l , x )  w ^ ( x ) .
F o r  X = a ^ ( f ^ ) . . . a ^ ( f ^ ) a ( g ^ ) . . . a ( g ^ ^  c OC > yo (%., d e f i n e
z) =w^(A( iz .X a(g^)  . . .a(g^))\^/l( i z + l X a ^ ( f ^ ) , . . a''"( ) ) )
I t  i s  c l e a r  f r o m  l e m m a  3 . 4  t h a t  i s  w e l l  d e f i n e d  i n  t h eX, y
s t r i p  0 :^lmz^l  , t h a t  i t  i s  c o n t i n u o u s , a n d  a n a l y t i c  i n  t h e  
i n t e r i o r . H e n c e  i t  m us t  a t t a i n  i t s  maximum m o du lu s  o n  t h e  
b o u n d a r y . f o r  r e a l  t , . w e  h a v e :
 ^y ( t ) = ( (6( i t  ) ( a (% %.. eX % f  ; A( 1 ) A( i O ( a+ ( f 1 .. 9.-" ( f
= ( ( A ( i t )  . r  f  A ( i t )  . . a ( g ^ ) ) y )
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=W[3((ijO-'Ox)y)
(t.-i-i) = XA(it-lXa( gj_)i.. a( i't) ( . a'‘(fjj))))
= (CyA i t ) ( a+ ( ( f,, ))Ÿ\Ùl 1 )A( it-1  X a(iih •
=(y^P\(it) (a'^ 'Cf^ ) ...a'’'(f^})à(it) (a(g^) ...a(g^)))
= v / g ( y A ( i t ) x )  
a s  r e q u i r e d  a F i n a l l y , t h e  i n e q u a l i t i e s
l ? j . ^ y ( t ) U  l (G '^ (> A ^ y )H C « y x '^ ' ) ,y )p  il x t 'Üil iy l l
i ï ’j j .^y ( t+ l^= | (y% cr^ , (x ) ) : | ! ï  11 X 11 ( s i n c e  i s  u n i t a r y )
show t h a t  1?„ i s  u n i f o r m l y  h o u n d e d  i n  t h e  s t r i p ,^ ? y  • -
T h i s  c o n c l u d e s  t h e  p r o o f .
D e f i n i t i o n
F o r  xe  ^  d e f i n e  'p by  x ^ ; -  A ( 1 ) x^ 
a n d  by  x ' S - A ( i ) x ^ ,
A *
O b s e r v e  t h a t  A ( z )  i s  d e f i n e d  f o r  a l l  z  on b o t h  aT( f.) and  - a (  f  ) ^  CTC 
a s  t h e r e  a r e  no p r o b l e m s  o f  c o n v e r g e n c e ,  a n d  h e n c e  t h e  a b o v e  
d e f i n i t i o n s  make s e n s e . F o r m u l a  ( 3 . 6 ) : ]  shows t h a t  i s  i s o m e t r i c  
on OC , h e n c e  e x t e n d s  t o  a  c o n j u g a t e  l i n e a r  i s o m e t r y  J  o f  W, t h e  
c o m p l e t i o n  o f  (  ( 5 (  ,  >1 ^ 1 )  ( w h ic h  i s  a l s o  t h e  c o m p l e t i o n  o f  {(a j W \ \ )  
b y  p r o p  3 . 1 ,  a n d  lemma 3 . 3 .
N ote  t h a t  'p and  ):< a r e  b o t h  i n v o l u t i o n s  on (X , c a l l e d  t h e  
ad j o i n t  a n d  u n i t a r y  i n v o l u t i o n s  r e a p . .  N o te  a l s o  t h a t  vu i slo
a  f a i t h f u l  s t a t e  on t h e  i n v o l u t i v e  a l g e b r a  ( , 'p ) .
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The f o l l o w i n g  r e s u l t  i s  now im m e d ia te  
THEOREM 3 . 6
i s  a  c l 08 a b l e  p r o b a b i l i t y  a l g e b r a  ( s e e  C h a p t e r
x a ,  §2).
P r o o f  F o r  x  e O t , y  e O t  ,we h a v e , b y  ( 3 , 6 )
( x , y b  =  ( x , A ( l ) ' y h \  =  (  y ,
Thus t h e  m ap p in g
CTC a X I ^ ( y , x ^
i s  c o n t i n u o u s  f o r  a l l  y  e ( % , and h e n c e  t h e  i n v o l u t i o n  h a s  a  
d e n s e l y  d e f i n e d  a d j o i n t , i . e .  i s  c l o s a b l e .
QED
T h i s  c o n c l u d e s  o u r  s t u d y  o f  t h e  p r o b a b i l i t y  a l g e b r a  (CX,^ ,w^)  
an d  t h e  a l m o s t  m o d u l a r  H i l b e r t  a l g e b r a  ( ( X  , w^ , A ( z ) ) .
I n  t h e  f i n a l  C h a p t e r ,  we w i l l  u s e  t h i s  l a t t e r  a l g e b r a  t o  p r o v e  
o u r  c o m m u ta t io n  t h e o r e m .
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CHAPTER VI
TOMITA TAKESAKI THEORY ON THE 
AIGEBRA OP THE OCR
The a im  o f  t h i s  C h a p t e r  i s  t o  p r o v e  t h e  a n a l o g u e  o f  
Theorem  3 . 3  o f  C h a p t e r  I I I  f o r  t h e  a l g e b r a  o f  t h e  CCR. 
S p e c i f i c a l l y ,  i f  v;e d e n o t e  b y  t h e  c l o s u r e  o f  t h e  GNS 
r e p r e s e n t a t i o n  i n d u c e d  by  ( s e e  C h a p t e r  I , §1.4% we w ou ld  
l i k e  t o  p r o v e  t h a t  nj^(Ot) i s  , i n  some s e n s e ,  i s o m o r p h i c  
t o  i t s  co m m u tan t .  Now Jt^(CX) c o n s i s t s  o f  un b ou n ded  o p e r a ­
t o r s ,  and  t h u s  n o t  a  VN a l g e b r a .  However we s h a l l  show t h a t  
i t s  com m utan t  r ^ (  ' i s  a  VN a l g e b r a ,  and
w h e re  J  i s  t h e  ( a n t i ) u n i t a r y  i n v o l u t i o n  d e f i n e d  a t  t h e  end  
o f  C h a p t e r  V.
We'- w i l l  f o l l o w  t h e  o r i g i n a l  m ethod  o f  TOMITA, by  
f i r s t  p r o v i n g  o u r  c o m m u ta t io n  t h e o r e m  f o r  t h e  a l m o s t  modu­
l a r  H i l b e r t  a l g e b r a  CH c o n s t r u c t e d  i n  C h a p t e r  V, F o r  t h i s  
a l g e b r a , t h e  r i g h t  r e g u l a r  r e p r e s e n t a t i o n  i s  e a s i l y  s e e n  t o  
e x t e n d  t o  a  c l o s e d  (unbounded)-  ^ - a n t i r e p r e s e n t a t i o n  o f ' 01 
on 'hC .
S p e c i f i c a l l y ,  we e q u i p  Ot  w i t h  t h e  l e f t  ( r e s p e c t i v e l y  
r i g h t ) i n d u c e d  to p o lo g y -  ^ ( r e s p . c T ' :  ) g i v e n  b y  t h e  sem inorm s
I  xH" II e C X j  (respj||.||^ , x  e 01 j  )
g i v e n  by
xllyll = l h y | l  ( r e s p .  | | y | | ^  = | | j % ( x ) y | |  =l(yx(|)
The d om ains  o f  t h e  r e p r e s e n t a t i o n s  an d  w i l l  be
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D(^I^) = (CX,^)  and  D(/>^)' = {OL^i)  ( t h e  b a r s  d e n o t i n g  com­
p l e t i o n s ) .
I n  o r d e r  t o  p r o v e  t h a t  t h e  com m utan ts  o f  t h e s e  r e p r e * - ,  
s e n t a t i o n s  a r e  com m utan ts  o f  e a c h  o t h e r  ( a n a l o g o u s l y  t o  Thm. 
3 . 1  o f  C h a p t e r  I I I ) , w e  n e e d  t o  p u t  t h e s e  r e p r e s e n t a t i o n s  
i n  a  d i f f e r e n t  f o r m , i n  w h ic h  t h e  s t r u c t u r e  o f  t h e i r  
com m utan ts  can  be  s t u d i e d .
Thus t h e  p r o g r a m  f o r  t h i s  C h a p t e r  i s  f i r s t  t o  c o n s t r u c t  
a  new r e p r e s e n t a t i o n  o f  O t  ( a n d  h e n c e  o f  Û t )  f o r  w h ic h  t h e  
com m utan t  t h e o r e m  can  be p r o v e d ,  and  t h e n  t o  show t h a t  t h i s  
r e p r e s e n t a t i o n  i s  u n i t a r i l y  e q u i v a l e n t  ( s e e  C h a p t e r  I , § 1 . 4 )  
t o  I t  i s  i n t e r e s t i n g  t o  n o t e  t h a t  t h i s  m ethod  i s  s i m i l a r  
t o  t h e  m ethod  u s e d  by  HEW[26] i n  t h e i r  o r i g i n a l  p a p e r  ; ' 
t h e  i m p o r t a n t  d i f f e r e n c e  i s , o f  c o u r s e , t h e  u n b o u n d e d  
c h a r a c t e r  o f  o u r  r e p r e s e n t a t i o n , w h i c h  t h i s  t im e  c r e a t e s  
u n e x p e c t e d  p r o b le m s .S o m e  o f  t h e  r e s u l t s  o f  t h i s  C h a p t e r  a r e  
t a k e n  f io m  j o i n t  work w i t h  I n g e b o r g  Koch ( s e e [ 3 7 ] ) .T he  same 
p r o b l e m  i n  t h e  one d i m e n s i o n a l  c a s e  was t r e a t e d  by  GUDDER 
& HUDSON [22] .
The new r e p r e s e n t a t i o n  we w i l l  d e f i n e  i s  e s s e n t i a l l y  
l e f t  m u l t i p l i c a t i o n  b y  (x )  , a c t i n g  on t h e  H i l b e r t  s p a c e - - 
o f  a l l  H i l b e r t - S c h m i d t  o p e r a t o r s  on Po ck  s p a c e . T h i s  r e p r e ­
s e n t a t i o n  b e i n g  u n b o u n d e d , a g a i n  t h e  p r o b l e m  o f  c h o o s i n g  a  
s u i t a b l e  domain a r i s e s  . V/e b e g i n  w i t h  a  s t u d y  o f  t h i s  
dom ain  .
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§ 1 . 1  l e t  be  a  s e p a r a , b l e  H i l b e r t  s p a c e ; T h e  a H g e b r a i c  t e n s o r  
p r o d u c t  s^(2) may be  i d e n t i f i e d  w i t h  t h e  s e t  o f  a l l
f i n i t e  r a n k  o p e r a t o r s  f ro m  X  i n t o  s ^ .  V/e e q u i p  t h i s  s p a n e
w i t h  t h e  t o p o l o g y  g i v e n  b y  a l l  t h e  norms  ^ p”  , m e IN |  ,
n n ^w he re  p ^  i s  t h e  norm on t h e  H i l b e r t  s p a c e  o f
a l l  - H i l b e r t - S c h m i d t '  o p e r a t o r s  f ro m  X  i n t o  t h e  c o m p le t io n -
s ”  o f  8^ i n  t h e  j| norm ( s e e  C h a p t e r  V , § 1 . 1 ) .  V/e l e t  s ” ® X
be t h e  c o m p l e t i o n  o f  i n  t h i s  t o p o l o g y .  I t  i s  c l e a r
t h a , t  X  i s  a  c o u n t  a b l y  H i l b e r t  s p a c e ,  and  t h a t
= n s ” ® k  = i i m s « ê k
N o te  t h a t  , f o r  T e s ^ ( g i X  , p ^ ( T )  i s  t h e  u s u a l  H i l ­
b e r t - S c h m i d t  norm .  Thus s^(B X  may be  embedded a s  a  
d e n s e  s u b s p a c e  i n  1^((n” )(2) X  . C l e a r l y , u n d e r  t h i s  e m b e d d in g ,  
e a c h  T e Ji. h a s  r a n g e  i n  e a c h  s ^  , h e n c e  i n  s ^ . M o r e o v e r  
T i s  c o n t i n u o u s  a s  a  m ap p in g  f ro m  X  i i^ to  s ^  f o r  e v e r y  m. 
T h e r e f o r e
T : ( X  ,11 ID ------^
i s  c o n t i n u o u s ,  w h e re  d e n o t e s  t h e  u s u a l  t o p o l o g y  o f  s ” .
C o n v e r s e l y ,
P r o p o s i t i o n  1 . 1
E v e r y  bounded  o p e r a t o r  S :  >1^(N?)  w i t h  r a n g e  i n
s ^  i s  i n  s ^ â X
P r o o f  ( b a s e d  on a  comment o f  V/ORONOWICZ [90j )
We show 8 h a s  c l o s e d  g r a p h  i n  ( %  , U 10 .X ( s ” ,T ^ )
I f  l lx^ -x l (  ^ 0 ,  and  | |Sx^Ty{|^-— ^ 0 f o r  e a c h  m c IN, t h e n
i n  p a r t i c u l a r  HSx^-yg^ > 0 an d  h e n c e  Sx = y , b e c a u s e  S,
b e i n g  b o u n d e d ,  h a s  c l o s e d  g r a p h  i n  ( X  ,H || ) A ( l^( lN^)  ,H l O ..
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S i n c e  b o t h  X  and  a r e  c o m p l e t e  and  m e t r i z a b l e , t h e  c l o s e d  
g r a p h  t h e o r e m  (TREVES [85] , C o r . 4 o f  Thm.1 7 . 1 )  i m p l i e s  t h a t
S : C K t l l l l )  ^ ( s ” ,T^)
i s  c o n t i n u o u s .
But  8^ i s  a  n u c l e a r  s p a c e  ( C h a p t e r  V , § 1 . 1 )  and  h e n c e ,
g i v e n  m c IN, t h e r e  e x i s t s  r  c IN s u c h  t h a t  t h e  i d e n t i t y  i on
s ”  e x t e n d s  t o  a  n u c l e a r  o p e r a t o r  f rom  s ^  t o  s ”  . Thusr  m
S : ( X , l l l l )  » ( s ” ,U I p — i— >(s" ,11 U
i s  n u c l e a r , h e n c e  H i l b e r t - S c h m i d t .  Hence S e s^  ^ 0  X  f o r  
a l l  m e [N, and  t h e r e f o r e  S e s^@ IK
QED
P r o p o s i t i o n  1 . 2
C o n s i d e r  t h e  a l g e b r a i c  d i r e c t  sum (±) X  ( 1 . G. t h e  s e t  o f  ; 
a l l  m ap p in g s  p ”   ^ V i— ^ e . w h i c h  a r e  0 a l m o s t  e v e r y ­
w h e r e , w i t h  p o i n t w i s e  l i n e a r  o p e r a t i o n s , ) , e q u i p p e d  w i t h  t h e  
t o p o l o g y  d e f i n e d  b y  t h e  norms |[. ,m e [N j  , w here
111 H  ( lv i+n)“ l l a ^
The m ap p in g  . __
■ ©  X   > 8^(g> X .....
( a , J  1-------- > 2  e ( P v < 4  ’^ ! = rV  ^ ^ ^  (p ,v'#V
e x t e n d s  t o  a  l i n e a r  t o p o l o g i c a l  i s o m o r p h i s m  f ro m  t h e
c o m p l e t i o n  s ” ( X )  o f  © X  o n t o  s ”  0  X
V fc iM'^
P r o o f  L e t  m e IN.We h a v e
( p | l l m =  H ( l v | + " ) ^118^11^ = Z (  M  + D)'“ ( e ^ , e ^ , ) j p a ^ „ ) )
VCIM*^  v,v' '
. = H  = Fm( ^VyV' W
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T h e r e f o r e  t h e  m ap p in g  p r e s e r v e s  e a c h  m -n o rm ,a n d  t h u s  i t  i s  
b i c o n t i n u o u s  and i n j e c t i v e . T o  show t h a t  i t  i s  s u r j e c t i v e , i t  
i s  enough  t o  show t h a t  i t s  r a n g e  c o n t a i n s  t h e  r a n k  one 
o p e r a t o r s . Now e a c h  c e  s ^  may be  w r i t t e n
t h e  sum c o n v e r g i n g  i n  t h e  t o p o l o g y  Thus f o r  a l l  a  c X
t h e  f i n i t e  sums
c ^ e ^ a  .
c o n v e r g e  t o  c<B>a i n  t h e  t o p o l o g y  o f  s % X  , and  t h e y  a r e  
t h e  im ages  o f  ( c ^ a )  e s ^  ( X  ) .
QED
The s p a c e  s ^ ( X )  may be t e r m e d  t h e  s e o u e n c e  r e p r e s e n t a t i o n
n A M/ ri
o f  8 (9 , i n  t h e  same way a s  s i s  c a l l e d  t h e  s e q u e n c e
r e p r e s e n t a t i o n  o f  S ( R ^ ) . B u t  s ^ S X  a l s o  h a s  a  f u n c t i o n  
r e p r e s e n t a t i o n .We s e e  t h i s  a s  f o l l o w s :
By P r o p . 1 . 1 , e v e r y  T e s ^ @ X  g i v e s  r i s e  t o  a  bo u nd ed  o p e ----
r a t  o r  f ro m  X  i n t o  s ” ; t h u s  f o r  a l l  a, e X  , Ta e s ^  =S([R^)' 
( s u p r e s s i n g  t h e  i s o m o r p h i s m )  . F o r  e a c h  t  e IR '^ , t h e  m ap p ing
a  I ^ ( T a ) ( t )
i s  c o n t i n u o u s  on IK , s i n c e  T: — ^S(lR^) i s  c o n t i n u o u s  and
i s  f i n e r  t h a n  t h e  t o p o l o g y  o f  p o i n t v / i s e  c o n v e r g e n c e - o n
T h e r e f o r e  b y  t h e  R i e s z  r e p r e s e n t a t i o n  t h e o r e m  (REED & SIMON 
[53] , Thm. I I . 4)  t h e r e  i s  a  u n i q u e  b ( t )  e X  s u c h  t h a t  .
( b ( t ) , a )  = (Ta)  ( t )  a  e X
Thus e a c h  T e s^© X  u n i q u e l y  d e f i n e s  b e S(IR^,X. ) ,
• the  s p a c e  o f  a l l  f u n c t i o n s  b : R ^  ) X  s u c h  t h a t  f o r  e a c h
a  c IK , t h e  f u n c t i o n  t v - —^ ( b ( t ) , a )  i s  i n  S(IR^),
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C o n v e r s e l y  l e t  b  e S(IR” , K  ) . D e f i n e
T : K  Î» S ( r” )
(Ta)  ( t )  = ( b ( t ) , a ) ^  a  e X  , t  e Ir”
F i r s t  o b s e r v e ,  t h a t  t h e  weak d i f f e r e n t i a b i l i t y  o f  t v - > b ( t )  
i m p l i e s  s t r o n g  d i f f e r e n t i b i l i t y . I n  f a c t , i f  t ^  ----  ^ t ^ e  |R ,37 7**-^  CO
t h e  s e q u e n c e
b ^  = ( t ^ - t ^ ‘) r ^ b ( t p - b ( t ) )  c X
c o n v e r g e s  w e a k l y  t o  ( ^ b / 3 t ^ ) :  e X  (w h e re  f  = ( t ^ , . .  t ^ ) e R ^
an d  t^^ = ( t ^ , . . t^:. . . . t ^ )  e tR^  ) . T h e r e f o r e , b y '  t h e  u n i f o r m
b o u n d e d n e s s  p r i n c i p l e  (REED & SIMON g ] ]  T h m . I I I . 9 ) , i t  
c o n v e r g e s  s t r o n g l y . T h i s  shows t h a t ,  i f  m e (N, we h a v e
i l T a l l ^  =  [  3 ^ ) C b ( - t ) , a f  a t  =
=  f  3 j ^ ) i ) ( t ) , a ) f a t  ^
A
2^  l i a  11
IR
v/here t^, P. ) is tHs diff .operator defining'the m-norm. 
Hence T  V (S(R"),7^)
i s  c o n t i n u o u s  . Thus we h a v e  p r o v e d :
P r o p o s i t i o n  1 . 3
& }( i s  i s o m o r p h i c  t o  S ( r” , X ) .
§ 1 . 2  We may now d e f i n e  t h e  domain  o f  o u r  new r e p r e s e n t a t i o n .  
V/e l e t  © X  be  t h e  c o m p l e t i o n  o f  t h e  a l g e b r a i c  t e n s o r  
p r o d u c t  i n  t h e  t o p o l o g y  g i v e n  b y  t h e  norms ^ p ^  , m e tN j- 
w h e re  p ^  i s  t h e  norm on t h e  H i l b e r t  s p a c e  o f
H i l b e r t - S c h m i d t  o p e r a t o r s  f rom  X  i n t o  ( s e e  C h a p t e r
V ,T h m .1 . 6 ) . A ga in  we s e e  t h a t  ® X  i s  c o u n t a b l y
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H i l b e r t , a n d  t h a t
We a l s o  s e e , a s  i n  § 1 . 1 , t h e  f o l l o w i n g
P r o p o s i t i o n l . 4
© X  may be  embedded ,  a s  a  d e n c e  s u b s p a c e ,  i n  •
I n  t h i s  e m b e d d in g ,  e l e m e n t s  o f  h a v e  r a n g e  c o n t a i n e d
i n  , and  a r e  c o n t i n u o u s  f rom  (X  fl) i n t o  2T),
N o te  t h a t  s i n c e  t h e  s p a c e  i s  n o t  n u c l e a r ,  we do n o t  
h a v e  a  c o n v e r s e  o f  t h i s  s t a t e m e n t  a s  i n  P r o p . 1 . 1 .
S i n c e  ( H i l b e r t  s p a c e  d i r e c t  sum)
i t  i s  c l e a r  t h a t  e a c h  T e Q S ] C  r e s t r i c t s  t o  e0 n +m
an d  f p " ( T „ ) ^
We a l s o  h a v e  a  s e q u e n c e  r e p r e s e n t a t i o n ;
THEOREM 1 . 5  '
F o r  e a c h  n e IN, l e t  s ^ ( X . )  d e n o t e  t h e  image o f  ■ s ^
u n d e r  t h e  i s o m o r p h i s m  b e tw e e n  s^  ( X ) ' an d  s^&  X  g i v e n  b y
P r o p ,  1 . 2 .  E q u ip  t h e  a l g e b r a i c  d i r e c t  sum ©  s ^ ( " K )  w i t h  t h e
f >v +(we u s e  t h e  c o n v e n t i o n  s ^ ( K )  = ,' V v - O  \= and  = H a ^ l l^ fo r  a l l  m e iJ'T))
Then t h e  d i r e c t  sum o f  t h e  i s o m o r p h i s m s  g i v e n  b y  P r o p . 1 , 2  
e x t e n d s  t o  a  . l i n e a r  t o p o l o g i c a l  i s o m o r p h i s m  o f  t h e  com ple ­
t i o n  { ^ ( K )  o f  @  8 " ( % )  o n t o  X  .
P r o o f  S i n c e  , f o r  a l l  m e [TT, I s  i s o m o r p h i c , a s  a
h i l b e r t  s p a c e ,  t o  X  , i t  f o l l o w s  t h a t  t h e  H i l b e r t
s p a c e  d i r e c t  sum @ i ^  i s o m o r p h i c  t o
X  , t h e  i s o m o r p h i s m  b e i n g  t h e  d i r e c t  sum o f  t h e  
i s o m o r p h i s m s  b e tw e e n  t h e  summands.
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However ,  (X) =  ^ “ l i m  J { ) , s i n c e  a l l  t h r e e  s p a ­
c e s  c o n t a i n  d e n s e l y  t h e  a l g e b r a i c  d i r e c t  s u m ©  , and
t h e i r  t o p o l o g i e s  a r e  e a s i l y  s e e n  t o  c o i n c i d e  on ©  s ^ ( X ) .  
But  i t  i s  c l e a r  f rom  t h e  d e f i n i t i o n  ( o r  s e e  SCHAEFFER [64] 
1 1 , 5 . 2 )  t h a t  t h e  p r o j e c t i v e  l i m i t s  o f  i s o m o r p h i c  s p a c e s  
a r e  t h e m s e l v e s  i s o m o r p h i c .
QED
T h i s  c o n c l u d e s  o u r  s t u d y  o f  t h e  s p a c e  ^  .
§2.We a r e  now r e a d y  t o  r e p r e s e n t  (Jt  a s  u n bo u n d e d  o p e r a t o r s  
on t h e  H i l b e r t  s p a c e  0 %  .
( i )  L e t  xe  06 , ^ T e X  . Then 7nj[:c)T e Q o  X  , and  t h e
map . R  ( x )  : ^  o  --------- a  uK
T I— -— -> ?[,,(%) T
i s  c o n t i n u o u s  v /r t  i  p ( .
( i i )  1l i s  a  j r - r e p r e s e n t a t i o n  o f  O'C on ?'(>Q
P r o o f  7Ac,(x) e L ( ^ ) ,  h e n c e  f o r  e a c h  me (H t h e r e  e x i s t s  a K  
a n d  an  r e  fH s u c h  t h a t
1 l J x ) F  K Hf 1[^  f o r  e a c h  F e ^
How l e t  Ï  = 2  C) T j  0 , ( { f j  d s  3D Q .n .  b a s e
.of, K ) .  'fiien P ,„C ^o(x )T )^  = . 2  “  i F
1
So i lo(x)T 0 ^ 0  7(4. a n d  (x )  i s  c o n t i n u o u s .
P a r t  ( i i )  i s  now im m edia te - .  ‘CED
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The f o l l o w i n g  r e s u l t  i s  w e l l  known ( s e e ,  e . g .  REED & SIMONC54-J 
T h m .X .4 1 (a )  )
Lemma 2 . 2
L e t  q ( f ) : =  2 - ^ / 2 ( a ( D + a + ( f ) )  , p(f):= - i 2 - ^ / ^ ( a + ( f  ) - a ( T )  ) ,  f  e S
Then e a c h  i s  an a n a l y t i c  v e c t o r  f o r  r r ^ ( q ( f ) )  and  r ^ ( p ( f ) ) .
P r o p o s i t i o n  2 . 3
T f ( q ( f ) ) and  n ( p ( f ) )  a r e  e s s e n t i a l l y  s e l f - a d j o i n t  on 
P r o o f  L e t  a  c K  . N o t i n g  t h a t  # ( x ) ( E ® a )  = ( f i ^ ( x ) F ) 0 a  ,we h a v e :
= p y ( r r ( q ( f ) y % W )  = | | ^ ( q ( f ) / % t | ^
and  t h e r e f o r e
X - &  II < <»
ksO k=o
by  Lemma 2 . 2 . Hence \Pj^®a i s  an a n a l y t i c  v e c t o r  f o r  X( q ( f  )) ( s i m i ­
l a r l y  f o r  •n(p(f ) )  )}.S i n c e  s u c h  v e c t o r s  a r e  c o n t a i n e d  i u  
and  a r e  t o t a l  i n  , t h e  r e s u l t  f o l l o w s  b y  ATELSON's Thm. [45]
. . QED
The n e x t  r e s u l t  i s  known i n  d i f f e r e n t  c o n t e x t s  ( s e e , e . g . R E E D  & 
SIMON [54] , Lemma 1 , p .  232 o r  STREATER & WIGHTMAN [79] , Thm. 4 .  5)
Lemma 2 . 4
n ^ ( O t )  i s  i r r e d u c i b l e , i . e .  T e i^(CX)* i m p l i e s  T = t l  ( t  e C)) 
P r o o f  F o r  r  e W , d e f i n e  N('e )= a'*^(e ^ ) a ( ë  ) e C t . C l e a r l y  
«  (N(e^)) \F ( e ( . .  . n ^ . . .  )) = n ^ y ^ ( e ( . .  . )).Tlius we h a v e
"  ( % ( N ( e r W j , , T î l ( , )  = ( ! ^ , T ; ^ ( N ( e p ) Ÿ ^ )  =0 
s i n c e  T e ft ( (X )  and  r^(W(e 0 . Thus i s  o r t h o g o n a l  t o
a l l  s ”  , n>0 , h e n c e  T ^ =  t f o r  some t  e C . E o r  x  e 01,1? e
( P , T  = ( l t f ^ ( x ^ ) P , T y ^  t (  = t ( F ,  f ^ ( x ) f ^ ) .
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ience T = t TC^^x)? , But HA is cyclic for %o( 0 1 ) ,o
( C h a p t e r  , V , (1.31))))  h e n c e  a l s o  f o r  V.q{(X) , To s e e  t h i s ,
l e t  C > 0 ,  a n d  Be be  a . r b i t r a r y .  T h e r e  e x i s t s  xe Cl, , s u c h  t h a t
\ \f  -  TC^x)'V^\\ <  ^ / 2  .
By C h a p t e r  Y ,P rop v '  3 . Î&  Lemma 3 * 3 , t h e r e  e x i s t s  x* e C T s . t .
\lXrj(x -  x ’ )Y^l l '  -  t r (  exp(-(3H)) v/^^ ( ( x - x ‘ )’”‘^ ( x - x ' )) <  ^  / 4
H ence  Hf -  % ^ (x '  ) ' i^  11 < £,
S i n c e  T i s  b o u n d e d , . v/e now s e e  t h a t  T = t l .
C o r r  2 . 5
T^ o( (%) i s  i r r e d u c i b l e ,  s i n c e  ^ t l  j  = ( Cl)  5  ( (%) .
THEOREM 2 . 6
The com m utan t  t} o f  TC c o n s i s t s  o f  a l l  p o s t - m u l t i p l i c a t i o n s  by  
b ou n ded  o p e r a t o r s  on 34 , T h a t  i s ,
% ' = ( c  e ! B ( H ^ K  X )  : 3 C j ^ c l S ( 3 0  s . t .  G{l')=T.Ci Vïe'f-'lp j
P r o o f  L e t  e B ( 3 4 ) ,  D e f i n e
C c B (  H4) by  C(T) : = T.G. (Te u<. ) .
S i n c e  e a c h  (3^^ 6  4(4 i g  a  r i g h t  & ( 3 4 J - m o d u l e , i t  i s  c l e a r  t h a t
G l e a v e s  Q â  u-l i n v a r i a n t .  An a p p l i c a t i o n  o f  t h e  d e f i n i t i o n  o f
t h e  com m utan t  ( C h a p t . X § l . 4 ) n o w  shows t h a t  C ' e  xH
C o n v e r s e l y ,  l e t  G e X ' . F i x  a , a ' c % , and  c o n s i d e r  B ,a., a
d e f i n e d  on x  b y :
® a , a ' C ( ? '  Q a ' ) ) g  
s i n c e  I ( F , P ’ )  N  ( i l c J I K a y i a ' l ! j ^  ) i l F ' i l J . ! F ' 1 1 ^  ,  ( + )  |
B , i s  a  b o u n d e d  s s s q u i - l i n e a r  f o r a  a n d  t h u s  t h e r e  e x i s t s  a  a , 8.
u n i q u e  K ( a , a ' ) e S ( )  s u c h  t h a t :
Ba , ( ? , ? ' )  '■= (F ,  I C ( a , a ' ) P ' )  f o r  a l l  F ,  ?■ e
. ^  . 161 
Now I  c l a i m  t h a t  K ( a , a ' ) '  e •
To s e e  t h i s ,  l e t  G, G ’ e ^  , xc (X a n d  c o n s i d e r ;
(G, K(a,a*yrc^(x)G') =Bg^^,(G, X^(x)G')
= ( G O  a ,  C((Xo( x ) G ’ ) O  a ’ ))q = (G O  a, CTC(x) (G' O a ' ) ) ^
= (]l(:B)(G ©  ïï), C(G-> 0  â' ))q = (tC^(x^)G, G')
= (TCo(%hG, I< ;(a ,a ')G ')  • _ .
T h i s  p r o v e s  t h e  c l a i m ,  a n d  h e n c e  by  Lemma 2 . 4  t h e r e  e x i s t s  
k ( a , a ’ ) c d s u c h  t h a t  K ( a , a ’ ) = k ( a , a '  ) I .
Thus  f o r  F, F'  e 14^  , we h a v e
k(a,a') = .= —
= (++)
T h i s  shows t h a t  "the m a p p in g  Til x  JX - — —^ C
( a ,  a ‘ ) 1  ^ k ( a , a '  ) 
i s  s e s q u i l i n e a r q  an d  i s  bounded  s i n c e  .
1 k ( a ,  a ’ ) I =  II K (a ,  a '   ^ ^ il 0  I'lila'ii l^l a ' K ; ^
b y  ( + ) .  Hence t h e r e  e x i s t s  a  u n i q u e  e S  (11 ) s u c h  t h a t .
  _
k ( a , a ’ ) = ( a ,
Then (+-i-) g i v e s  ' . ;
I
( F 0 â ,  C (?' © a ! ) ) -  = i c ( â , â ' )  ( P , P ' )  i
Î
= ( k ,  f  â '  ) ( P , P ' )  = { ÿ & a ,  F ' & n * â ' )  , '
K. • JL 0
= ( l ’a â  , ( ? '  ® â '  )C, ) ■ ■ - :'  1 O I
S i n c e  r a n k - o n e  o p e r a t o r s  a r e  t o t a l  i n  Q 34, , we h a v e  j
G(F O  a )  = (F  O a )G .  a n d  t h u s  G(T) = T .G. f o r  e a c h  j
T e flo© QED I
!
( T h i s  p r o o f  i s  a  g e n e r a l i s a t i o n  o f  GUDDER & HUDSON ( 22 Le/rmia 24) -
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§ 3 . F o r  t h e  r e s t  o f  t h i s  c h a p t e r ,  we assum e I'C = ÎX .
Thus t h e  r e p r e s e n t a t i o n  n  c o n s t r u c t e d  i n  t h e  p r e v i o u s  s e c t i o n  
i s  a  r e p r e s e n t a t i o n  o f ’ O t on t h e  H i l b e r t - S c h m i d t  o p a r a t o r s  on 
Fock  s p a c e . I t s  com m utan t  n((X) '  ( s i n c e  t h e  p r o o f  o f
Thm.2 . 6  o n l y  d e p e n d e d  on t h e  i r r e d u c i b i l i t y  o f  ) h a s  a  
p a r t i c u l a r l y  s i m p l e  fo rm ;  i t  i s  t h e  r i g h t  VN a l g e b r a  o f  t h e
H i l b e r t  a l g e b r a  ( s e e  C h a p t e r  I I I ,  § 1 .  ) .T h us  i f  we can
p r o v e  t h a t  Jt i s  u n i t a r i l y  e q u i v a l e n t  t o  we a r e  a l m o s t  
f i n i s h e d . T h i s  w i l l  be done  b y  u s i n g  t h e  u n i q u e n e s s  o f  t h e  
GN3 c o n s t r u c t i o n  ( s e e  C h a p t e r  I , § 1 . 4 ) Thus we n e e d  t o  c o n s t r u c t  
a  u n i t  v e c t o r  e Ç S  , s u c h  t h a t
( 3 . 1 )  . ( a , ; t v ( x ) l )  = Wg(x) = ( ^ ^ , ; r ( x ) j a g )
f o r  a l l  X e CK , and  w h ic h  i s  s t r o n g l y  c y c l i c  f o r  r< , I t  i s  t h i s
l a s t  p o i n t , s u r p r i s i n g l y , w h i c h  i s  t h e  m o s t  d i f f i c u l t . E v e n  i n  t h e  
o n e - d i m e n s i o n a l  c a s e  ( s e e  GUDDER & HUDSON [ 2 2 ] ^lemma 2 7 , a l t h o u g h  
o u r  p r o o f  i s  s i m p l e r )  t h e  p r o o f  i s  r a t h e r  t e c h n i c a l . O u r  p r o o f  
i s  i n s p i r e d  f ro m  t h e  p r o o f  t h a , t  c o h e r e n t  v e c t o r s  a r e  t o t a l  i n  
Fock  s p a c e .
I t  i s  e a s y  t o  g u e s s  w h a t  t h e  c y c l i c  v e c t o r  C2q s h o u l d  
l o o k  l i k e . B y  i n s p e c t i o n  o f  ( 3 . 1 )  and  t h e  d e f i n i t i o n  o f  w^ ,
we g e t  t h e   . ■ . ■
D e f i n i t i o n  T‘ = e x p ( - B H /2 )  , = Ty(tr(  exp(-BH)))^4^^.
THEOREM 3 . 1
i s  s t r o n g l y  c y c l i c  f o r  r t { C X )  on •
F i r s t  Q g  e , s i n c e  P^CT)^ = t r (  ( exp(-BH))B^) -c
( s e e  C h a p t e r  V , C o r . 2 . 8 ( i i ) ) .We show t h a t , i f  £  i s  t h e  c l o s u r e  
o f  K( (X ) i 2Q  i n  t h e  t o p o l o g y  o f  0 % / ,  t h e n  C  =
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T h i s  w i l l  show t h a t  % ( CL ) 41 ^ i s  d e n s e  i n  ^  0  % i n  t h e  t o p o l o g y  
d e f i n e d  by t h e  ( c o n t i n u o u s )  sem in o rm s  {K"1 ( x ) .  '4 : xe (X ^ ,
b e c a u s e ,  by  p r o p 2 . . 1 ( i )  t h e  l a t t e r  t o p o l o g y  i s  w e a k e r , h e n c e  
g i v e s  r i s e  t o  l a r g e r  c l o s u r e s .
D e f i n e ,  f o r  x e  CL , r e  N, a n d  t  -  ( z ^ , z ^ , . . z  ) e w i t h
Irnz . > -2  E / q  
0
1_
27C
l g ( x , z ) ;  = 2 _  ( e x p ( - - | ÿ  vv(k)D, ) ) ( e x p ( i k  n ^ z  <&Y .
v -i-o  5w  Vc=o  ^ J  J
The i d e a  o f  the p r o o f  i s  t h e  f o l l o w i n g ;  [ ' ;
V/e f i r s t  p r o v e  T ( x ,  9) = ' h c ( x ( e x p i  T  9 .N( e .)))T ' i s  in ^  
w h e re  N( e j ) i s  a s  i n  t h e  p r o o f  o f  Lemma 2 . 4 .  Then we show t h a t
r+ 1  r  ^  .
( G x p ( - i ^  k . 9.)) T' (cc,9 ) d 9 V r , k .  o fî .
e x i s t s  i n  the weak s e n s e ,  and  h e n cd  i s  i n  . N ex t  'ye show t h a t
t h i s  integral a p p r o x i m a t e s  , f o r  large enough r ,
' • ) ) © y ^ ( e ( k ^ , k ^ , . .  , )) p
!
an d  t h e  result follows from this^ since such v e c t o r s  a r e  c l e a r l y  : 
t o t a l  in (] (2) 34^  .
( i )  To show t h a t  T ^ ( x ,  G) o 0  -  l o r  9 =  ( 9 ^ , ^ ^ ,  . . , B..J c Î.9>2t(.]
- ,  T-yV
( a )  L e t  M ’
F.J „ ( x i z )  = 2 1  2 1  ( e K p ( ^ | l _ v / ( l c ) n ,  ) ) ( o x p ( i 2 .
Vl = 0 V; \ ~ 0  ^
w i t h  N ,q e  ?T a n d  Imz . > - 2 6 / 4 .
0 ^  —
T h e s e  a r e  ( s e p a r a t e l y )  a n a l y t i c  f u n c t i o n s  o f  z i n t o  (J Q 34o , 
b e i n g  f i n i t e  r a n k  o n e r a t o r s  w i t h  a n a l y t i c  c o e f f i c i e n t s .
>N o t i n g  t h a t  B /  v/(k)n , + 2 Imz .n . ^
K \=o 0 0
“  8 ^ w ( k ) n ,  - /  (l?.e/2)n. h  B ^ ( w ( k )  -  ÿ )n .
K'O ; - o  ^
we h a v e :  ..
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92, N _.   Y _
= ( ^  .2. 2 ) p ^ ( ( e x p ( : : & 2 ' ' ' ( : c ) i ^ T . ) ) ( e x p i 2 : o . z . ) ? L ( x ) Y  <aY )^
Tv, K=o K ^  1=0 0 0  ^ I) . n
-  ( 2  ^  -  %  2 , ) ( G x p ( - B  Z . ( v / ( k )  -  | - ) n ^ ) )  l l^o(x)T  ^ 0
' 0 - 0  V\=ro ''’ o j-” >’'1 n  ^  _  X  r )  i . l
(Z.V^x
a s  N , q  > CO , u n i f o r m l y  i n  z i n  t h e  r e g i o n  Imz.. > - 6 E / 4  ,
0
  • ■
s i n c e  ^  ^  ( e x p ( - B 2 1 ' ^ A k ) n ,  ))Hr:^3(-x)?  H^=tr((exT(-BH))n;(x)B®.^rj;x))
Vk = o "SU. v<,
i s  f i n i t e  by  C o r .  2 . 8 ( i ) & ( i i )  o f  C h a p t e r  V', w h e re  we m a y ' r e p l a ­
ce  w(k)  b y  ?/’ (k )  : = w ( k ) -  |  , s i n c e  w’ ( k )  = k+ |  .
Thus  we h a v e  shown t h a t  l i m  P,r ( x , z )  = T ( x ,  z )  u n i f o r m l y  i n  zn ? q  r  ^ __
i n  t h e  r e g i o n  Imz .>  - B E / 4 i n  t h e  to p o lo g ;^ A f  Q <S) Wo • .0 " ' vj
Thus T ^ ( x , z )  i s  ( s e p a r - a t e l y )  a n a l y t i c  i n  "z i n  t h e ' a b o y e /  r e g i o n .
(b )  Now l e t  3 e ( (^  â  7/a  t h e  t o p o l o g i c a l  d u a l  o f  G Q 3 ^  ^
b e  s u c h  t h a t  3 (-k ( x X Q ^ )  = 0 f o r  e a c h  xe CC. .
—\ ^  _^r+l
V/e s h a l l  show t h a t  $ ( T ^ ( x , 9 ) )  = 0  f o r  e a c h  9  ei^0,2nj
T h i s  w i l l  p r o v e ,  b y  t h e  H a h n -B an a ch  thm , t h a t  T ^ ( x , 8 )  e ^
D e f i n e  f  ("z) ; = ’ S ( T ^ ( x ,  z )  ) . T h i s  i s  a n a l y t i c  i n  t h e  same r e g i o n .
F o r  k ^ , k ^ , . . .  . k ^  e El, c o n s i d e r ; ’
1  '9^ . . . . 9 r L l , q ^ ^ » b  , w h e re  ^
0
(exp(^-T"w(k)n, ))(in ) (in.. ) 1 .  (in ) '^ (expi /  n .z.)k  (^F q V.„ j
N _  T ' ■ - . I
= 2  2 1  (e%p(-0- 2  w (k )n .  + i  %  « . z . /) TL^ ( x( IH (o )) ° . . . ( iH (qj) )Y  ®
vx-o yc ^  0 0 ^ ^
Vo . . V  V , y
 ^ .—<j .1 .1 V J. n n
v»v^=.vi)
k ' ' Ic
•= :> T^,(x(iN(e^)) ? , . ( i N ( e ^ ) )  z)  , a s  i n  ( a )
w h e re  N(e  .) i s .  a s  d e f i n e d  i n  t h e  p r o o f  o f  Lemma 2 . '4 ;
0
1 6 5
T h e r e f o r e
1 im S( . . .  9 /  • ( X5 z ).) ■ = S ( T ( x ( ill(e )) ? .  . ( i ll(e )) ^ , z )
1 o  I
a n d  h e n c e
' 9 2 .  .. = S ( T y x ( i K ( a p f ? . . ( i N ( e p )  L  9  ) )
a s  c an  he s e e n  by repeated a p p l i c a t i o n  o f  t h e  DomlGohvergence- 
thm .  Thus
'^ 2. • . ''f  = S(ic(x(iW(8p) ?. . (ilî(e^)A)T) = 0,
k ' k ^
s i n c e  x(iK(e^)) . . . ( i N ( e ^ ) )  e t l  > a n d  T ^ ( y , 0 )  = I t ( y )T
Hence t h e  ( r + l ) - f o l d  T a y l o r  e x p a n s i o n  f o r  f ,  w h ic h  c o n v e r g e s  f o r  
r+1
9 e  L 3 ,2 n j  , s i n c e  f  i s  a n a l y t i c ,  g i v e s  :
k
= 00
i . e .  S ( T ^ ( x ,8 ) )  = 0 ,  which shows t h a t  T.^(x,0) e % .
( i i )  The f u n c t i o n
[ 0 , 2 1 ]^'^^ 2) 8 \------> ( e x p ( - i 2  k .9 . ) )  T l x , 9 )  e ^
J J ^
i s  c o n t in u o u s ,  hence i n t e g r a b l e  in  th e  weak s e n s e  (PJJDIIT (59l , 
3 . 2 7 ) ,  and i t s  i n t e g r a l  T^(x) e ^ , (k = ( k ^ , k ^ , . .  .k^,) ) ,  V/e f i n d :
r; r l l r + i r  «é' ^
T (x) = -A-- e x p ( - i  ^ k  .S’.)) T ( x ,9 ) d Q
J J 1
= ^  Z l ( e x p ( - |  % w ( k ) n j ; p ^  J  i  X ( i ^ "' ^ ^ n '
= Y  2 " (e x p (~ ! i  q  v;(k)a )) TTc5"(k . , n .) iC(;(x)H’ ©Y
V* i t  * '
= (exp(Zg y w ( 3 )kp)Kç(x)Vj^(e(lCg,. .  . k ^ , 0 , . .  .))®Vj^(e(k^,. .kj.,0..)j
.^ t=0
CO
+ ^  ( exp(f - |  ^ w ( l ) n.^))lCo(x)Y^ ca
'A-y^ \ ' I i
= j (nQ,n^, , . . ) : ^ n ^ = n  and n'^=k^ f o r  O^^j^r } jw h e re
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an d  .=k.
0
îTow, k e e p i n g  r , k ^ , k ^ , , ,  . k ^  e t'{ f i x e d ,  d e f i n e  f o r  e a c h  r ' e  E(, r * V r  
t h e  s t r i n g  • . k ^ , k ^ ^ ^ , . .  .k,^, ) s u c h  t h a t  k .=0 f o r  r k j ^ r '
I t  f o l l o w s ,  a s  a b o v e ,  t h a t
( x )  : 1
r ’+ l  r  2  -A
( e x p ( - i  2  V .9  .)) T , ( x , 9 ) d S
= ( e x p ( - - |  ^ w (  j ) k j ) )  Ko(x)?y^(e(k^,  . . . k ^ , 0 ,  . . . ) )o '\^(s(k^,  . . k ^ , 0.)
<iO
+ 2 Z  ( exp(- -g  X  v / ( i ) n .  ))lCj[x)Y
ZÏ i  ^ n n
N o t i c e  t h a t  t h e  f i r s t  t e r m  r e m a i n s  u n c h a n g e d  f o r  a.ny r ‘2?r, s i n c e
k . -0  f o r  r < 3^ r ’ .
J • - .
( i i i )  V/e c l a i m  t h a t  t h e  s e c o n d  t e r m  g o e s  t o  z e r o ,  a s  r ’  >co.
T h a t  i s ,  g i v e n  £ > 0  and  m e t h e r e  e x i s t s  r ’ s u c h  t h a t ,  when­
e v e r  r "  A r '  , t h e  p^,-norm o f  t h e  s e c o n d  t e r m  i s  l e s s  t h a n  S  . 
T h i s  w i l l  show t h a t
-  ( ® x p ( - K ' ’-( j ) k  .)) ). < 5.
M J. <: - _ ( 3  Ü ! .  X
f o r  e a c h  r*’ ^  r ’ b y  t h e  a b o v e  f o r m u l a ,  a n d  t h e r e f o r e ,  s i n c e  
"v*'T^^„(x) e ^  f o r  e a c h  r ’*, t h a t . ,
( e x p ( - j ) k  .)) b e i n g  a  s c a l a r ,  i n  den  en d e n t  o f  r "  .
j f *  J
To p r o v e  t h e  c l a i m ,  l e t  E^,  be  t h e  q r t h o g o n a l  p r o j e c t i o n  
o n t o  t h e  s u b s p a c e  o f  F o ck  s p a c e  s p a n n e d ' b y   ^ Y j ^ C e C n ^ , ,
: ( b ^ , . . .  ) 0 I ^  , n e Luj . O b s e r v e  t h a t
i ; ' '  h , ' K , ( e ( k ^ ' . - - - k ^ . O V O , . . . ) ) =  y ^ ( e ( k ........... k , 0 , 0 , . . ) )
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f o r  a l l  r ' ^ r ,  w h i l e  E ^ , ---- > 0 s t r o n g l y  on t h e  o r t h o g o n a l
co m p lem en t  o f  ^ ^ ( e ( k ^ ,  . .  . k ^ , 0 , 0 , . . . ) ) . We can  s e e  t h i s  a s  f o l l o v / s :
I f  E^, 0 ,  t h e r e  m u s t  e x i s t  ^  s u c h  t h a t  ^ ^ ' ^ n " 7 ^  0 . But
t h i s  means t h a t  =V^ f o r  a l l  l a r g e  enough  r . ' , s i n c e  t h e
r  *I ^  , and  h e n c e  a l s o  t h e  E^,  , a r e  m o n o t o n i c a l l y  d e c r e a s i n g . N o w  
^ r ' ^ n  ~ ^ n  i m p l i e s  n^  = k^ f o r  0 ^  j ^r* h y  d e f i n i t i o n  o f
E „ , , and  h e n c e , s i n c e  r* i s  a r b i t r a r i l y  l a r g e ,  n \  = k .  f o r  a l l  j ,  
b  ] 0
Thus
^ ( e ( n ^ ,  . . . ) ) =  ^ ( e ( k ^ ,  . .  . k ^ , 0 , 0 . . .  ))
Nov/ l e t  Ty^  -  e xp (-B H )E ^  , ' w h e r e l E ^  i s  t h e  p r o j e c t i o n  o n t o  t h e  
o r t h o g o n a l  com plem en t  o f  t h e  s u b s p a c e  s p a n n e d  b y   ^ ^  , 0  ^  n ^  k |  
Ty^  i s  a  n u c l e a r  o p e r a t o r  by  Thm.2 . 7  o f  C h a p t e r  V, '
F o r  m e IN' : ,  ^ X e 476 - , and  G e ^  , c o n s i d e r
llB“ n ;(x)-  . ,T^E^,Gli | .=^-jIkix) ^  c*:. j|,
v/here B^ i s  a s  i n  C h a p t e r  V , ( 1 . 4 3 ) ,  P e lN  , C i s  a  c o n s t a n t ,  
an d  t h e  l a s t  i n e q u a l i t y  f o l l o w s  f ro m  rc(x)) e Jj(C^))'
- = (7|1bPTj^e^,,g1(2 ^  c V \ l l V l l o  .
s i n c e  B^T^^ i s  b o u n d e d , b e i n g  t r a c e  c l a s s ( C h a p t e r  V , C o r . 2 . 8 ( i i )  ) '
Thus ^ -
l lB ® nyx)T^E ^ , l l  ^  CllB^T^II
s,nd h e n c e  t h e  s e q u e n c e  (B rCo(x)T,E , ) , i s  a  n o rm -b o u n d e d  
s e q u e n c e , c o n v e r g i n g  t o  0 s t r o n g l y , h e n c e  u l t r a s t r o n g l y . T h u s  we 
h a v e  ;
P a i  L l ( ® x p ( - 2 -  =
Z  l L ( e x p ( - G  ^ w ( i ) n i ) )  l K ( ^ ) ' h H L  =*n=W4f ^
y(exp(-B%w(l)n^)) =
-W-W-U x^' *’
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OO
Z l l l B ® y x ) T  E f  1|2  J. 0 a s  r ’
n « o T>v XV i  u
b y  t h e  d e f i n i t i o n  o f  t h e  u l t r a s t r o n g  t o p o l o g y .
( i v )  Y/e h a v e  now shown t h a t ,  f o r  e a c h  r , k ^ , . . . k ^  e N , a n d  f o r  
e a c h  X e OT,
r t , (x ) ’i ' j ^ ( e ( k g , . .  . k y , 0 , 0 , . . .  ) )® î^ (e (k j^ , . .  , k ^ , 0 , 0 , . . .  )) e £
To c o m p l e t e  t h e  p r o o f , l e t  F e he  g i v e n . S i n c e  j« ^ (x ) ’F^t x  eCX j
i s  d e n s e  i n  ( ^  ,T )  ( t h i s  f o l l o w s  f rom  t h e  d e f i n i t i o n  o f  
t o g e t h e r  w i t h  t h e  d e n s i t y  o f  OT i n  (76 i n  t h e  t o p o l o g y  i n h e r i t e d  
f ro m  b(  ( C h a p t e r  V, P r o p .  3 . 1 )  ) ,  g i v e n  ^ > 0  and m e IN, we can  
f i n d  X e  ÔI s u c h  t h a t  ^
IIF -
Now g i v e n  k ^ , k ^ , . . . k ^  e IJ'T , l e t  y  e OT be s u c h  t h a t
f ( , ( y ) ï i ( e ( k ^ , . .  . k ^ , 0 , 0 , . .)>=
Then _  „ -
Pm^-®^k "  =11 F -  )^;(xy)fj^ll^ =
= It F -
w h ic h  shows t h a t  F@^L(e(k , . . . k  , 0 , 0 , . . . %  e C
T h i s  c o n c l u d e s  t h e  p r o o f , s i n c e  s u c h  e l e m e n t s  a r e  c l e a r l y  t o t a l
i n  4? ®  .
 ^ QED!!
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§4 .  We a r e  a t  l a s t  a b l e  t o  p u t  a l l  t h e  p i e c e s  t o g e t h e r  and  
p r o v e  t h e  c o m m u ta t io n  theo rem .W e w i l l  f i r s t  p r o v e  t h i s  t h e o r e m  
f o r  t h e  a l m o s t  m o d u l a r  H i l b e r t  a lg e b r a .  OT., an d  t h e n  e x t e n d  i t  
t o  Ql.  .T hu s  we f i r s t  r e s t r i c t  a t t e n t i o n  t o  CJL .
Theorem 3 . 1  and  e q u a t i o n  ( 3 . 1 )  show th a , t  ( Tcf , ^ ^ , l )  and  
( y ^ S V c  f ^  a r e  two GN3 t r i p l e s  f o r  ( ÛI . T h e r e f o r e
t h e y  m us t  be  e q u i v a l e n t , t h a t  i s , t h e r e  e x i s t s  a  u n i t a r y
U : I f  2 :1 ^  I C & K
s u c h  t h a t
U j ^ ( x ) l  = x ( x )Z2 q
f o r  a l l  X e C?t , and  U maps D( T^) c o n t i n u o u s l y  o n t o  D(/z) 
w i t h  r e s p e c t  t o  t h e  i n d u c e d  t o p o l o g i e s  ( s e e  C h a p t e r  I , § 1 . 4 ) .
We now d e f i n e  t h e  6 - a n t i r e p r e s e n t a t i o n  jO o f  OT on UD(y^) by
- / ( x ) : =  Uy5g(x)U“ ^
( s e e  t h e  i n t r o d u c t i o n  t o  t h i s  C h a p t e r )  an d  t h e  ( a n t i - ) u n i t a r y  
i n v o l u t i o n  on (0 1C b y
J ^ : =  UJU"^
Lemma 4 . 1  (GUDDER & HUDSON[22] Lemma 21) ' ,
J  maps D(/T^) c o n t i n u o u s l y  o n t o  D(jDy^ ,) and  v i c e  v e r s a . H e n c e  
maps D(ir) c o n t i n u o u s l y  o n t o  D ( ^ ) , F o r  x e OT ,
P r o o f  F o r  x , y  e OT ,
yt|X*'|t= llyx^ll = l | l ( r ^ * ) ' | l  = ll^y^ll =U^llyPA
I t  f o l l o w s  t h a t  J  i s  a  t o p o l o g i c a l  i s o m o r p h i s m  f rom  { Ot  yX) 
o n t o  ( 01 , c f ) , a n d  h e n c e  e x t e n d s  t o  t h e  c o m p l e t i o n s .
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F o r  e (X  , we h a v e
Jy^(x^)Jy = = J(yV"*) = xy = I^(x)y
Thus J j 5 ^ ( x ^ ) J y  = / r ^ ( x ) y  f o r  a l l  y  e D ( a ^ ) , h y  t h e  c o n t i n u i t y  
o f  t h e  o p e r a t o r s  i n v o l v e d . T h i s  p r o v e s  t h e  l a s t  c l a i m .
QED
Lemma 4 . 2
F o r  a l l  T e %  , J^T = T^ , t h e  o p e r a t o r  a d j o i n t  o f  T.
P r o o f  S i n c e  T —^  T and  a r e  a n t i l i n e a r  i s o m e t r i e s  o f  ,
i t  i s  s u f f i c i e n t  t o  p r o v e  t h e  c l a i m  on a  d e n s e  s u b s e t .  Thus
l e t  T = ft(x)l2g f o r  some x  e C7C .We h a v e
J ,T  = UJU~^T = UJx = Ux'' = Æ(x^)jQg
Thus v;e m u s t  show t h a t  ( % ( x ) U g ) *  = K ( x ’'^)r ij ,  f o r  a l l  xra S. 
I<e t P 0 Q- , r e  DÎ. We h-ave 
t r ( e x p - B H ) -  (T t .(a ' ' ' (e^))Ojj) i ’ =
2 _  ( \ ,  P ) % y a + ( e ^ ) ) V n
'iVA.
^=o
2 .  Z  ( GXP( '  ( 2  ( k ) n 1 w( r ) ) ) (TC^ ( 9,( c ^ ^  ( c h a n g i n g  n t o
V\-=o ' r
^  __ ^r~-^ )
-  ( e x i > | w ( r ) ) Z ( e z p ( ^ §  Z « ' ( k ) ) ) ( , l y  ( a""'( e .^,)) P)Y^
\^=0 Zly
T î iu s , . ’ ■
(t;(a‘^ (e^))ûg)F = (exp-|’.v(r))r}jjTC.^ (a’^(e^)) P = û|jic^(/i(zi),o+(e^)) F
S i m i l a r l y ,  v/e f i n d  "
(Tf(a(y))ÛQ) P = (expl|w(r))Qj3TC (a(y)) ? = Qgk^(l\(-i)a(e,.)) P
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Thus we s e e  t h a t  i n  g e n e r a l  _
(r t (x )£?^)F = Q g f ( , ( A ( - l / 2 ) x ) P
H e n c e ,  f o r  e a c h  F,Q e Û  ,
(«(x)£2gP,G) = { Q^ { i \ (M - l / 2 ) 7 i ) ) F , ( i )  = ( ; t , ( A ( - l / 2 ) x ) P ,Û g G )  = 
( P , y ( A ( - i / 2 ) x f ) j : ^ G )  = (P,;r„(x^)j3gG)
s i n c e  ( A ( - l / 2 ) x ) ' ^  = A ( l / 2 ) x  = x '^  ( C h a p t e r  V, ( 3 . 4 )  ) , e r d
t h u s  t h e  c l a i m  f e l l o w s ' ,  s i n c e  r t f x ) ! ^  i s  a  b ou n ded  
o p e r a t o r ;
QED
Y/e can  now p r o v e  t h e  a n a l o g u e  o f  Thm.3 . 1  o f  C h a p t e r  I I I ,  
TEEOREBÏ 4 . 3
The c o m m utan ts  p ^ ( O t ) '  and  y^(OT.)* a r e  Von Neumann a l g e b r a s ,  
co m m utan ts  o f  e a c h  o t h e r ,  ) ' i s  s t a n d a r d  i n  t h e  s e n c e
o f ■ D IM IE R  ( s e e  C h a p t e r  I I I , § l )  and  a  f a c t o r . F i n a l l y ,  J  
i n d u c e s  a  s p a r t i a l  i s o m o r p h i s m  o f  e i t h e r  one  o f  them  o n to  
t h e  o t h e r , t h a t  i s
j / ^ ( c T O ' J  = />q { à ) '
j / g ( a ) ' j  = A g ( a ) >
P r o o f (1 )  L e t  0 € n (  01 ) '  , F ,G e D(o)  , x  e  01 .We h a v e
( J l C J ^ p ( x ) P , G ) g =  ( J ^ C k ( x ^ ) J ^ P , G ) ^  (Lemma 4 . 1 )
= (J]^G,On;(x ' ' ) 'J^P)q= ( K ( x * * ) J i G , C J ^ F ) g
= ( J ^ | ! ( x^ ^ * ) G , C J ^ F ) q = ( J^ ^ (x i ) G ,C J ^ P ) > ^
s i n c e  x ^ ^ =  ( A ( l / 2 ) x ' ^ ) ^  = A ( - l / 2 ) x  , so  t h a t
= A ( l / 2 )  ( A ( - l / 2 ) x ) ' ^  = A ( l / 2 ) A ( l / 2 ) x  =■
= A ( i ) x  = x^
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Thus
( j^C J3^jc (x)P ,G)^=  ( J^ C J^ F , jD (x ‘>)G> 
i . e .  J ^ C J ^ e  ^  ( 01) ' . Thus J ^ r t ( c 7 l ) ' J ^  = J^( Ol ) ‘ , and  t h e  e q u a l i ­
t i e s  o f  t h e  Theorem f o l l o w  i n  t h e  ssime way.
( i i ) , B y  Thm.2 . 6 , we know t h a t  n ( O l ) *  = X ( 2 X )  , w here  i l  i s  t h e  
H i l b e r t  a l g e b r a  ( s e e  C h a p t e r  I I I , § l ) . T h u s  e a c h  .
C e r c ( OT) ’ i s  o f  t h e  fo rm  C(T) = TC^ (T e I t )  f o r  a  u n i q u e  
0^  e 6  ( I f , ) . Hence
J ^ O y ( T ) )  = J^C (T * )  = = C*T
u s i n g  Lemma 4 . 2 . C o m b in in g  t h i s  w i t h  ( i )  we s e e  t h a t
j o ( a ) '  = %(&/()
t h e  l e f t  a l g e b r a  o f  iX  .But ;  t h e  com m utan t  t h e o r e m  f o r  H i l b e r t  
a l g e b r a s  ( C h a p t e r  I I I  t h m . l . l ) )  shows t h a t  t h e s e  l a t t e r  VN 
a l g e b r a s  a r e  com m utan ts  o f  e a c h  o t h e r . T h e r e f o r e .
X (O T ) '  = jo(OT)"
( i i i )  I t  i s  c l e a r  t h a t
u ; | ( a ) ' U - ^  = ( ^ ) -
a n d  ^  ^
u y | c a ) ’ ü U =  p i a ) '
(—*
Thus b y  ( i i )  y^ (O T ) '  i s  a  s t a n d a r d  f a c t o r , b e i n g  u n i t a r i l y  
e q u i v a l e n t  t o  t h e  s t a n d a r d  f a c t o r  3 6 ( i l )  ( s e e  C h a p t e r l l l ,  
E x . 1 . 3 )  and  1^ (0% ) '  = j C ^ ( O T ) " .T h i s  c o n c l u d e s  t h e  p r o o f .
: QED
Our  m ain  t h e o r e m  i s  now t r i v i a l  t o  p r o v e ;
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THEOREM 4 . 4
The com m utan t  r^(CX)* i s  a  Von Neumann a l g e b r a , a n d  i t  i s  
s t a n d a r d  i n  t h e  s e n s e  o f  DIXMIER . I n  p a r t i c u l a r ,
M o r e o v e r ,
= jt^ ( (7L)* f o r  a l l  t  e (R
P r o o f E x c e p t  f o r  t h e  l a s t  a s s e r t i o n , e v e r y t h i n g  f o l l o w s  f rom  
Thm.4 . 3 , s i n c e
= u " ^ x ( a ) ' u  =
= u “ ^ K ( a ) ' u  = ^ ( d ) ’
To c h e c k  t h e  l a s t  e q u a l i t y , l e t  G e / ^ ( ( ? l ) * , x , y , z  e OL and  t  e (R 
We h a v e
( A ^ ^ G /T ^ ^ ; r ^ (x ) y ,z )  =
( C A - i t ( x y ) , 6 - i t a )  ^  ( C ( A " ^ h )  (A“ ^ \ )  =
(Cng(A“ ^ \ ) A " ^ V , a " ^ ' ^ z ) )  =
(CA"^lsr,  Kg((£T^'^xf ) A - ^ h )  =
(CA~^^y,’r^ (A ~ ^^ x^ )A ~ ^^ z)  = ( C h a p t e r  V, e q .  ( 3 - 4 ) )
( C A " ^ V r ( A " ^ ' ’'3 ^ ( A - ^ ' ’=z)) =
( C A - ^ \ ,  A -^ '^ (x^z ) )  = (A ^^G A '^S / ,  ; ^ ( x * ) z )
t h a t  i s  A^^CA"^^ e ^ ( 0 1 )  ' .
T h i s  c o n c l u d e s  t h e  p r o o f .
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ISOMETRIC MAPPINGS OF NON-COMMUTATIVE 
L ,  SPACES
A. KATAVOLOS
If the Lp spaces of two measure spaces are “ the sam e” , to what extent can 
we identify the underlying measure spaces? This question has been partially 
answered by Schneider [7] (extending results of Forelli [2]). H e proves that a 
linear isom etry between the Lp spaces of two finite measure spaces is in fact 
an (isometric) homomorphism between the corresponding spaces, if it pre­
serves the identity.
Kadison [4] and later Russo [10], have considered w hat m ight be called 
non-com m utative analogues of the above problem. Their point of view  is 
different from ours, however, since their “ measure spaces” are already in bi- 
jective correspondence by assum ption, and their goal is to determine how 
much of the algebraic structure is transferred by this bijection.
In this paper, we attem pt to extend Schneider’s result to the non-com m uta­
tive case, thus strengthening Theorem 2 of Russo [10]. Specifically, we consider 
two finite Von Neumann algebras J3^i, with faithful traces Wi, mi,  and a 
*-linear map T  from a *-subalgebra %  o i s / i  to Lp ( o / 2, mi)  for some p  >  2, 
which preserves the identity and the Tp-norm (see Segal [8 ] for the relevant 
definitions). W e prove that T  m ust be a Jordan homomorphism, and must 
preserve the operator norm (and thus, by the Riesz-Thorin-Kunze theorem  
[5], all jLg-norms for g >  2). In the absence of com m utativity, we cannot con­
clude that T  is an associative homomorphism without some extra assumptions. 
In fact, if J3^2 is a factor, then we can show that T  m ust be either an (associa­
tive) homomorphism or an antihomomorphism.
The results of this paper are similar to well known results of Kadison [4]. 
However, our hypotheses are weaker, in that he considers the mapping T  to be 
an isometric bijection between and s / i .  Furthermore, his results are not 
applicable to our problem (but see Corollary 2.1 (ii)), because we need to 
prove first that T  is a Jordan homomorphism (using a method entirely different 
from K adison’s) in order to be able to conclude that it preserves the operator 
norm. A similar relation exists between our results and results of B. Russo [10]. 
W e note that our Theorem 2  is stronger, since, starting from weaker assum p­
tions (namely, that T  maps a *-subalgebra %  of s / \  into Lp (ja/2, mi)  rather 
than 1 onto itself, and that T  is *-linear, rather than positiv ity  preserving) 
we are able to get stronger conclusions (namely, positiv ity  preservation, and
Received August 13, 1975 and in revised form, March 22, 1976.
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preservation of all Zp-norms, for p  in [2 , oo ]). F inally, we note that AI. Broise 
[9] has obtained partial results in the semi-finite case.
Throughout this paper, we let Ja/i, Ja/g be two finite Von Neum ann algebras. 
Thus there exist faithful, central, normal states Wj on Ja/< (f =  1, 2). Then if 
Ja/i acts on the Hilbert space <, u s / u  m i ) { i  =  1 , 2) are finite regular
gage spaces in the sense of Segal [8 ].
W e need a technical result constituting an extension to the present, non- 
com m utative case, of results of Schneider [7] and Forelli [2] ;
T heorem  1. Zef 0  <  A <  G w j  (f =  1, 2) normal.
Suppose that there is a positive constant A , such that, whenever z ^ C i s  such that 
\z\ <  A , we have
111 +  = !|1 -f z/gjUpCmz)-
Then
(^) ll/l||r-2(wii) ~  llAll 1.2(mg)
(b) I f  p  >  2, then H/1IQ4W1) =  IIAIkiWo).
Proof. Let ^ i  i be the Von Neum ann algebra generated by the spectral 
projections of f i  (that is by the projections ep  such t h a t / j  =  j^J\dex\ Since 
f i  m ay be identified with a closed densely defined operator acting on t (this 
is because the gages are finite; see [6 , Theorems 4 and 5]), it follows that
 ^ 6  i) .
Then ( ^ i ,  is a com m utative finite regular gage space. It is
therefore [8 , pp. 402-3] algebraically equivalent to the gage space built on a 
finite measure space i, o-,). Since f t  is measurable with respect to ^ i
[8 , Definition 2.1] it follows by [8 , Theorem 2] that f i  corresponds, under 
the above equivalence, to a measurable function (pi on <, J .
W e now apply the com m utative theorem of Forelli-Schneider to the func­
tions ipi on the measure spaces t, crQ. N ote that, if z  ^ C is such that 
jsj <  A ,
||1 +2^ i|Up(<ri) = [ J'jl + Z(pi(A)|'’f/(ri(:r)J
=  {m\{\ l  A - z fi f)Ÿ'^  by the above equivalence 
= [mi{\l A- Zf2Y)Ÿ'  ^ ^ t  J" |1 + Z(p2ix) d^(T2{x)
=  111 +  2 <p2 |Up(<r2) < 0 0  s in c e /i  ^ L p { J ^ i , s / i , n i i ) .
Thus the hypotheses of [2, Proposition 1 ] and [7, Theorem A] are satisfied, 
and so we conclude
(a) llmllzzM) = IkzlLzCaz)
and
(b) l i p  >  2, then =  \W2 \\n{^i).
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The desired conclusion now follows from the fact that if 0 <  g <  oo ,
l l / < H i , ( 7 7 i , )  =  W i ( l / i l ® )  =  J \ cp i { x) \ '^ d( Ti (x )  =  | | < p < l l z , g ( „ , ) .
T h e o r e m  2. Let ^  be a unital *-suhalgehra. For some p in  (2, o o ), let
be a *-linear m ap such that T{1)  =  1. Suppose that
11Y/I|ip(mj) = ||/|Up(mi) for every normal f  ^ ^ .
Then T  is  a Jordan homomorphism, that is,
T(Jg +  £/■) = TfTg +  TgTf, f, g a
Remark 1, Young [12] has shown, based on the coincidence of the Lp topology  
and the strong topology on the unit ball of Js/JD ixm ier [3]) that T  adm its an 
extension Te to the weak closure of % ,  which is also an Zp-isometry. By 
Corollary 2.1 (see below) T e { ^ ~ )  G  Ja/g. B y D ixm ier’s result. Te will be ultra- 
weakly continuous at 0, hence everywhere in a / i .  T his provides a quicker, if 
indirect, proof of Lemma 3.1 of Stjzirmer [11].
Remark 2. Russo [10] provides an example showing that our assumptions 
are too weak for the case p =  2. In this case, the stronger assum ptions of his 
Theorem 2 are essential.
Proof, (i) Let /  £ ^  be self-adjoint, and s Ç C. Since T(1 Ar z f )  =  1 +  zTf, 
we have (since T f is also self-adjoint)
1|1 +  z/||i,p(nii) = 111 -b zTfWtp^ mi)-
Thus Theorem 1 ( b )  shows
111 +  2/IU4toi) =  111 +  zPfWLnmi) <  CO, s in c e /  b Ç  L ^ m f ) .
N ow
and so
Similarly
in +  «r/ii.' -  Ê  ( ] ) (   ^ )2'/m,((r/)4r/) ') .
Therefore
(1) = m M T / n T m .  j .k  = 0,1.2.
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(ii) P u tt in g / =  1, k =  2, in (1) yields  
miiiTfY) = mi(/D.
Replacing /  with f  -\~ ag, a real, / ,  g self-adjoint, expanding and comparing 
terms in a ,^ we find
7 » 2 (z y ( rg )2  +  T g T /T g  +  ( r g ) ^ r / )  =  m i( /g ^  +  g /g  +  g ^ /)
or, in view  of the centrality of the traces
(2) wg(zy(rg)D = mi(/gD.
On the other hand, p u ttin g /  =  A =  1 in (1) yields 
7»g((r/)D = 7Mi(f) 
which, upon “linearization” and use of centrality as above, yields 
mi{TJTg)  =  mxifg).
Replacing g by g^  above, and comparing the result with (2) we find
;M2(27(rg)D = '»2(77r(gD)
and, replacing /  by g \  we get
(3) ? » 2 ( r ( g D (r g )D = fM g ( (r (g D )D .
Finally, if we p u t /  =  k =  2 i n  (1), we find
W2((Zg)'‘) = Wi(gD 
while (2) with /  =  g^  becomes 
W 2(r(g2)(rg)2) =  Wi(gQ 
hence
(4) 7 ^ 2 ((T g )D = ^ 2 (r (g D (r g )D .
Therefore
l l ( r g ) ^ - r ( g D I |2 ^ = m 2 ( ( r g ) ^ - ( r g ) 2 r ( g 2 ) - T ( g D ( r g ) : + ( r ( g D ) D  =  o
by (3) and (4), and so {TgY  =  T(g^) for every self-adjoint g in
(iii) N ow  let /  b be arbitrary, and write /  =  / i  +  with /%, /g € ^  
self-adjoint. S in c e /i  + / g  is self-adjoint, part (ii) yields
r((/i  +/z)D = (T(/i +/g))'  = (7/i +  7/g)2.
T hat is,
r ( /p  + /g ^  + / 1 / 2  + / 2/ 1) = r(/p) +  r ( /g :)  +  r ( / i / g  -b/g/j
= (7/ 1)' +  (7/ 2)' +  (7/i7/2 +  7/g7/i).
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Thus
T(f,h + / 2/ 1) = r / ,r / ,  + r/,r /i.
Therefore,
) = r((/i  +  i/g)D = r(/H +  ^(/lA +  AA))
= (7/ 1)' -  (7/ 2)' +  %(7/i7y2 +  T/gT/i)
= (27i +  ^7/g): = ( r / ) \
Finally, if / ,  g € ^  are arbitrary, we have
r(C/ +  g)D = r ( f  +  g= + /g  +  g/) = (T/)  ^+  (rg)« 4- r(/g 4- g/)
= (rCf +  g))' = (r/)' +  (Eg)' +  7/rg +  rgzy.
Therefore,
T/Tg +  Tgzy = r(/g +  g/).
C o r o l l a r y  2.1. (i) J / /  G ^  is self-adjoint, 1|T/1|<„ =
(ii) For /  G ||r/|L = H/IL- T( ^  ) Ç J3^ g.
(iii) T is positivity preserving.
Proof,  (i) Let / G N . W e have
l|r/||%,(.:) = 7»2(|r/rq = m2((rf )'(T/)')
=  mi{{T{f ' ' ) )*{T{ f^ ) ) )  by Theorem 2 
=  l|F(/0lli2(m2) =  ||/1 lL w i)  by Theorem 1 (a)
= mi(f*f‘) = Wid/l^q = |l/|li ,^(„i).
Thus
l|7ylU2i(m2) =  ll/IU2/(mi)"
T he result follows by letting I tend to infinity.
(ii) If /  G is arbitrary, write /  =  / i  4" if i  with /* self-adjoint. Since 
6  =  i ( /  4- f * ) , f 2 =  ( l / 2 f ) ( /  -  f*) ,  it follows that ||AIU ^  ll/IU- Therefore
l i r / I U  ^  l l T / i l U  +  117/2!  L  =  H A I L  +  H A I L  ^  2 | j / | L .
T his shows that T i f ^ )  2 .
N ow  the proof of Kadison [4, Theorem 5] is applicable, and shows that T  is
actually isometric. (Although he assumes T to be a bijection, the argument 
proving that T  is isometric does not depend on this, but only on the fact that 
T is a Jordan homomorphism and that it is isometric on self-adjoint elements, 
which follows from part (i) of the corollary.)
(iii) In view  of part (ii), there is no loss of generality in assuming ^  to be
uniformly closed.
If /  G ^  is positive, there is a unique g G ^  such that g^  =  f  and g ^  0. 
N ow  r ( / )  =  T{g^) =  (Tg)2 is positive since Tg is self-adjoint. This com pletes 
the proof.
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T h e o r e m  3 There exists an orthogonal central projection p  G ^ 2  such that 
the m ap
{respectively Tg : /  —> T(/) (1 — p ))
is  a *-homo7norphism {respectively a *-anti-homomorphism) and T  =  Fi +  Fg 
as linear m aps.
Proof. W e have shown that the image of ^  under F  consists of bounded 
operators. Therefore, the extension F  g of F  to (cf. the first remark following 
Theorem 2) satisfies the hypotheses of Theorem 3.3 of St^rmer [11].
C o r o l l a r y  3 .1 .  Suppose that, in  addition to the assum ptions of Theorem 2, 
^  1 is  a factor. Then T  must be either an {associative) homomorphism or an 
antihomomorphism.
Proof. As F  has now been proved to be a Jordan homomorphism from ^  
intojs/g , this is an im m ediate consequence of Theorem 3.
Remark. It is not possible, w ithout some extra assum ption, to exclude one or 
the other possibility. For example, the identity mapping is an homomorphism  
of any factor onto itself, and it clearly preserves the Fp-norm. As an example 
of an antihomomorphism consider the m apping F  defined as follows: Js/i is 
a factor on a H ilbert s p a c e ; z; is an antilinear antiunitary operator from 
to some Hilbert space ; we put T{ f )  = v~'^f*v, (J G ^ i ) .  Then F ( j ^ i )  is 
a factor and F  preserves the Lp-norm for every p  >  1. (This example is due 
to Dixmier [1]).
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